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CHAPTER 1

INTRODUCTION

1,1 Summary of results

An important general problem in algebra is that of classifying
modules over rings. An ideal solution of this problem for a given
class of rings and modules provides a canonical form and a complete
set of invariants. For finitely generated modules over a Dedekind
domain, such a solution is provided by the classical theoren of
3teinitz. This theorem asserts that any finitely generated module over
a Dedekind domain R is a direct sum of a torsion module and a torsion-
free module. The torsion module is uniquely determined and the
torsion=-free module is determined within isomorphism. The torsion
module is a direct sum of cyclic submodules. Ihe torsion-free module
is a direct sum of R-ideals., The order ideals of an appropriately
chosen decomposition of the torsion part, and the rank and ideal class
of the torsion-free part, are a complete set of invariants for the
module,

The Steinitz theorem includes in particular the theory of finitely
generated modules over a principal ideal domain, and, therefore, the
theory of sirilarity of matrices over a field and the theory of finitely
generated abelian groups.

An order over an integral domain D is a ring R which contains D
as a subring and which is finitely generated and torsion-free as a

D-module, The theory of integral representations deals with those
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modules over a D-order R which are finitely generated and torsion-free

as D=modules: the so-called R-representation modules. In case D is a
principal ideal domain, a D-order R,-as well as any R-representation
module, has a finite D-basis, and we see that the study of R-represen-
tation modules is equivalent to the study of representations of R by
matrices with coefficients in D.

Let, D be a principal ideal domain, We call a D-order R
quadratic if R is a proper ring extension of D generated by a single
element which satisfies some quadratic dependence relation over D. Ve
show below in Theorem (1.4) of Section 1.3 that a quadratic D-order

R is isomorphic to the D-order

DX]
/D[X]of(x)

(1.1)
where £(X) is some monic quadratic polymomial in D[X].

In the present study we are concerned with the classification
of representation modules over quadratic orders. That problem
immediately breaks up into two cases:

Case (A). R is a quadratic order which is an integral domain.
Then the polynomial f(X) of (1.1) is irreducible, and R is a D-order
in the field K = K(Q), where k is the quotient field of D, and © is
a root of f(X) over k. Conversely, any D-order R in a quadratic
extension field K of k is a quadratic order, for R has a D-basis {1, 6}
for some D-integer § ¢ K, @ 4 k, and then R = D[9]. Thus R is
of the form (1.1). ‘

Case (B). R is a quadratic order with zero divisors. Then £(X)
is reducible, say £(X) = (X-a)(X-b) for some a, b e D. If a = b, then

R is an order in an algebra with radical; if a % b, then R is an order



in the semisimple algebra k + k.

In case (A) we achieve a complete solution of the problem of the
classification of R-representation modules, i.e., {initely generated
torsion-free R-modules, Let R be a quadratic order with quotient field
K. We show, in Theorem (3.1) of Section 3.2, that provided the integral
closure of R is a finitely generated R-module, any finitely generated
torsion-free R-module M is isomorphic to a module of the form
(1.2) Ry 4Ry + .. +R 4+
where the R, are R-orders in K, (X is an invertible ideal of some
R-order R, in K, and Ry cRyc...c R.

The elementary ideal and ideal class invariants of M determine
the form (1.2) essentially uniquely, so that (1.2) is canonical, and
the elementary ideal and ideal class invariants are a complete set of
" invariants (Theorem (3.6) of Section 3,3).

We consider case (B) only for the principal ideal domain D = Z,
where Z is the ring of rational integers, and only for a % b, so that
the order is contained in a semisimple algebra. Our solution to the
classification problem is incomplete, and is contained in Theorems (l.3)
of Section L.2 and (4.13) of Section L4.3. Let g be the coset of X in
(1.1), so that g satisfies (g-a)(g-b) = 0., Clearly any Z-matrix
representation of R is completely determined by its representation of g.
The indecomposable Z-matrix representations of R are of ranks one and
two, A complete set of Z-inequivalent indecomposable representations
is g=> T, = [al], g+ T, = [b],

a e | a-D|

g - T(e) = 0 b for e ¢ { 1,2,---,[—2‘—"] }o



L

Let T be an arbitrary Z-matrix representation of g. By interchanging
the roles of a and b if necessary, we may assume that the number u of
irreducible representations g = [a] in T is not less than the number v
of irreducible representations g = [b]. Then T is Z-equivalent to a

representétion of the form

~ N
: O
a
Tak—
!
0 b ]
(1.3) g - a e,
0O b |
() "Ta e
v
O b
N /

in which the e, are positive integers which satisfy the conditions
e | €. 1 for i =1,...,v-1, e. 1 | m, e, {m, and, if u > v, e, | m.
For any class of Z-matrix representations for which u > v, the form
(1.3) is canonical and the elementary ideals of the associated
R-representation modules are a complete set of invariants. We do not
know whether or not, when u = v, the form (1.3) is canonical,

In Chapter 5 we consider the problem: Let D be a principal ideal
domain and let M bea finitely generated D-module., Under what conditions

on the structure of M does M admit a fixed-point-free automorphiam

of prime order?
We solve that problem under the restrictions that D is embedded
in the ring R = D[ 8 ] generated over D by a qth root of unity, q a

rational prime, and that R is integrally closed. Then we show in

Theorem (5.7) of Section 5,3 that a finitely generated D-module M
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admits a fixed-point-free automorphism of order q if and only if
(i) q-1 divides the rank of M,

(ii) if DTT is a prime ideal of D which ramifies in R,
then no power éf D7 occurs as an elementary
divisor of M, and

(i4i) if Dy is a prime ideal of D which is unramified in R,
if P is a prime ideal of R which lies over DT,
and if £f(7 ) is the relative degree of P over DT,
then for each n = 1,2,3,.., , the multiplicity of
DT as an elementary divisor of l4 is a multiple
of £(7T).

In our solution of case (A) of the classification problem for
representation modules over quadratic orders, we make essential use of
a theorem of Hyman Bass, which states that if R is an integral domain
of altitude one whose integral closure is a finitely generated R-module
and in which every ideal can be generated by two elements, then any
finitely generated torsion-free R-module is a direct sum of f-jdeals.
We give an independent proof of this theorem in Section 2.3. In
Section 2.1 we give a general class of examples of orders in number
fields wﬁich do not satisfy the hypothesis of Bass's theorem concerning
two element generation of ideals. This means that methods different
from ours will have to be introduced to attack the problem of classifying
representation modules over general non-maximal orders in number fields

of degree greater than two.
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In Section 1.2 we define some basic concepts and notations. In
Section 1.3 we derive the representation (1.1) of a quadratic order,
and we review the theory of elementary ideals, the definition of the

ideal class of a module, and the Steinitz theorem.

1.2 Basic concepts and notations

Our notations are generally those of Curtis-Reiner (9l. Cge
important exception is that we denote the basic ring of operators of
a module by R instead of G. For genaral background on modules and
representations we refer the reader to [9], especially to Charter XI;
for background on commutative ring theory we refer to Zariski—Samuel
(35); and for background on homological algebra of modules over
commutative rings, we refer to Northecott [26], particularly to
Chapter 9.

7 is the ring of rational integers and Q the rational number
field,

A ring is assumed to be commutative with identity. Wﬁen K and S
are rings and R ¢ S, then the 1 of R is the 1 of S. A module over a
ring is assumed to be left unitary. The quotient field of an integral
cdomain R is denoted by K.

The rank of a module M over an integral domain R is the dimension
over b of K G§R.M' The rank of M is the maximal number of R-linearly
inderendent elements of M. If N is a submodule of I, then
rank M = rank N + rank M/N.

Remark. Ir places in the literature, including (8] and [11],

hpank" has a different meaning than it does here.



The order crd(x) of an element x of an R-module is the annihilating
ideal of x, i.e., the ideal of all of ¢ R such that orx = O.

If # ig an integral domain, an f~ideal is any finitely generated
ii-submodule of K. R ideals contained in R are integral. Prine,
maximal and pairwise comaximal ideals are integral ideals which are
prime, maximal, or pairwise comaximal, resrectively, in the usual sense,

An integral domain R is of altitude one if every nonzero prime

ideal of H is maximal. A domain is also said to be of Krull dimensicn

one if it satisfies that condition.,
If R is a domain and (Jl is a nonzero R-ideal, then
Of'= (R:0) = (bekK:bdl cR} .
07 is invertible if dOU'= R,

Let D be a princiral ideal domain and let R be a D-order. We
recall that “~rerresentation modules are related tc D-matrix represen-
tations of R as follows: Any choice ¢f a D-basis for an il-representation
riodule V. induces a D-matrix representaticn of R, If the basis is
{xl,...,xn} and if, for O ¢ R,

X x. = 2 a,, xj for 1 =1,...,n,

aji e D,

then the corresponding matrix representation is T:¢or - T(of) defined

by T(X) = (aij)' Conversely, any D-matrix representation of a D-order
R induces an Re-representation module, Two R-matrix representations

T, U are D-equivalent if there exists an invertible D-matrix S sivch

that W) = sr(er) s for a1l ¢re R.
Classes of D-equivalent representations correspond in cne-to-one fashion

with isomorrhism classes of ii-representaticn modules.



The internal direct sum of two modules is denoted by (® and the

external direct sum by + .

1.3 The elementary ideal invariants and the Steinitz theorem

(a) On quadratic orders.--We first prove t he result needed for

the description (l.1) of a quadratic order.
(1.L) Theorem. Let D be a princiral ideal domain and let R be a

quadratic D-order. Then R is isomorphic to the D-order

Py DLX]£(X)
for scme monic quadratic polynomial £(X) e D[X].

Proof. Let g & R such that R = D(g]. Then since R is torsion-
free as a D-module, il can be embedded in the k-algebra A = k(g], where
k is the quotient field of Y, Owver k, g has some monic minimal
polynomial f(X). £ is quadratic, since on the one hand some quadratic
polynomial annihilates g, and on the other hand ‘* is a proper
extension of D, Since R = D{g] is a finitely generated D-mcdule, g
is a D-integer, and the coefficients of f lie in D.

