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ABSTRACT

This memorandum contains a brief discussion of the practi-
cal aspects of generating binary linear maximal sequences. Included
is a table of all primitive polynomials over GF(2) of degrees 2 through
19, not including reverses. These polynomials are ordered by the
number of nonzero coefficients as well as by degree. This table

complements other available tables.
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PREFACE

The Acoustic Signal Processing Group at Cooley Electronics
Laboratory (CEL) makes extensive use of binary linear maximal
sequences in its research program. As a result of this, over the
past several years, project personnel have, from time to time, been
asked to explain how such sequences are generated.

The purpose of this memorandum is to supply some informa-
tion on the practical aspects of sequence generation and to provide
the user with a broad selection of potential sequences. However, no
attempt is made to describe the theoretical aspects of these sequences.
Such material can be found in the references.

Appendix B contains an extensive table for use in implementing
binary linear maximal sequence generators. A discussion of its use
is also included, making this appendix relatively self-contained. The
reader who needs to select a sequence generator quickly should be
able to do so by referring only to this appendix.

The table of primitive polynomials contained in Appendix B
was generated some years ago at CEL for internal use. It differs
from other similar tables in two respects, (1) only primitive poly-
nomials (those which yield maximal length binary sequences) are in-

cluded and (2) these are ordered by the number of nonzero coefficients,

iv



as well as by degree. This ordering was used to facilitate the search
for polynomials that could be implemented using certain configurations
of modulo-2 adders (exclusive-or circuits).

The tutorial material presented here is an excerpt from a

doctoral dissertation being written by one of the authors (Kurt

Metzger).
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LINEAR MAXIMAL SEQUENCES

1. Introduction

This memorandum is concerned with the methods of generation
of binary or two-state waveforms that are implemented using binary
linear maximal sequences to select states. These waveforms are
composed of equal duration digits where the amplitude of each digit is
assigned one of two possible values depending on whether the corres-
ponding bit in the governing sequence is a "one" o‘r a "zero." When
standard statistical tests are applied to these waveforms, it is found
that the waveforms possess properties that closely approximate those
of a two- state waveform made up of randomly selected digits with
each state being equally probable (Bernoulli process). Because of
these apparent random properties, waveforms generated from linear
maximal sequences are often called pseudorandom or pseudonoise
waveforms.

Waveforms based on linear maximal sequences are easy to
generate and have been found applicable in many areas. They have
been used in deep space ranging experiments by NASA (Ref. 1), in
random number generation (Ref. 2), in pseudorandom noise gener-
ators (Ref. 3) and for generating test signals used in acoustic propa-

gation studies in the ocean (Ref. 4).



This memorandum is organized in the following manner.
Some of the practical aspects of linear maximal sequences are dis-
cussed. Two "canonical” forms of sequence generators are intro-
duced and analyzed. A simple analysis shows how the sequences
generated by the two forms are related. Two tables of generator
connection patterns, which will permit the generation of linear maxi-
mal sequences of various lengths, are provided in the appendixes.
The interested reader can find additional material on the structure

of linear maximal sequences in Refs. 5 through 9.

2. Binary Sequences and Generators

A common method of generating waveforms based on binary
sequences involves the use of digital networks made up of delay cir-
cuits (flip-flops) and modulo-two adders (exclusive-or circuits). The
delays and adders are connected together into feedback arrangements
called linear sequence generators. An example of such a generator

is shown in Fig. 1.

Stage 1 Stage 2 Stage 3

L—p»1 Delay Delay p—#{ Delay

Modulo-2
Adder

Fig. 1. A simple binary sequence generator



The symbols used in Fig. 1 are convenient mathematical
abstractions of the hardware actually required to build such a device.
Figure 2 illustrates how the generator of Fig. 1 would be implemented

using industry standard logic symbols and the 7400 family of TTL

digital integrated circuits.
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74714 7474 7474
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Fig. 2. Generator of Fig. 1 implemented using the 7400
family of digital TTL integrated circuits



The properties of the delays (flip-flops) and mod-2 adders

(exclusive-or) circuits are given in Fig. 3.

Flip-Flop

D
Delay —{ Delay p—
Before After
Clock Clock
Pulse Pulse
D Q Q
0 0 0
0 1 0
1 0 1
1 1 1

Flip- Flop/Delay

Fig. 3.

Exclusive-OR

A —)
> —

B

Q  Mod-2 Adder A —-d-)_—-. C

A B C
0 0 0
0 1 1
1 0 1
1 1 0

Exclusive-OR/Mod-2 Adder

Logic symbol definition



When discussing or working with sequence generators, it is
often convenient to write the state of the generator in vector form.
For example, if in Fig. 1 stage 1 contains a "one' and stages 2 and 3
contain a "zero, " then the state of the generator cén be written in
shorthand form as (1,0,0). Such a representation is referred to as
the content vector. The value of the content vector changes as the
generator is clocked and passes through its collection of permissible
states. The content vector can also be written as an octal or decimal
number. The bits in the binary representation of these numbers
describe the state of the generator. A diagram which shows how the
associated sequence generator moves from state to state is referred
to as the state diagram for that generator. Figures 4 and 5 contain
the content vectors and state diagrams for two different 3-stage se-
quence generators.

The generator in Fig. 4 is termed a linear maximal sequence
generator. If this generator is initialized using a nonzero content
vector, then as it is clocked it will pass through all possible states
(with the exception of the all-zero state) that can be represented using
a three-bit binary number. If the all-zero state is the initial state,
the generator will remain in this state. (In practice, this state is
checked for and if it occurs, the generator is forced into another
state.) The maximum period of a sequence generator using n stages

of delay is L = o" - 1. Table tabulates L for values of n from



2 through 19.

Table I.

Maximum sequence period L versus
number of stages in generator n

n L n L

2 3 11 2,047
3 7 12 4,095
4 15 13 8,191
5 31 14 16, 383
6 63 15 32,767
7 127 16 65,535
8 255 17 131,071
9 511 18 262, 143
10 1,023 19 024, 2817




Generator

ul uz u3 Value
1 0 0 4
0 1 0 2
0 0 1 1
1 1 0 6
0 1 1 3
1 1 1 7
1 0 1 5
1 0 0

0 0 0 0
0 0 0

Content Vectors
z3 +z+1

State Diagram

Characteristic Polynomial

Fig. 4. 3-stage linear maximal sequence generator
[3,1,0) ysra



Generator
ul uz u3 Value

1 0 0 4
0 1 0 2
0 0 1 1
1 1 1 7
1 0 0

1 1 3

1 6

b () (8)
1 0 1 5
1 0 1
0 0 0 0
0 0 0

Content Vectors

3 2
Z +2 +2z2+1

State Diagram

Characteristic Polynomial

Fig. 5.

3-stage nonmaximal sequence generator
[ 3’ 2) 1’ OJ MSRG



The generator in Fig. 5 is nonmaximal and can operate in any
one of the cycles shown, depending on how it is initialized. This
generator is included in order to avoid the mistaken impression that
all linear generators produce maximal length cycles. The class of
nonmaximal generators is much larger than the class of maximal
generators.

It should be noted that the ordinary n stage binary counter
which cycles through 2" states is a nonlinear sequence generator in
the context of the algebraic field described using mod-2 addition
[ sometimes referred to as GF(2)].

The characteristic polynomials and MSRG notation found in
Figs. 4 and 5 will be explained later.

An important difference between maximal and nonmaximal
generators can be seen by examining the binary stream of "ones"
and ""'zeros' produced at the output of each delay stage. For the
maximal generator, the sequence produced by all stages are identi-
cal except for a time shift. However, this is not true for the non-
maximal generator.

In this memo only linear maximal sequences are considered.
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3. Maximal Length Sequence Generators

There exist many ways in which a collection of flip-flops and
exclusive-or circuits can be connected together in order to generate
digital sequences of maximal length. Out of all possible intercon-
nection patterns attention will be restricted to the two canonical
forms shown in Fig. 6. (Other canonical forms are described in
Ref. 10.)

The generator in Fig. 6(a) is called the simple shift register
generator (SSRG). This configuration is extremely easy to imple-
ment using integrated circuit shift register units. The maximum
clock rate is limited by the cumulative delay through the mod-2
adders. The particular sequence generated by the SSRG depends upon
the number of delay stages present and which switches (Si) are
closed.

The generator of Fig. 6(b) is called the modular shift register
generator (MSRG). This generator is an extremely convenient one to
program on a digital computer. Also, because this generator never
incurs more than one stage of mod-2 adder delay, it can often be
operated at clock rates greater than those usable with the SERG.

The sequence generated by the MSRG depends on the number of de-

lay stages present and which of the switches (mi) are closed.
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In Section 2 sequence generators were discussed in physical
terms; however, their operation can be easily modeled using finite
field mathematics and operator notation.

Let the state of stage n in a sequence generator at clock
time j be written as un(j) . The state of stage n at clock time

j=1 is then un(j—l) . Define the shift operator z such that

u () = zu (j-1)

Using this notation the input and output of a delay unit can be

modeled as shown in Fig. 7.