Consider the map
DIX]/ pixes(x) ™ R
given by h(X) + D(X]«f(X) - h(g) , for h(X) e D[X]. That map is
clearly onto. Suppose h(g) = O in R. Then h(X) e k[X].f(%) n D[X]

= D[X]-f(X). Thus the map is cne-to-one,



(b) Elementary ideals.--The following development of the

elementary ideals and their basic properties follows Fitting (15],
pp. 195-199, See also Zassenhaus [38], Chapter III, Sect. 3, pp. 117-121.
Let (ES be an arbitrary finite or infinite set of n x n matrices
withk coefficients in a ring R. Tor each nonnegative integer i { n,
let Di(Q§ ) be the R-ideal generated by all minors of order n-i of all
the matrices in @; , and for i = n,n+l,... , let Di(GS') be the unit
ideal R,
Let I be a finitely generated R-module and let {xl,...,xn} be a
finite set of generators for M. An n x n R-matrix A = (aij) ammihilates
the generator set {xl,...,xn} if 2 aij xj =0 fori=1,...,n. Let

@ be the set of all R-matrices which annihilate {xl,...,xn}. Then

the ith elementary ideal cr)\C (M) of the module ¥ is D,(&), for
i=0,1,2,... . The elementary ideals are invariants of M, independent
of n and of the basis {xl,...,xn} used in defining them ([15],
Hauptsatz, p. 197).

Basic properties of the elementary ideals are the follcwing:

(1.5) éz(r\:) C(S‘:H(M) for 1 = 0,1,2,... ([15], Satz 1, p. 199).
If M can be generated by n elements, then (J;(M) = R,

(1.6) If M = M, el # M is a direct sum of finitely generated
R-rodules M., then éﬁ(M) is the ideal sum of all ideal products of
the form

d; m) ot.l(mz) e O, ()
where the integers ij satisfy the conditions O S ij S iand 2 ij = i,
j=1,...,n ([15], Satz 5, p. 201).
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The next two propositions are undoubtedly well known, but we
cannot cite a reference, and so we include proofs. Regarding the first,
see [37], p. 21,

(1.7) If R is a domain, then the rank of a finitely generated
R-module M is the smallest integer i such that aE(M) % 0.

Proof. Let {xl,...,xn} be a finite set of generators for M, let
F bet he free R-module or. n generators {ul,...,un}, and let g) be the
R=homomorphism : F + M which extends the map U X, i=1,,..,n.
Let N be the kernel of (P . With respect to the basis {ul,...,un}
of F, elements of F arc represented by n-tuples of elements of R.
Also, rank N = n - rank M,

Suppose d: (M) 4 O for some i { n. Then there exists some
Rematrix A which annihilates {xl,...,xn} and some nonzerc minor of A
of order n-i. The rows involved in that minor correspond to elements
of N which are linearly independent over R. Thus rank N 2 n-i and so
rank M < i.

Suprose now that Ci(bﬂ = 0 for some i { n. Then any set of
n-i elements of N is linearly dependent. Thus rank N < n-i, and rank M
> i. This completes the proof.

(1.8) Let D be a principal ideal domain and R a D-order which is
a simple ring extension cf D, say R = D[g] for some g ¢ R. Let N be
an Rerepresentation module, let {xl,...,xn} be a D~basis for M, and
let A be the D-matrix representation of g induced'by the basis
{xl,...,xn}. Then

§;(m = b (A =g,

where I is the identity matrix of degree n.
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Proof. Let F be the free D[X]-module on n generators {tl,...,tn},
let G be the free R-mcdule on n generators {ul,...,un}, let ? : P2+ G
by »Z(z ¢a(x)ti) =2 ¢.(glu, and let 3: G-+Mtby
S (= ¢‘.(g)ui) =2 ¢‘. (g)xi . Let N, be the kernel of 3‘? and let

N2 be the kernel of I . Thus we have the situation
‘., > M

f

G
b
——— N,/ >0
1
0

%

1

O ===

Let v, = Z ajitj - Xti e F. Since Zlajixj - gx; = 0 in M, v, € “Il for
each i. Llet NO be the submodule of F generated by (vl,...,vn}. Since
Xby = Zagby-v; T Zagty (mod Nj), any v ¢ F, v = 2@ (0t is
congruent meodulo NO to some I (D‘. t’i’ f‘.a D. If ve Nl’ then 2 E‘.tie Nl
and Z f)'. x; = 0. But {x.l,...,xn} is a free D-basis for M, so f‘- =0
for each i, and 2 P{ti =0 in s Thus v e NO’ S0 Nl = NO.

Now let B = (¢ii(g)) be any R-matrix which annihilates {xl,...,xn}.
Then pi = Z¢ij(g)uj € N2' Since N2. is the image of I\Jl = NO under 7 s

there exist polynomials (/. .(X) such that (5, = E{. .(g)w. where
1 i 8y J

w, = V(Vi) = Zauy - gy, ;I“h}]m the rows Bi of B are R-linear
combinations of the rows of . ‘ = (aji -g ij)’ i.e., of the rows
wnJ

of A# - gI, where * denotes transpose.

On the other hand, A% - gI is certainly one matrix which
annihilates {x),...,x }. Thus if (S is the set of all annihilating
matrices of the basis {xl,....,xn} for M as an R-module, then

d,(m) = () =, (4 - D) = by (4 - ¢D).
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Definition. The order ord (M) of a finitely generated module M

over a ring R is cfb(m).

(¢) Ideal class.--The next definition follows Kaplansky [22],

p. 332. Note that "decomposable" is not the negation of "indecomposable."
Definition. Let R be an integral domain. Then a finitely

generated torsion-free R-module M is decomposable if it is isomorrhic

to a mecdule of the form

(1.9) qu+ ... 0,

where the CN are R~-ideals.

Let CXI, oo ,C” ja]! veey 13 be R-~ideals and suppose that

CY\’* e +'th = J3|4'” +<i3n
Then the ideal products 071 0? n and 0@1 0:8 n lie in the same

ideal class ([22], Lemma 1, p. 328).

Definition. The ideal class of a decomposable R-module ! is the
cormon igeal class of all products Cj?l"' C;?n in any rerresentation

of the form (1.9) ‘for M,

(d) The Steinitz theorem.-=We recall here those facts about the

classification of finitely generated modules over a Dedekind domain
which will be of use in our work. For. further information, see
Steinitz [31], [32]; Fitting [15], Sect. L, pp. 218-225; Kaplansky [22];
and Curtis-Reiner [9], Sect. 22, pp. 1Lli-155.

Let R be a Dedekind domain, and let M be an R-module. The torsion

subrodule of M and, for each maximal ideal P of R, the P-primary
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subrodule of N are well-deflined submodules of M.

(1.10) Let M be a finitely generated R-module, and let T be the
torsion submodule of M. Then M = T® U for some finitely generated
torsion-free R-submodule U of M ([15], Struktursatz, p. 219).

(1.11) Let M be a finitely generated torsion-free R-mocule of
rank n. Then M is decomposable, If n =1, Y ~ (J( for some R-ideal

A, and if n > 1,

an

o

(1.12) M ~ R+ ... +R
N’

n-l summands
for some ideal UJ[. The ideal class of M is the class of Ul . The
rank and ideal class are‘acnmplete set of invariants for finitely
generated torsion-free R-modules. The form (1.12) is canonical
([9], Lemma 22.3, Theorem 22.5, Theorem 22,11, and Corcllary, p!. 146-150) .

In particular, (1.11) implies the following statement.

(1.13) An indecomposable finitely generated torsion=free R-module
is of rank cne, and is isomorphic to an R-ideal.

(1.1L) The elementary ideals of the module (1.12) are C?; =0
for i = 0,1,...,n-1, and C?i = R for i = nyn+l,... . for finitely
generated torsion-free ii-modules, the elementary idzals and ideal
class are a complete set of invariants ([15], 3ataz 13, 1L, pp. 220-221).

(1.15) Let M be a finitely generated torsion R-module. Then M
is a direct sum of cyclic submodules. If M ¢ 0, there exist nonzero

elements xl,...,xn of M and nonzero proper R-ideals El,...,En such that
(1.16) M= R, ®...0R

the order of x; is Ei’ and E.l > Ei+l for i = 1,...,n=1.
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In any two decompositions of the form (1.,16), with ideals E, and
Fi, necessarily Ei = Fi for each i ([15], Hilfssatz 5, p. 212; the
result also follows from.[9]), Theorem 22,12, p. 150).

The Ei are called the invariant Tactors of the torsion module M.

(1.17) The invariant factors are a complete set of invariants for
finitely generated torsion R-modules ((15], p. 21k).

The elementary divisors of a finitely generated torsion R-module M

are the invariant “actors of the P-primary submodules of M, for all
maximal ideals P of R,

(1.18) The elementary divisors are a complete set of invariants
for finitely generated torsion R=modules,

(119) A torsion R—modulg is indecomposable if and only if it is
cyclic and primary ([15], Hilfssatz 3, p. 211},

(1.20) lLet M be an arbitrary finitely generated R-module, let T
be the torsion submodule of M, and let M = T ® U, Then the elementary
divisors of M (i.e., of T), the rank of M, and the ideal class of M
(i.e., of U) are a complete set of invariants.

The following is a special case of (1.20).

(1.21) If R is a principal ideal domain, then the elementary
divisors and rank are a comrlete set of invariants for finitely
generated R-modules.

(1.22) Let M be a finitely generated torsion R-module. If M, is
a submodule of M, then the order of M is equal to the product of the
order of M, and the order of M/MO. The order of M is equal to the
product of the invariant factors of M, is equal to the product of the
elementary divisors of M, and is equal to the product of the orders of

the Cfactors of any normal series for M,
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The order of M equals R if and only if M = 0 ([15], Satz 10, p. 21llh;

Satz 18, p. 224).



CHAPTER 2

ON A THEOREM CF BASS

2.1 Introduction

In this chapter we give a new proof of the following theorem of
Hyman Bass. The theorem will be erployed in Chapter 3 in the derivation
of a canonical form for representation modules over a quadratic order
in a field.

(2.1) Theorem (Bass [L], Sects. 6,7, pp. 17-25). Let R be an
integral domain of altitude one such that the integral closure of R in
its quotient field is a finitely generated R-module, and such that every
R-ideal can be generated by two elements. Let If be a finitely
generated torsion-free R-module. Then M is isomorphic to a direct sum
of R-ideals.

In Section 2.); we state for reference a theorem which is implicit
in Bass's paper [5), and which contains a converse to Theorem (2.1).
Also, we rrove a theorem which restricts the class of crders in number
fields which satisfy the condition that every ideal can be generated

by two elements.

2.2 Preparation for the proof of Hass's theorem

We collect together results which will be used in the proof of

Theorem (2.1) in the next section.

16
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(2.2) Lemma ([3h], Lemma 3, p. 8h4). If R is a noetherian domain
of altitude one, then for each maximal ideal P, P-l is strictly larger
than R.

(2.3) Lemma ([9], Theorem 58.5, p. 396). Let A be a ring which
satisfies the minimum condition. Then the following conditions on A
are equivalent:

(i) A is a quasi-irobenius ring,
(1i) the dual of an irreducible A-module is an irreducible
A-module,
(ii1) A is injective as an A-module.

(2.4) Lemma ([26], Corollary, p. 180). Let a be neither a unit
nor a zero divisor in a ring A. let X = A/Aa, and let ¥ be an
arbitrary A-module. Then

Ext? (M, A) =~ ixt) (F, @)
A A
as A-modules.

(2.5) Lemma ([26], Lemma 1, p. 181). If A is aring and ¥ a
finitely generated A-module, and if /M N = N for every maximal ideal
/m of A, then I =0,

(2.6) Lemma ([S], Lemma 1.3, p. 321). If (..., (0 are
pairwise comaximal ideals in a ring R, and if XqseeesX are elements of
an R-module M, then there is an x ¢ M such that x = X, (mod OZiM)

for i =1,...yn.
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(2.7) Lemma ([1], Lemma 2.4, p. 6). Let R be a noetherian ring
and S a ring containing R which is a flat R-module., Then if A is any

finitely generated R-module and B any R-module,
n ~ n
S @p Extp (A, B) = Extg (s®R A, S®, B)

for all n ) 0.
(2.8) Lemma ([26], Lemma 2, p. 187). If R is aring and A is an
R-module, and if Ap = O for every maximal ideal P of R, then A = 0O,
Let th (A) denote the homological dimension of an R-module 4,
(2.9) Lerma ([26], Theorem 11, p. 188). Let R be a ring and 4

a finitely generated R-module. Then

dh, (1) = s;p th? (Ap)

where P ranges over all maximal ideals of R.

2.3 Proof of Bass's theorem

We shall rrove that under the hypotheses of (2.1), every
indecomposable finitely generated torsion-free R-module is of rank one,
This is clearly eguivalent to the conclusion of (2;1). t |

Definition. Let (!) be the hypothesis on a ring R that R is an

integral domain of altitude one in which every ideal can be generated

bv two elements,
(2,10) Proposition. If R satisfies the hypotihesis (H), then for
each maximal ideal P, P-l/R is an irreducible R-module,

Proof., P-l/R is not the zero module, by (2.2). We claim that

there is no R-ideal strictly between I and P'l.
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1

If P is invertible, and if P-~ 5 (Jl > R for some ideal O , then

miltiplying by P, we find that R > PO] > P, Since P is maximal, either

PC] = Ror POl =P, Then Ol= P-1 or (1= R, respectively.

“1 0 PR = P so PP"1 = P. Then

Suppose P is not invertible. PP
the factor module P'l/P is an R-module which is annihilated by P and
which can be generated by two elements. Let k = R/P, a field., Then
P-l/P is an at most two dimensional vector space over k. The dimension
is exactly two,since R/P is a proper one-dimensional subspace. Thus

-1 )
. L (r /e
TRE e

oy

ig a one dimensional space, and so P”l/d is irreducible.

Definition. For R an integral domain, the dual M# of an R-module
Y is Homy (M, R) made into an R-module under (rf)(x) = rf(x) for r ¢ R,
x ¢ M, and f ¢ M,

There is a natural homomorphism dM: M - Me: of M into its double
dual, given by dM(x) = g e M#¢ such that g(f) = f(x) for £ e Mk,
When M is a finitely generated torsion-free R-module, dM is one-to-one.
For let X be the quctient field of R, M can be embedded in a K-vector
space V. If x $ O in M, then there exists an f e Hom, (V, K) such that
#(x) + 0. Then since Il is finitely generated, for an appropriate
nonzero rultirle g of the function £, g(M) c¢ R and g(x) $ 0. Then g
restricted to M, call it g, is an R-homomorphism from M into R and does
not vanish on x. Therefore dM(x)(E) = g(x) % 0, and so dM(x) is not
the zero map in M4,

For M a finitely generated and torsion-free R-module, we use dM

to identify M with its isomorphic image dM(M) contained in PMss¢,
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M is called reflexive if d, is an isomorphism onto Ms=s¢, (On
duals in general, see [2], pp. L76-478.)

(2.11) Proposition. Let A be a local ring which satisfies the
hypothesis (H). Let %7 be the maximal ideal of A, Then for any
a %0 in M, the ring & = A/Aa is injective as an A-module, and
Ext% (M, &) = O for any A-mcdule M.

Proof, Aa is an /Mm-primary ideal, so A is a primary ring. Since
A is noetherian, a power of /M is contained in Aa, and so R has

minimum condition. The ideal (O: 72 ) is minimal in & since

Aa:"ﬂ'l/ A:/m/ - /yq'l/

(0:m) = A

Aa <
and ™M/A is irreducible, by (2.10).

Let M be any irreducible A-module. Then <M M = 0 and M 2 &//7 .
Then

(& pm )% = Homx (X7, 2) = (0 :m)

under the correspondence f <« f£(1). Thus !4 is irreducible,

We now apply the implication (ii) = (iii) of (2.3) to obtain
that A& is injective as an A-module.

(2.,12) Prorosition. If a local ring A satisfies the hyrothesis

(H), then Ext?

A (M, A) = 0 for any finitely generated torsion-free

A=module M,

Proof. According to (2.h) and (2,11), for any A-module H,

xt? (7, A) ~ Exty (F, ©) = o.

For M torsion-free, the map su : M- M pgiven by SD(m) = am is

cne-to-one, for a ¥ O. Then
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¢

O - M > M -+ Mal = 0
is exact and it induces the exact sequence

sp*

Exti M, &) & Exti (M, 4) - Ext? (/aM, 4) = O

99*8 Ext! (99, IdA) is the map multiplication by a, since (U is
multiplication by a and since A is commutative and Ext is A-linear.
Thus 90* is an onto map:
Ext, (M, A) = aBxt; (M, A) .
Then all the more so,
‘ Exti (M, A) = 472Exti (¥, A) .
But M and A are finitely generated A-modules, so Exti (M, A) is too,

and so by (2.5), Exti (¥, A) = O.

(2.13) Proposition. A finitely generated torsion-free module
over a local ring A which satisfies the hyrothesis (H) is reflexive.
Proof. Let M be such a module, By (2.12), Ext; (N, A) = O,
Let
(2.1L) 0O - K=+ F +»M>0
be exact, for some finitely generated free module [ and submodule K,
Then (2.1l) induces

O = Me - P - Ki - Exti (i, A) = 0 ,

Next, K is a submodule of the finitely generated module F over the
noetherian ring A, so is finitely generated, Then K* is finitely
generated also. And for f e K¥, f takes values in the domain A, so
if af = O for a ¥ 0 in A, then f = 0. Thus K* is also torsion-free,

and Exti (K¥, A) = 0 by (2.12).
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Dualizing again, we get

J P
- - M e 0

0 - K F

(2.15) +dK } dy *dM
121

A et
0 > Kt =+ e - Ms - O

Now a finitely generated free module is reflexive: if UpseeesWy is a
basis for the module, then f,,...,f with £ (u,) = J. . is a basis

1 n it"’) ij
for the dual space, as with finite dimensional vector spaces over fields.,
The diagram (2,15) is commtative since all maps are natural, Also M
is finitely generated and torsion-free over the domain A, s0 dy is one-
to-cne, by the earlier remarks. inally dM is onto, since g & M is
the image of an f e Fi# which in turn is the image of an x ¢ F, and

then p(x) maps onto g under dy.

(2.16) Proposition. Let M be a finitely generated torsion-free
mnodule over a ncetherian domain R. Then M is reflexive if and only if
MP is reflexive s an RP-module, for each maximal ideal F of R.

Proof. We first observe that localization commutes with the taking
of duals: (M*)P r~ (MP)* . This follows from (2.7) for n = 0 and
S = RP.

If M is reflexive, then It = K, Mgt = (1) p = Mg, so Hp is
reflexive for each maximal ideal P. Conversely, let { Pi : 1ie I} be
the family of maximal ideals of H. For any torsion-free R-module K,

M = f} MP. (i ¢ I). The one inclusion is obvious. or the other,
if x & MPi %or all i, then x = yi/si for some y, € My s, € R-P.
Let O] be the R~ideal generated by the set cf all the'si. 0 is not
proper, for if Pi 5> (J] then s; ¢ Pi , a contradiction. Thus

o o

l1=2r.s, el for scme r, € R, Then x = lex = Zr.s,x=2ry. el
ivi i ‘ _ i1 i'di

since the Y3 lie in M,
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Suppose now that M is reflexive for all maximal ideals P. Then

toor = [} (o) = () (Mp)we = () M, =M, so ki is reflexive.
P P 'p p T

From now on in this proof, the argument is based directly on
Bass {L], p. 20,

Let R be an integral domain, M an R-module, and M¥¢ the dual

module of M, Let

(2.17) B = B(M) = I f(NM) .
£ e M

B is an integral R-ideal. Let R' be the integral closure of R in its
quotient field K.