Fig. 7. Input/output relations of a delay element
using the shift operator

Closed switches will be assigned value 1 and open switches

assigned value 0.
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3.1 The SSRG. Denote the input to stage 1 of Fig. 6(a) as

u (j) . Then (mod-2 addition)

u () = s u () +

n n Sn—lun-l(J) oo # Slul(J)

But

w) = u 1) = 2z ()

Substituting gives
o -n -(n-1) -1 :
uo(]) = (snz +8 12 + ..+ 82 ) uo(])

For convenience define So = 1 so that

I

n-1 .
s, uo(j) (z_n ‘ZO sn_izl) uo(j)

Since

souo(j) + s u (j) = 0 (mod-2)

then

-n 1 i
S, Z L S _iZ )uo(]) =0

i=0

Multiplying through by z" and combining terms gives
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The term

[\/ =
fo—

S .Z
n-1

i=0

is called the characteristic polynomial of the binary sequence gener-
ated by the SSRG. The properties of the resulting sequence are
governed by the properties of this polynomial.

3.2 The MSRG. Because mod-2 addition is linear, the

principle of superposition can be used to determine the form of the
characteristic polynomial for the MSRG. Denote the input of stage
one as uo(j) . (Note that uo(j) and un(j) are identical here.) If
the input to stage one is assume to pass through a fictitious switch
m, then the contribution to the output of stage n through switch

m, (0 < i< n-1) can be written as (mod-2 addition)
]'__

n .
m, 2 uo(])

Thus
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For convenience, define m = 1 and let it be the multiplier
of uo(j) on the left side of the above equation.

Since

mnuo(j) + mnuo(j) = 0 (mod-2)

Then

n-1 i-n
(mn + iéo m, 2 )uO(J) =0

Multiplying through by z" and grouping terms gives

n i
(Z, m, 2 )uO(J) =0
i=0
The term

n .
), ma
£

is the characteristic polynomial of the binary sequence generated by
the MSRG. The properties of the resulting sequence are deter mined

by the properties of this polynomial.

3.3 Comparison of the SSRG and the MSRG. The sequences

generated by the SSRG and the MSRG are the same if

= <
S -i m, 0si<n
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In general, however, the state diagrams for the two generators

are not the same.

It is easily shown that if

then the sequences generated by the SSRG and the MSRG are the time
reverses of each other.

When discussing sequences and sequence generators, it is
customary to adopt a shorthand notation. Usually this consists of
listing either the nonzero coefficients of the defining characteristic
polynomial or the closed switches of the associated generator. Care-
less use of this shorthand notation can cause difficulties since the
representations, although closely related, are different. The follow-
ing convention will be followed when discussing sequences and gener-
ators. Parentheses will be used to describe the characteristic poly-
nomial associated with a particular sequence. For example, the
characteristic polynomial z6 +2z+ 1 is represented as (6, 1, 0) .
Square brackets will be used to denote switch closures for the gener-
ator named by a subscript. For example, the (6, 1, 0) sequence is

generated by the [6, 1, O]MSRG and the [6, 5, O]Q“RG .

In general when discussing sequences it is best to talk in terms

of the defining characteristic polynomial.



17

4. Characteristic Polynomials Yielding Maximal Length Sequences

It is beyond the scope of this work to describe how the co-
efficients of the characteristic polynomials are selected to produce
maximal length sequences. The interested reader is referred to
Refs. 5 through 9. The article by Elspas (Ref. 6) is particularly
lucid.

In the above references it is established that if the character-

istic polynomial,

cz' + ¢ Zn—l + ...+ CZ 4+ €4 (mod-2)

is primitive (and thus also irreducible) on GF(2) , then the asso-
ciated generator will generate a linear maximal sequence. Thus
the study of maximal length sequence generators is intimately con-
nected to the study of these polynomials.

It can also be established that if the set of n+ 1 coefficients
{ci} yield a primitive polynomial (and thus a maximal length sequence

generator), then the polynomial

where
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is also a primitive polynomial.

For a given form of sequence generator the use of the above
two polynomials will yield sequences which are the time reverses of
each other. It is common to refer to the polynomials formed by the
c's and the d's (when related as above) as being '""the reverses' of
each other.

For the reader's general information, GF(2) is the alge-
braic field generated when all operations are performed mod-2. An
irreducible polynomial is one which cannot be factored. A primitive
polynomial is cne which divides zk +1 if k=2"-1 but does not
divide (without remainder) zk +1 for k< 2"-1, (Primitive
polynomials are irreducible but the converse is not necessarily true. )

The switch settings on a generator necessary to generate a
linear maximal sequence are determined by the coefficients of the
associated polynomial. Each primitive polynomial yields a unique
binary maximal length sequence.