(2,18) Lemma. Let R and S be integral domains with the same
quotient field, and let R ¢ S, and suppose that every R-ideal can be
generated by k elements. Then every S-ideal can be generated by k
elements.

Proof, Any 3-ideal (f is an R-ideal. Let 31500453, be a set of
R~generators for (. Then the a, lie in N and Ul = Ral + .. * Rak
C Say + ... + Sa c ] whence the a; generate (X as an S-ideal.

(2.19) Egggggiﬁigg. Let M be a nonzero reflexive finitely
generated module over a ring R which satisfies the hypothesis (F).
Then for B = B(M), B—l is a subring of R!' containing R, B'1 satisfies

the hypothesis (i), and R and M are 5L modules.

Proof, M 4 C irplies B § 0. Jor each b = I f.(m,) ¢ B and

X € B-l, fi(M) c B so xfi(M) ¢ R and hence xfi e Mt, Thus xb = Z(xfi)(mi)
e B. Thus for x, v ¢ B-l, ¥yb € xB c B so xy ¢ B-l, and thus BT is

not only an R-module but alsoc a ring.

. -1 . -
B is a B “-medule, for as we saw above, for x ¢ B 1, b ¢ B,

xb ¢ B, Therefore Mt = HomR (My R) = HomR (M, B) is a B-l-module.
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By hypothesis M = M so also M is a 8"l module. Since B™L is an
R-ideal, it is a finitely generated R-module, and since a ring, it is
an R-order in K: R c B"1 c Rt, Thﬁs B-1 is integral over R and so
is a domain of altitude one. By (2.18), every ideal of g-1 can be
generated by two elements,

(2.20) Proposition. Under the conditions of (2.19) on R and X,
if B"1 = R, then M has a nonzero projective rank one direct summand.,

Procof, B_1 = R implies R = B = Z f(M) (f e M%), Let F be the

conductor of R in R' and let Pl,...,Pn be the maximal ideals of R

w

containing F. ior each i, Z f(M) = R (mod Pi) so there exists
fel
g; & Mx with gi(h) = R (mod Pi)’ and then a y, ¢ ¥ with gi(yi) = 1 (mod Pi).

Now apply (2.6) to the Remodule I to get, for each i, an x, & M such

that x, = ¥, (mod PiM) and = 0 (mod FjM) for j % i. Similarly, for

i
each i, get an f, e M¢ with f; = g, (mod Pim«) and =z 0 (mod rJ.u*) for
j¥i. Let x=12 X;, £ =2 f;. Then £f(x) = & fi(xj) = f(x)

z 1 (mod Pk), for each k = 1,...,n.

Let N = Kx N M, the smallest pure submodule of If containing x.

The injection of N into M induces an exact sequence

(2.21) O - N M -»>MN » O
with M/N torsion-free. Let P be a maximal ideal of R. Then (2.21)

Jocalizes to

(2.22) 0 - Ny = M, — (M/N)P -+ 0 R

an exact sequence of R -modules. N, is pure in My, and (M/N)P is
torsion-free. . -
If, in particular, P is one of the maximal ideals of R containing

the conductor, then NP equals RPx and so is a cyclic RP-module isomorrhic
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to Ry, For certainly Rpx c Np. Conversely, for (ax/b) ¢ Np, with
a, b ¢ R, (ax/b) = (m/s) for some m e M, s ¢ R = P. Then asx = bm.
Taking the value of f on both sides, asf(x) = bf(m). But f(m) ¢ R so

b divides asf(x). Since f(x) 1 (mod P), by choice cof £ and x, there

exists a ¢ € P such that f(x) + ¢ = 1. Then asf(x) = as(1l-c), Since

l-c e R - P,

ax . (a0

x
b s(1-c) ) e RPx .

Now Ry, is a local domain which satisfies the hypothesis (H).
Then since Np is cyclic and (N/N)P is torsion-free, the sequence (2.22)
splits by (2.12), and Np , being isomorrhic to k., is a projective
module.

For a prime P which does not contain F, RP is a principal ideal
domain, and NP’ being pure in MP’ is a direct summand of MP' NP is
iscmorphic to RP’ and so is projective.

Thus the sequence (2.22) splits for all P. Since by (2.7),
localization cormutes with formation of Ext, and since by (2.8), the
module Ext; (MM, N) vanishes globally if it vanishes locally for all
maximal ideals P, we get that Exté (M/MN, N) = O, Thus ¥ is a rank one
direct summand of M (cf. [5], Lemma 1.9, p. 322}.

Finally we come to the proof of the main theorem. We must show
that under the hypothesis (H) together with the'assumption that R!' is
a finitely generated R-module, any indecomposable finitely generated
torsion-free R-module is of rank one. So suppose that M is a finitely
generated torsion-free R-module of rank greater than one. M is
reflexive by (2.13) and (2.16), so we may apply (2.20). If M has a

proper direct summand, that contradicts indecorposability. Thus



26

L is strictly larger than R, Since B! satisfies the hypothesis (H),
the argument is repeated on B-l. M has the same rank as a B—l-module
as it does as an ll-mocdule. The integral closure E' is a finitely
generated R-module, so after finitely many steps we arrive at R' as the
ring of operators of M. This is a contradiction, because R' is
Dedekind, and an indecomposable module over a Dedekind dcmain cannot
have rank greater than one, by (1.13).

This completes the proof of Theorem (2.1).

(2.23) Corollary. If R is an crder in a quadratic number field,
then any R-module is isomoryhic to a direct sum of R-ideals,

Proof. An R-ideal Ol is generated by two elements over Z, and

so also over R,

2.1t Remarks related to Bass's theorem

(a) The number of isomorrhism classes of indeconposable modules
over a domain R which satisfies the hypotheses of Bass's theorem is
equal to the class number of R, since every indeccmposable module is
of rank one,

(b) The following theorem, which is an immediate derivation from
Propositions 1.2 and 1.4 of Bass [5], pp. 320-321, contains a converse
to Theorem (2.1).

Theorem. Let k be a positive integer and let R be a noetherian
integral domain such that every finitely gonerated torsion-free R-module
is a direct sum of submodules c¢f ranks S k. Then every R~ideal can be

generated by k+l elements.
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(¢) It would be of interest to be able to describe the class C
of orders in number fields which satisfy the condition that every ideal
can be generated by two elements,

C includes 211 principal orders and all quadratic orders, Some
orders which are excluded from C are described in the corollary to the
next theorem,

(2.24) Theorem. Let K be an algebraic number field of degree n.
Let R' be the princiral order in K and let p be a rational prime number.
Then the subset R = Z + pR' of R' is an order in K, the subset F = pR!
is an ideal in R, and P is generated over R by n elements and not by
fewer than n elements,

Proof, To show that R is an order, we need only show it is a
ring: (Z + piR')(Z + pR') = Z + pR! + p2R' = Z + pR', Since RP
= (Z + pR')(pia') = P, P is an R-ideal. It is maximal since R/P is of
order p. P2 = p2R' = pP, so P/P2 is a vector space of pn elements
over R/P, Thus dimR/P (P/Pz) = n, and any basis for P/P2 contains n
elements. Thus as an R-ideal, P requires n generators,

Corollary. Let K be an algebraic number field of degree ) 3,

and let R' be the principal order in K. Then any order R for which
every ideal can be generated by two elements is not a subring of any
order of the form Z + pR!', for any prime number p.

Proof. Apply (2.2}) and (2.18).

The following problems are suggested by Theorem (2.1),

1) Exhibit an order in a number iield, other than a principal
order or a quadratic crder, in which every ideal can be generated by

3
two elements. lor instance, can every ideal of the order Z['JE] be

generated by two elements?
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2) Is there a generalization of Theorem (2.1) to the effect that,
for orders in number fields, there is a relation between the maximum
number of elements needed to generate R-ideals and the maximum rank of
indecomposable R-modules, if such a maxirum exists?

3) The hypothesis that the integral closure of R be a finitely
generated li=module cculd be dropped for Theorem (2.1) if one could show

that for B = B(M) and S = B'l, M as an S-module always has a rank one

direét summand.,

L) In analcgy with the Steinitz theorem, what is the structure
of a finitely generated torsion module over a ring R which satisfies
the hyrotheses of Theorem (2.1)? 1Is the torsion submodule of an

arbitrary finitely generated R-module a direct summand?



CHAPTER 3
CN REFRESENTATICON FCDUIES OVER A QUADRATIC CORDER

IN A FIELD

2,1 Introduction

In Theorem (3.,1) of Section 3.2 we derive a normal form for a
finitely generated torsion-free module over a domain R of altitude one
whose integral closure is a finitely generated R-module, and in which
.every ideal can te generated by two elements.

Under the further assumption that the ring R is a quadratic order
in a field, we show in Theorem (3.6) of Section 3.3 that the normal
form is canonical and that the elemcntary ideals and ideal class are a
complete set of invariants,

Since a finitely generated torsion-free module over a quadratic
crder R in a field is precisely an it=representation module (Theorem (3.1%5)),
Theorems (3.1) and (3.6) constitute a complete classification of
R-representation modules.

In Section 3.l we give as an example the rank two modules over

the quadratic order Z[}-72 ].

3.2 The noermal form

(3.1) Theorem. Let R be an integral domain of altitude one such
that the integral closure of R in its quotient field is a finitely

generated R-module and such that every [i-ideal can e generated by two
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elements. Let K be the quotient field of R and let R' be the integral
closure of R, Then any finitely generated torsion-free fi-module is

isomorphic to a module of the form

(3.2) Ry + Ry eon + R+ I
where the Ri are R-orders in K, }_ is an invertible ideal of the R-order
R = (I':L ), and where Ry cRyc.e. R,

We call the set {a,R,..05R I} the parameters of the form (3.2).

The proof of (3.1) depends on two lemmas. The first is a
generalization of a lemma of Grell ([16], ililfssatz 2, p. 6L8)., His
proof goes over immediately to a proof of the present lemma,

(3.3) Lemma. Let R be an integral domain of altitude one and let
Ol ve an invertible integral R-ideal. Then modulo any nonzero ideal
OZl contained in O?, Ol is princiral. Given any integral ideal B,
there is an integral ideal X such that (X is principal and L is
relatively prime to B .

(3.4) Lemma, Let R be an integral domain of altitude one, and

let M be a decormposable R-module of rank n ) 2, and suppose that

Wox OLF B 58, 4+ By

where Ol is an invertible i-ideal and the ‘BL are arbitrary nonzero
2~ideals. Then
M xR+AAL, 3B, ++ B
Proof. We may assune that (7> R >/3;. Ihen by (3.3) there is
an ideal L such that OU'L is principal and Y is relatively prime to
08 1° If we then show that L + 081 TR« Z»@l , the lemma follows

immediately,
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Let c el , b ¢ B such that ¢ - b, = 1. Let
p: L+l +R 4214\91 by
&P(X,P) = (W+ﬁ,b’bo +ﬁco) , Uel, Fe.z_?l.
It is easily checked that (p is an R-isomorphism of 7+ 481 onto

R +XP, (ef. (9], p. 150).
Proof of {3.1). Since i' is a finitely generated i-module, R'/R

has finite length as an R-module. We employ ir.xduction on the length of
R'/R, and for any fixed ring R, on the rank of an -module M.

Let [ be a finitely generated torsion-free R-module.

If R = R', then R is Dedekind and } is isomorphic to a module of
the form |
(3.5) R+ ...+R+L
whers | is an (invertible) R-ideal, by (1.11). The module (3.5) is
then the desired form (3.2) for M.

If R { R', we assume that the theorem holds for any Reorder S
strictly larger than R If B { R, where B = B(M) as defined in (2.17),
then M is a B-l-module and S = B-l is strictly larger then R. A4s an
S~module, M is isomorphic to a module N in the form (3.2). Then N also
represants M as an R-module,

If B(I) = R then by (2.20), M has a rrojective rank one direct
sumnand isomorphic to some R-ideal J]. Since R is a domain, (7is
invertible ({7], Prop. 3.2, p. 132). If rank M =1, then ¥ = 7 is
of the form (3.,2). If rank M =n > 1, then M~ ol + Mo for some
finitely generated torsion-free R-module Mo' Mo is decomposable, by
Theorem (2.1), so M =~ az-;ﬁl Yoouo 48 .q for some R-ideals A3 i
Then by (3.1), Mz R4AABL & o +B . Let M =OBFD, + ... +8 .
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Since rank Ml { rank M, M1 is isomorphic to an R-module N in the form
(3.2), say with parameters n-l,Rl,...,Rn_l,[: . Then M is isomorphic

to R + N which is in the ferm (3.2) with parameters ngﬁi,...,nn,

3.3 Invariants

Let D be a principal ideal domain, k the quotient field of D, and
X a quadratic extension field of k. Let R be a D-order in K., Since
R is an integral extension of D, R has altitude one. Since R has rank
2 as a D-module, any R-ideal can be generated by two elements as a
Demodule, and so also as an R-module, Assume further that 1’ is a
finitely generated R-module.‘ Then R satisfies the hypotheses on thé
ring of (3.1).

(3.6) Theorem., Let D be a prrincipal ideal domain, K a quadratic
extension field of the quotient field of D, and let R be a D-order in
K. Assume that the integral closure of R is a finitely generated
Reriodule. Then the elementary ideals and the ideal class of a finitely
generated torsion-free R-module M completely determine the isomorphism
class of M. If {n,Rl,...,Rn,E:} is the set of parameters of a module
N in the form (3.2) which is isomorphic to M, then for i = 1,...,n,

Ri is the unique order in the ideal class of ‘§2n-i(M)’ and the class
of ¥ is the class of M, Thus n,Rl,...,Rn are uniquely delermined by
the isomorphism class of M, and the ideal class of I is determined by

that isomorphism class. Except for a choice of the particular ideal L

within its ideal class, the form (3.2) is canonical,
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Proof. let D, k, R, R', and K be as above. Let N be an R-module
in the form (3.2). If we show that the parameters n’Rl""’Rn and the
ideal class of LU are ﬁniquely determined by the elementary ideals and
jdeal class of N, then that will demonstrate the completeness of the
elementary ideals and ideal class, as well as show (3.2) to be canonical,
For then if two modules Ml and M2 have the same elementary ideals and
ideal class, they are isomorphic to the same N in the form (3.2), and
thus are mutually isomorphic.

(3.7) Lemma. Any D-submodule of K of D-rank 2 has a D-basis of
the form {a, w} fér some a € k and w ¢ K. Any D-order in K has a
basis of the form {1,w)} for some we R'. If S1 and 52 are D=-orders

in K and 5, ¢ S,, and if {1, w} is a D-basis for S, for some we R,

1
then {l,ew} is a D-basis for Sl for some e € D,

Proof., Let Ol be a D-submodule of K of D-rank 2. Let § ¢ K,
6 § k, then {1,0} is a k-basis for K. For some A $0inD,
ANOl c D+ D9. The module AO7 then has a D-basis of the form {71,72}

where

(3.8) (O

7= 21t %20

Then for a = 2. /X AR 'Za/,( , {a,Ww} is the desired basis for an .

a,

1jsD,a

11355t ©-

Next, since for a D-order S in K, S n k = D, if S has a basis of
the form {a,ty}, then a must be a unit in D and w a D-integer. Thus
we may assume a = 1, If Sl c S2’ and if {1,w} is a D-basis for 82,
then apply the argument leading to (3.8) to the k-basis {1, @} where
9 =w. Since 1€ S), a7 is a unit in D and we may take a;, = 0. Thus
for e = 8,5, 'S:L has the D=basis {l,ew}.

(3.9) Lemma. If R is as in (3.6), and if O] is an R-ideal,
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then § (O1) = 0, (@) = (@0, ad (0D = R,
Proof. dO(O‘?) = 0 since (¥ has positive rank and d.z( ) =R
since (J] can be generated by two elements.
If 08 is an R-ideal in K and if {al,...,ah} is a set of elements
of & which generate B as a D-module, then we denote A by (al,...,a.h).
Without loss of generality we may take JU to be integral. Let
RN = (ayc0) for some a ¢ D, wre R'. Then w satisfies a quadratic
relation w2 +buw +c=0 for some b, ¢ ¢ D. Let (1" = (a, ')
where (w' is the conjugate of (u over k. Then
a0’ = (22, alcw+a), aw, ww') = (a°, ab, ¢, aw ).
Let d = g.c.d.(az,ab,c) in D, so (X' = (d, aw). let O = aw/d.
§ is a D-integer since trace( 6) = aw/d + aw/d = -ab/d ¢ D and
norm (@) = a.2ww'/d2 = .'a.zc/d2 ¢ D. Then S = (1,8) is a D-order in K,
One verifies that Ol is an S-ideal. Conversely, if o c (O, then
xS = o aa’ ) ¢ OJA'/d =3, and so of € S. Thus 5 = (O0:QC).

d
Since ROlc 1, R c S and so S is an R-order in K. Then by (3.7),

R = (1,e8) for some e ¢ D. One verifies that

-1

(3.10) ST = €S = (e,e@) .
a.2 c ab
Since a® = -l wb = - i a - "5“"‘) , © is represented

with respect to the D-basis {a,w} for JI by the matrix

"0 -c/d ‘\

a/d  -ab/d t
' P

Y

Hence e O is represented by A = eB. By proposition (1.8), Jl( o) is

the R-ideal pgenerated by all entries of the matrix A - G I. Thus

d‘l(m) =ec « (=~ 6, "C/d’ az/ds -G-ab/d) = @ o (1,(9) = S_l.
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This completes the proof of (3.9).
The symbol " ~ " denotes equivalence of ideals.
(3,11) Lemma, If R is as in (3.6) and if S is an R-order in K,

then S-l'ru S. If Sl’ 82 are h-orders in K and S1 c 52, then

1. -1
S1 52 ~ 52.
Proof. The first statement follows from line (3.10). Then

o =1y -1 .

(3.12) Lemma., If R and N are as in {3.5), then for each
S=1,..I,n’

d, (m~r .

- . L o
Proof. Since R; is an order, (Ri'Ri) = Ry, and so C;i(Ri) = Ry

vy (3.9). By (1.6), for s = 1,...,n, d.

(N) is the ideal sum of all
2n=-3s

products

(3.13) Jil(nl) Jiz(Rz) Ji

(R )0, (X)
n=1 n
where C < ij < 2n-s and Z ij = 2n-s.
If ij = 0 for any Jj, then the product'(3.13) is 0. Thus we need
censider only rroducts (3.13) for which ij 2 1 for all j. At least s

factors in such a product rust then have ij = 1, for othervise
v 3

ulj

of exactly s distinct indices tl,...,ts from among the set {1,...,n},

> 2(n-s+1) + 1(s=1) = 2n-3+l. On the other hand, for any choice

the produc£
(3.10) FCMLINCNPI J. 265, )

v\
is contained in c)2n~s(N)' Hence éy?n-s(N) is generated vy all rroducts

of the form (3.1Lk). Since for any choice of ty,...,t s RyRyee Ry

CR ...R 3
t1 ts
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-1 -1 -1 -1
Jl(al) "'Orl(Rs) = R, "ees Ry gntl e Ry =c);(Rtl)...c}1Rts)

I | -1
Thus ;ZH-S(N) Rl coe RS ~ RS .

We now complete the proof of (3.6). Any ideal class contains at
most one order, by [10], Prop. 1.3.3, p. k. Thus R_1s uniquely
determined as the order in the class of crén_s(N), by (3.12). Since
(RyRyres R )X = (RRy =By ) (RL) = (=R ROL = R T =L,
the ideal class of Z: is precisely the ideal class cf N,

(3.15) Theorem. Let D be a principal ideal domain and let
R be a quadratic D-order in a field. Then an R-representation module
is precisely a finitely generated torsion-free H-module.