In the case of the MSRG there is a direct one-to-one corres-
pondence between coefficients of the primitive polynomial and the

switch settings used on the generator, i.e.,

m =c¢ 0<i<n

For the SSRG the switch settings and the polynomial co-
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efficients are related as

Two tables of primitive polynomials are provided in the appen-
dixes. The table in Appendix A contains one polynomial for each de-
gree from 2 through 100. Using the techniques described in Ref. 9,
these sequences can be used as '""seeds' to determine others of the
same degree. The notation used in this table is the same as the one
used in Section 3. 3.

Table IV in Appendix B lists all primitive polynomials of
degrees 2 through 19. These are ordered in terms of the number of
nonzero coefficients as well as by degree. Several examples of the

use of Table IV are also included.



APPENDIX A

Table II contains one primitive polynomial (mod-2) for
degrees 2 through 100. This table is from Ref. 11. By applying
the techniques described in Ref. 9, these polynomials can be used

to determine others of the same degree.

20
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APPENDIX B

This appendix contains two tables concerning the primitive
polynomials of degrees 2 through 19 on GF(2) . Table III tabulates
the number of primitive polynomials (including reverses) of degrees
2 through 19, segregated according to degree and number of nonzero
coefficients. Table IV tabulates the actual polynomials which are

also grouped on this basis (reverses are not included).

1. Extracting a Polynomial from Table IV

Because the coefficients of the primitive polynomials on GF(2)
are ones and zeros, it is convenient to treat them as if they were the
coefficients in the binary representation of an integer. Such integers
are tabulated in Table IV in octal form.

In order to recover a particular polynomial, e.g., that associ-

ated with the entry 235, for n =17, first write the octal value as a

8

binary number.

2358 = 0100111012

The coefficients of the associated polynomial are obtained by
associating the right most binary digit with the zero-th power, the
second right most binary digit with the first power, etc. The left
most 1 is associated with the n-th power. Any zeros to the left of

22



23

the left most 1 are merely fillers and should be ignored.

For the given example

235, yields 2" + 2 + z3 + z2 + 1 or (7,4,3,2,0)

Table IV does not contain entries for the reverse polynomials
associated with the given entries. (It should be recalled that for a
given generator form, the sequences generated using a given poly-
nomial and its reverse are the time reverses of each other.) For
a given polynomial, the reverse polynomial can be found by reordering
the coefficients so the the i-th coefficient in the original polynomial
becomes the (n - i)th coefficient in the reverse polynomial

For example, the table entry 1131 8 (n =9) yields the poly-

nomial

1131, ~ 001001011001, ~ 22 228 42ty 1-09,6,4,3,0)

The reverse polynomial of 11318 may be found in many simple

ways. For example, reversing the base 2 representation gives

1001101001 ~ z° + 28 + 2% 4 2° + 1~ (9,8,5,3,0)

An equivalent procedure involves subtracting each decimal

digit in the parenthesized representation from n, e.g.,

(9,6, 4,3,0) becomes (0,3,5,6,9)
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Another equivalent procedure is to read the powers in the
original binary representation from left to right, starting with the
left most one as the zero-th power.

Since 1001101001 = 11 518 is the reverse of the table entry

11318 , it is not contained in Table IV.

2. Converting Table Entries to fequence Generators

Select an entry of the desired degree. For example, for

n=9 and 5 nonzero coefficients 10338 might be selected.

10338 = 001 000 011 0112

Reading from right to left and starting with zero, the positions

containing ones are
0’ 1’ 3) 4) 9

The zeros in positions 10 and 11 are merely fillers and should be

ignored. The resulting polynomial is written as

(9,4,3,1,0)

The corresponding MSRG is [9,4,3,1,0]MSRG
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The "'0" serves as a reminder to feed back the output to the
input of the first stage and the 9" is a revminder that this is a 9-stage
register. The other numbers "1, " 3" and "4" indicate that there
are mod-2 adders after the first, third and fourth stages.

The SSRG corresponding to this polynomial is [9,8,6,5, O]SC'RG'

[Recall that the i-th switch position for the SSRG corresponds to the

(n - i)th polynomial coefficient. ]

5 o

The "0'" again serves as a reminder to feed back to the input
of the first stage and the ''9" serves as a reminder that this is a nine-
stage generator. The "5,'" "6,' "8," and 9" are the stages which are
mod-2 summed together to obtain the input to the first stage.

The generators associated with the reverse polynomial are
easily found by subtracting the positions of the ones in the original
polynomial from n and proceeding as above.

For the polynomial used above, this results in the polynomial

(9,8,6,5,0)
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The MSRG associated with this polynomial is [9,8,6,5,0] MSRG
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