Proof. let M be an R-representation module. Then M is finitely
generated as a D-module, and so all the more so as an R-mcdule. Let k
be the quotient fiéld of D and let o' be the conjugate over k of an
olement o of R. o' = trace(&) -of lies in R, If &x = 0 for some
o % 0 in R and some x & M, then (at’or Y)x = 0. Since aré(- norm (o7 )
is.nonzero in D, this implies x = O, Thus i is torsion=-irTee as an
R-module.

Conversely, let M be a:iinitely cenerated torsion-free H-module.
Then ¥ is torsion-free as a D-module., 3ince R is {initely generated
over D, M is finitely generated as a D-module. Thus ¥ js an
R-rerresentation module.

(3.16) Corollary. Let D be a principal jdeal domain, K a quadratic
extension field of the quotient field of D, and R a D-order in K, Assune
that the intecgral closure of R is a finitely generated R-module. Then
any D-matrix representation of R is D-equivalent to a direct sum of

representations of degree 2. All but one of the summand representations
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may be taken to be representations afforded by R-orders in K.

3.4 An example
Let D = Z, let K = Q(J=2), let § = |/=72, and let R = 2§ ]. Then

R is a quadratic order in K, There are four classes of invertible
R-ideals, which are represented by the ideals 1, = R = (1,8),

I, = (&, 2+ 8), I = (8, ), and I = (8, 4+ @). There are five classes
of non-invertible ideals, which are represented by the ideals

Ig = (2,68), Ig = (3,0), I; = (4, 8), Ig=(6,0), and I = (9, 3+6).
An R-order in K is of the form S = (1, & /e) for e = 1,2,3, or 6.

Lt 5, = (1, ©/2) = 2[\T8], 5, = (1, §/3) = z({-B], and R = (1, O/6)
= Z[{-2]. The R-order associated with an ideal @ is (CF: ), 1In our
example, R is the order of each of the invertible ideals Il""’Ih;

S, is the order of I5 and 17; S, is the order of 16 and I9; and R! is

1
|
the order of 18. IS ”’81"16 ~ 82, and 18 ~ R',

According to the theory of Sections 3,2 and 3.3, there are 16
isomorphism classes of rank two P-modules. The following is a set of

representatives of these classes by modules in canonical form (3.2):

+ .

Ml =R +R, M2 =R * 12, M3 =R 13, Mh =R + Ih’

=R + I, M, =S, +5y,Ng=5 *TI,

=R +5,, M 7 Mgy

Mg 1 Y

My = R +S, M= R o+ I, M= S, * Sy Mp= S,

= Ry = ' ; ¢ Ry = R' + R!
Ml} R + RY, Mlh Sl+R, 1115=32+R,Mlé R' + RT,

+o

I9’

There are 25 isomorphism classes of rank 3 R=modules.
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It is clear that the present method of classification of
representation modules over quadratic orders in fields does not
generalize to the case of representation modules over general orders
of higher degree, since it depends essentially on Theorem (2.1), and
the theorem of Section 2.k, paragraph (b) shows that the hypothesis

of two element generation of ideals in Theorem (2.1) cannot be relaxed.



CHAPTER )4
ON REPRESENTATION MCDULES OVER A QUADRATIC Z-ORDER

WITH ZERO DIVISORS

L.l Introduction

Let R be the Z-order

2[Xx]

(L.1) ! 2[x]+(X=a) (X=b)

for some a, b ¢ Z such that a $ b. R is a quadratic Z-order in the
semisimple Q-algebra Q + Q, since there is an isomorphism of R into
Q[X1/Q(X]){X-a)(X-b), which is isomorphic to Q[X]/Q[X](X-a) + Q[X]/Q[X]}(X-b)
~ Q+ Q. Let g be the coset of X in (L4.1). Then R = Z[g] and
(g-a)(g~b) = 0.

Any Z-matrix representation of R is comrletely determined by its
representation of g.

Let g » T he any Z-matrix representaticn of g. Then as a Q-matrix
representation of g, T has rational invariants u, v where u is the
multiplicity of the irreducible representation g =+ [a] in T and v is
the multiplicity of the irreducible representation g = [b] in T. The
degree of T is n = utv, T is Q-equivalent to the completely reduced

representation g = diag(ay...,a,b,...,b), and the parameters u and v
N e S
u entries v entries

completely determine the Q-equivalence class of T.

In Theorem (4.3) of Section 4.2 we give a normal form for a
Z-matrix representation of a guadratic order of the form (Lel). In
Theorem (L.13) of Section 4.3 we show that for any class C: of Z-matrix

39
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representations for which the multiplicities u and v are unequal, the
normal form of Theorem (h.}) is canonical, and the elementary ideals
of the R-representation modules induced by representaticns in C are
a complete set of invariants. We show by an example that when u = v,
the elementary ideals are not a complete set of invariants.

The following two examples will illustrate the results to be
derived.

(a) Leta=1, b=-1so that g satisfies g> - 1 = 0, Then with
respect to rultiplication, {1,g} is the group of two elements, The
Diederichsen-Reiner theorem on integral representations of cyclic groups
of prime order ([9], Theorem 7L.3, p. 508) asserts that a complete set

of indecomposabie Z-matrix representations of g is

(Le2) g -+ (1], g~ [-1], g "g 0 1 )

~

that any Z-representation of g is a direct sum of a certain number of
copies of each of the rerresentations (h.2), and that the numbter of
summands of each type is an invariant of the representaticn,

(b) Let a =0, b =25so g(g-5) = 0. Consider representations

of the form

0 e 1
|
J

LOS
One verifies that for any e, T(e) is a Z-matrix representation of g,
and that for any e and e', the representations T(e) and T(e') are
Q-equivalent (they both have u = v = 1), and that the representations
T(e) and T(e') are Z-equivalent if and only if e' = t e (mod 5)e
Therefore, within Z-equivalence, e may be chosen within the set {0,1;2},

and any two distinct choices of e in this set give Z-inequivalent
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representations. Thus there are three Z-equivalence classes of

representations in the Q-class of g - i 0 e} .
0 5

L.2 The normal form

To simplify notation, we first normalize the generator of the
quadratic order (/1.1). Let g' = g-a and let m = b-a. Then g'-m = g-b
and g'(g'-m) = 0. R =D[g']. Any Z-matrix representation of R is
determined by its representation of g'. Therefore we will assume
henceforth that R is generated over Z by an element g which satisfies
the relation g(g-m) = O for some m % O in Z,

(4.3) Theorem. Let R be the Z-order Z[X]/Z[X].X(X-m) for some
m¢$ 0 in Z and let g be the coset of X in R, Then a complete set of
indecorposable Z-matrix representations of g is

g"’TO“[O], g-’Tm=[m],

0 e
g = T(e) "’O m} for e € {1,2,...,[1211}.

~

(ki)

Let T be an arbitrary Z-matrix representation of g. Let u be the
multiplicity of the irreducible representation TO in T and let v be the
multiplicity of the irreducible representation Tm in T. We may assume

that u > v. Then T is Z-equivalent to a representation of the form

~
~

0
O i
" C)
16 el
o mt
0 e,
(4.5) g - o m
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0 e
in which there are u-v 1 x 1 blocks (0] and v 2 X 2 blocks [O miJ
on the diagonal, and in which the e; are positive integers which satisfy

the conditions

(L.6) .

further, if u is strictly greater than v, then e, is also required
to satisfy the condition

(La7) e | m.

v
Proof. Let T bea Z-matrix rcrresentation of g with rational

invariants u, v. Let M be the R-representaticn module induced by T,

Let M - {xeM:gx=0}, The Z-rank of M 1is u. For x e My, gx = 0,

so rultiplication by g effects the zero map on Ml. For x ¢ M, (g-m)x ¢ Ml’

so multiplication be g effects the map m times the identity on the

factor module M/Ml. Choose a Z-basis for M; and extend it to a basis

for M. With respect to this basis, g is represented by the matrix

(o, L
(1,.8) U s

L 0 mIV§
J
where Ou is the u x u zero ratrix, Iv is the v x v identity matrix,

and L 48 a u X v Z-matrix. Thus T is Z~-equivalent to a matrix of the
form (L.8).
Let U, U' be two Z-matrix representations of g in the form (L.8)

which are Z-cquivalent. Then there exists a unimodular Z-matrix W

which intertwines U and U', say WU' = UW, 4e partition W in accord with
U and U', so T N7

W W 0 Lt 0 L W W
(4.9) WG = { 1L Tl2), 1 = » el w

) 1 «

Ha1 Vo o m; 0 mIJ Wy Wop
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It follows from (4.9) that Wa, = 0 and that W and W22 are unimodular,

- -1 :
™ ' e - U Z- i
Then L wlllL W22 m wll W12 « Thus if U and U' are Z-equivalent

representations of g, there exist Z-matrices P and Q of appropriate

th

sizes such that L' = P L Q (mod m).

Conversely, if L' = P L Q (mod m), then L' - PLQ = mB for some

Z-matrix B, and so with Wy = P'l, Wy, = Q, and Wy, = WyyB, the matrix
W= Nll w12 is unimodular, and it intertwines U and U'.
0 W,)2

Definition, Two u x v Z-matrices L and L' are m~equivalent if
there 2xists a unimodular u X u matrix P and a unirodular v x v matrix
q such that I.' = P L Q (mod m).,

We call a matrix L related to U as in (4.8) the binding matrix

of U. The discussion above shows that two representations U, U' are
Z=equivalent if and only if their binding matrices are m-equivalent,

for any sequence § = (el,...,ev) of integers, we define diag(s)
to be the u x v Z-matrix whose i,i entry is s i=1,44.,v, and whose
other entries are zero,

We next develop a reduction process for u X v matrices of the
form diag(s) for some seguence s.

Let Z bLe the set of all sequences of positive integers of len;th
v.e For s, s' in Z, let 8' o/ s if s' strictly precedes 3 in the
lexicographical ordering of Z, We define four types of substitution.
If one of these substitutions is applicable to a given sequence
s = (el,...,ev) of Z, then we replace s by a new sequence s' = (el',...,eé)
with the properties that (i) diag(s') is m=equivalent to diag(s), and
(ii) s'o¢ s. Because of rroperty (i), the Z-matrix representation U

whose binding ratrix is diag(s) is then Z-equivalent to a new
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representation U' whose binding matrix is diag(s').

Substitutions:

(a) If e, >m for some i, then let ¢ ' = e -m, ¢ ' = e for Kk $ i.
i i i k k

{ 1 - = A

(b) If e 4 e,y for some 1 { i { v-1, then let d g.c.d.(ei,ei+l),

let ei' = d, e,

o1 " eiei+1/d’ %(' = e for k ¥ 1,i+1.

Since there exist unimodular matrices P, Q such that
diag.(s') = P diag{s) Q , we see that diag(s') is indeed
m-equive;lent to diag(s).

(c) Suprose g,_q ‘ e, and e $m Letd-= g.c.d.(ev_l,m).
Then since e, | e, d= g.c.d.(ev_l,ev+m). The matrix
D = diag(el,...,ev_l,ev+m) is me~equivalent to diag(s).
Then by substitution (b), there is some ev' such that for
the sequence s' = (el,..,ev_z,d,ev'), diag(s') is m-equivalent
t0 D, Then 8' is the desired final sequence of this
substitution.

(d) Suppose that u » v and g, { m. For notational simplicity,
let £ = e . Let 4 = g.c.d.{f,m), [ = d%_, m = dn_, and

I
let 1 = fls + mlt for scme 8, t ¢ Z. Diag(s) is m-equivalent

to the matrix e]_ . 0 0 }
N |
. . !
D =lo .., ea_loﬁg
0 .. '; £ '?2v'th and (v+1)st
0 vee o om g e s
LI BN ] .00 ’
Lo o !
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in which the indicated 2 X 2 block occurs in the vth and (v+1)st rows

and colums. P is unimodular, The rroduct FD is the same as D except

8 £ of D is replaced by

that in PD the 2 x 2 block[

~

s t||o ¢ 0 sf+tm J [o d}
=My fl 0 m 0 -fm1+f1m 0 0.

The sequence s' defined by ev’ = d and ek' = ey for k + v is to be the
final sequence of this substitution,

Repeated aprlication of the four types of substitution transforms

an original sequence s into a new one s' which is capable of no further

reduction, and so which satisfies the conditions (L.6), if u = v, and
(L.6) together with (L.7), if u > v,

Now let T be a Zema‘rix representation of g with rational
invariants u, v, u 2 v. T is Z-equivalent to a matrix U of the formm
(4.8). The binding matrix L of U is equivalent to a matrix diag(s) for
s0me sequence s = (el,...,ev) of nonnegative integers e . We add m to
any of the entries e which are 0., Thus L is meequivalent toa matrix
diag(s') for some sequence s' of positive integers. Next we apply the
reduction process above to conclude that diag(s') is meequivalent to
the matrix diag{s") of a sequence s" whose entries satisfy the
conditions (L.A), or (L.5) and (L.7) if u > v. Embed diag(s") as a
binding matrix in a matrix U' of the form (L.8). Then conjugation of
U' be an obvious permutation matrix gives the desired form (L.5) of a
.matrix Z-equivalent to T,

From the normal form (L.5), it is clear that indecomposable
representations of g can only be of degrees one and two, It is easily
checked that the representations (Li.li) are a complete set of indecor-

posable representations.

2%
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4.3 Invariants
(4,10) Lemma., Let R, g, and m be as in Theorem (L4.3). Let u ) v

and consider the R-matrix

-

-g N
~g
-g | O
0‘. i
-g |
1-8 91’4
C me
o omel
(4,11) B = & e?L
0 m-g )
| | " .
| O ) eV
\ T

in which there are u-v 1 x 1 blocks {-g] and v 2 x 2 blocks
i are positive integers

[ i] on the diagonal, and in which the e
which satisfy the conditions (L.6). Let e, = g.c.d. (eysm). Let Cj?t

C m=g
be the R-ideal generated by all minors of order t of the matrix B.
Then (N, = (eje,e-ve,, gej-++e, 1) for 1 ('t € v-1 and
CYV = (6182"°ev-190’ gel---ev_l).

Proof, A typical nonzero minor of B of order t is of the form

(4.12) g'(n-g)e, - e;
S

for some s { v, p { u~s, q { V=8, p*q+s = t, and conversely every
product of the form (L.12) occurs as a minor, although possible equal

to zero. Using the relations (L.6) on the e together with the
relations g(m-g) = O, gf = Pl por p>1, (meg)?= (m—g)mq~1,for q>1,
we see that for t { v, Cﬁt = (el...et, geqeee 1> (m—g)el...et_l)

= (el...et, €qeee8y M gel"'et~l)‘
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The conclusion of the lemma follows irmediately by consideriﬁg the two
cases t { vand t = v,

(4.13) Theorem. Let T be a Z-matrix representation of g in
normal form (4.5). Then the entries e;,8,55.0058 of T and the
number ey = g.c.d.(ev,m) are uniquely determined by the elementary
jdeals of the R-representation module induced by T, and hence by the
Z-equivalence class of T. Thus, if u > v, the form (L.5), subject
to the conditions (L4.6) and (L.7) on the e;, is canonical, and the
elementary ideals are a complete set of invariants.

Proof. T represents the generator g of R on.a Z-basis for the
R-representation module M which it induces. Thus by (1.8), the
elementary ideals (fi of ¥ may be computed according to the formla
éfi = D,(T - gI) = D,(3), where B is the matrix (1.11).

By Lemma (L4,10), for t < Q; Cﬂt = (eqe,...0, gel...et_l), and

al, = (elez...ev_leo, gel...ev_l). Tius
Zel...gt, t v,

(jﬂtrwz

Ze t = v.

1---%v-1%°
(0 a2)(8 _;,10D), 3<v,

]

Hence Ze, = (CYin Z):(CQi_IQZ)

W
ey
B
i
<
>
=
-
Q’)

and  Zey = (szn z):(C»V_lnz)

are uniquely determined as the positive

Thus the el,...,e )

v-17 0
generators of the ideals Zei and Zeo, respectively.
The following example (example (b) of Section 4.1) shows that
when u = v, the elementary ideals do not in general completely
determine the Z-equivalence class of a representation.
let m= 5, T(1) = [8 %], T(2) = [8 gJ . These two representations

are Z-inequivalent, but both associated representation modules have

elementary ideals é;O = 0 and (yi =R fori )1,



CHAPTER 5

ON FIXED-POINT-FREE AUTOMORPHISMS OF MODULES

5.1 Introduction

An automorphism o of a group G is fixed-point-free if o/g = g

for g € G irmrlies that g is the identity element of G, An automorrhism
X of a mcdule M is fixéd—point-free is {x = x for x ¢ M implies x = O,
The order of ¢ is the order of (X in the group of all automorphisms

of the module,

Fixed-point-free automorrhisms of groups are of interest in
connection with Ffrobenius groups, and a result of John Thompson [33]
states that a finite group with a fixed-point-free automorphism of
prime order is nilpotent, Other results on algebraic systems with
fixed-point-free automorphisms have been obtained by lleumann [25],

G. ‘igman [19], and Patterson [28].

Under certain restrictions on a principal ideal domain D and
rational prime number g, we establish here two basic results. Let O
be a qth root of unity over the quotient field of D, and let R = D[G Je
Then under certain conditions on the module M, we determine in
Theorem (5.3) of Section 5.2 the D-module structure of a finitely
generated R-module M. This theorem is used in the proof of Theorem (5.6)
of Section 5.3, which gives necessary and sufficient conditions for a

finitely generated D-module M to admit a fixed-point-free automorphism

of order q.

L8
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The restrictions on the principal ideal domain D and prime number
q are satisfied for any q when D = Z. Thus Theoren (5.6) without
restriction deterninzs necessary and sufficient conditions for a
finitely generated abelian group to admit a fixed-point-free

automorphism,

5.2 The D-module structure of a finitely generated R-module

Definition. Let us call a pair (D,q) consisting of a principal
ideal domain D and a rational prime number q compatible if D and q
satisfy the following two conditions, in which k is the quotient field
of D:

(i) the cyclotomic polynomial §q of order q is irreducible over

k, and
(ii) D[ O] is integrally closed, where @ is a root of Qq over k.

Throughout this chapter, whenever (D,q) is a compatible pair,
the symbols R, K, P and () have the following meanings: R = D[&]
and K = k(®). If P is a prime ideal of R, then (7T) is the contraction
of P in D,

Since K over k is a normal extension, the primes of R which lie
over (TT) are all conjugate and we may unambiguously write f£{77) for
the relative degree of P over (TT) ([35], Theorem 22, p. 289).

K is also a separable extension of k, R is the ring of D-integers
in K, and R has a D-basis {1, g,..., eq-2'}. R is Dedekind. The
different J:)E /Of R over D 1s Rq¥2 by [35], Theorem 29, p. 303, and
the computation on p. 31L. Thus a prime ideal P of R is ramified if

and only if q ¢ P ([35], Corollary, p. 303).
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(5.,1) Theorem. Let (D,q) be a compatible pair and let P be a
prime ideal of R which does not contain q. Then M= R/Pn considered
as a D-module is isomorphic to the direct sum of £f(Tr) copies of
/()"

Proof. Let x ¢ R. Then % ¢ Pxc P? so the order of the
coset X of x in R/P™ divides (1)".

Lemma. Let Uyseeeslp be elements of R whose cosets in R/P are

.ot et

linearly independent over D/(7T ). Then for any m = 1,2,3,..., if

Zau 0 (mod P") for some a, ¢ D, then necessarily ;= 0 (mod TT™)

for each i = 1,...,f.

Proof., Ffor m = 1 this follows from the choice of the ui.

Suppose the lemma is true for an integer m, m > 1, and let

0

- +1 . -
z au, 2 0 (mod P"*). Then Z au; = 0 (mod P™) whence a;

m . . -
(mod 1i1°) for each i. Let a; nmbi for some bi e D. Then Z a,u;

= ‘an biui = 0 (mod P’ml). Thus since I is uvnramified over (7\'),

P" exactly divides T and thus Z b,u, = O (mod 7). Let b, =Tley for

+
some ci ¢ D. Then ai =7Tm lc.

420 (modnmﬂ'), for each i = 1,...,f,

1}

We continue with the proof of the theorem. Let Uyseee,lp be
elements of R whose cosets in R/P are linearly independent over D/(m).

%or u ¢ R, let u be the coset of u in R/Ph. Let Mo = Rﬁ'l + e * Ruf.

Then

D
(5.2) My > 2 /('TY)n (direct sum of
f copies; .

By (5.2) the invariant factors of I are (m)", repeated f times.
Thus, by (1.22), the order of M  as a D-module is (T )fn. On the other
hand, a normal series for the D-module M is

M= R/P® 5 /P75 L. S PP =0
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The igg factor module of this series is

i-1 i=1
(P /Pn)/(Pi/Pn): P [pi = R/P

There are n such factors, and ord(R/P) = (Tl)f. Thus ord(M) = (Tr)fn
= ord (MO). Since M_ c M, this implies M = MO. This completes the
proof of (5.1). )

(5.3) Theorem. Let (D,q) be a compatible pair and let X be a
finitely generated D-module. Then M admits the structure cf an R-module
for which the P-primary submodule is O for any ramified prime ideal P
of R, if and only if the D-module structure of M satisfies the
following three conditions:

(i) q-1 divides the rank of M,

(ii) if T' is an irreducible element of D and if (7T)
ramifies in R, then no power of (77) occurs as an
elementary divisor of M,

(iii) if 7 is an irreducible element of D and if (1) is
unramified in R, and if £(717T) is the relative
degree of any prime ideal of R lying over (), then
for eachn = 1,2,3,... , the number of times that
(Tl’)n occurs as an elementary divisor of M is a
miltiple of £(7).

Proof. Suppose M admits the structure of an R-module for which
the P-primary submodule is O for any ramified prime ideal P of R. Then
as an R-module M is isomorphic to a direct sum of indecomposaﬁle

Bemodules, i.e., of R-ideals and of cyclic primary torsion R-modules
2 2 b

by (1.10), (1.13), and (1.19).

Oy
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A-decomposition of M as a direct sum of indecomposable D-modules
is obtained from a decomposition of M as a direct sum of R-modules by
decomposing the H-module summands. Clearly il-ideals and only t=-ideals
contribute free D-summands. For each prime ideal (1) of D, P-primary
summands for all primes P of R which lie over (7TT), and only such
f-module summands, contribute to the (T )=primary submodule of M as a
D~module.

An R-ideal (] is a free D-module of rank gq-l. Hence g-1 divides
the rank of M as a D-module,

If () ramifies in R, then the r-primary submodule of M as an
R-module is 0, for any prime P which lies over (77), ani thus the
(17 }-primary submodule of I as a D-module is O. This prowes (ii).

If (77) is unramified in R, then each li=-module of the form a/P?
contributes f(IT) summands each with order (7). This holds for all
P lying over (7). Thus the total number of sumrands of order (ﬂ')n,
which is to say, the number of times (ff)n occurs as an elementary
divisor of I as a Y-module, is a multijle of £(7).

Conversely, if the D-module invariants of M satisfy the conditions
(i),(ii), (iii), then one may collect together sets of g-1 free cyclic
summands, and to each set assign the structure of an d-idcal. One
collects together sets of f(7 ) surmands of order ()", and assigns
the structure of R/FT for some prime P which lies over (7). The
action of @ on the total module is defined componentwise. Since no
summands D/(Tr)n occur in M as a D-module for any prime () of D which
ramifies in R, then for any P of R which is ramified, the P-primary

submodule of M as an it-module is zero.
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. onditions for a D-module to a a fixed=-point-f{ree automorphism
5.3 Conditi £ D-module to admit a fixed=-point-f t hi

We recall that if R is a ring and M is an R-module, an element
@ & R is a zero divisor with respect to M if ﬁx = 0 for some x + 0
in M,

(5.))) Theorem. Let (D,q) be a compatible pair and let M be a
nonzero finitely generated D-module. Then M admits a fixed-point-free
automorphism of order q if and only if M admits the structure of an
R-module for which 1-0 is not a zero divisor with respect to M.

Proof. >: Let of be a fixed-point-free automorphism of M of order
q. Let D[X] be the polynomial domain in one indeterminate over D. We
make 14 into a D[X]-module by defining f(X).m = f(of)m for f£(X) e D[{X]
and m ¢ M. Since o is fixed-point-free, if (1-X)m = O for some m e M,
then m = 0, Thus for any m ¢ M, (l-X)@q(X)m = (1-XYm = 0 and so
@q(x)m = 0, Thus @q(x) annihilates M, Thus M is a module over

D[X]/D[x]@%x) ~ D[B) under the definition
Om = {X+ D[x]@q(x)}-m = Xm.

Then also if (1- @)m = O for some m ¢ M, then m = O. Thus 1-6 is not
a zero divisor with respect to M.

& : Let M be an R-module for which 1-§ is not a zero divisor
with respect to M. Let of & Homy (M, M) be defined by ofm = @m
for m ¢ M. Then qqm- Gq'm= l.m = m for any m ¢ M so qq is the
identity automorphism of M. Let m 4 O in M, Then (1-6)m $ 0 s0
om ¢ m, Thus oy is fixed-point-free and has order q.

If an R-module M is a direct sum of R-submodules Mi’ and if @e R,
then @ is a zero divisor with respect to M if and only if it is a zero

divisor with respect to Mi for some i.



Sk

(5.5) Lemma. Let (D,q) be a compatible pair and let P be a prime
jdeal of R, Then (1-6) is a zero divisor with respect to the
R-module R/P® if and only if q ¢ P. |

Proof. We first observe that q = @q(l) -c.l;ll(l- @i) = u(l- G)Q-l
where u is a unit of R ([35], p. 31L4). Thus q §.% if and only if
1-0 ¢ P.b

The order of any nonzero element of R/Pn as an R-module is a
power of P, If X # O in R/P" and (1- 6)X = O then 1= 8 & ord(x)
and so 1-9 ¢ P, Hence q ¢ P.

If qe P then 1-6@ ¢ P, let x ¢ Pn-l, x 4 P?. Then X % 0 in
R/ but (1- §)x = 0, so 1-Q is a zero divisor with respect to R/P",

(5.6) Theorem. Let (D,q) be a compatible pair and let M be a.
nonzero finitely generated D-module. Then M admits a fixed-point-free
automorphism of order q if and only if the D-module structure of M
satisfies the three conditions:

(i) q-1 divides the rank of M,

(ii) if T is an irreducible element of D and if (m
ramifies in R, then no power of (7 ) occurs an an
elementary divisor of M,

(iii) if T is an irreducible element of D and if (77) is
unramified in R, and if f(7 ) is the relative degree
of any prime ideal of R lying over (7 ), then for
each n = 1,2,3,..., the number of times that ()"
occurs as an elementary divisor of M is a multiple
of £(7),

Proof. The theorem follows from (5.3), (5.L), and (5.5).
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Remark. Theorem (5.6) furnishes necessary and sufficient
conditions for a finitely generated abelian group to admit a fixed-
point-free automorrhism of prime order, since for any rational prime

q, (Z,q) is a compatible pair.

5.l; Further observations

(a) That condition (ii) of the definition of compatible pair
cannot be omitted without altering the definition is shown by the
following example of a principal ideal domain D and prime number q

for which @q is irreducible but D 6 ] is not integrally closed.

2+X+lwere

Let D = Z[{3] and let q = 3. If @B(X) =X
reducible over D, then it would have~a linear factor g(X) = X +o for
some o ¢ D. Then g(0) would divide §3(O) = 1 and g(-1; would divide
§3(-1) = 1, so both o aind =1+ox would be units in D. The fundamental
unit of U is € = 2‘+E . Suprose o« = :ea, for some a ¢ Z, then
et = =1 téa = 1eb for some b ¢ Z, %o tea % eb= 1 for some choice
of signs. But this is impossible. Thus @B is irreducible over D.

D[O] = D + DO is not integrally closed in its quotient field
for w = (2*8)/ {3 is a D-integer which does not lie in D. (The
irreducible pclynomial of w 1is X - \/'3)( + 1.)

(v) If (D,q) is a compatible pair and if K is a finitely generated
D-mcdule and & a fixed=point-free automorphism of K of order g, then
we denote by I‘I(q) the R-mcdule whose additive group is M and for which
the acticn of 9 on M is defined as in the proof of Thecrem (5.h).

(5.7) Theorem. Let (D,q) be a compatibtle pair and let I be a

finitely generated D-module. Let eof, ‘S be fixed-point-{res automorphisms



56

of M of order g, and let M(“), M( P) be the corresponding R-modules.
Then & and P are conjugate to one another in the group of all
automorrhisms of M if and only if I‘i(q) and M( F)are isomorphic as
R=rmiodules.

Proof. Suppose (3 = 148" for some automorphism ¢ of M. Then
= s _

PK =Yof. Let U: %) M(P) by ’b\"(x) = ¥(x) for x ¢ M(o(). Then
Y is an R-isomorphism onto M(?). Yor ?(Gx) = ?("T x) = Jor x
-Bs x- BY (0 = OF (0.

Conversely, if °(,P s M(c(), M((g)are as above and if J :M(O{)—*M(F)
is an Re-isomorphism onto M((s), then let 3 be the automorphism of the
Demodule M defined by 3 (x) = J(x) for x ¢ FI(.'). Then ij = 3(6 x)
=Jd(Bx)=0d(x) = @g‘(x) for all x ¢ M, whence cf°.'=(53.

In consequence of (5.7), the number of conjugacy classes of
fixed-point-free automorphisms of order q in the group of automorphisms
of a finitely generated D-module M is equal to the number of non-
isomorrhic A-module structures which can be imposed on M. By separate

examination of the free and primary components of M, that number can be

easily determined.
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