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PREFACE

This thesis is composed of 3 independent topics. 

Chapter 1 is published in Physical Review D 8^ 3103 

(1973). Chapter 2 is published in Physical Review D 

7^ 3529 (1972) in collaboration with Professor Yukio 

Tomozawa.
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CHAPTER 1

MUON POLARIZATION IN THE NEUTRINO-INDUCED 
INCLUSIVE REACTION—A TEST OF V-A WEAK 

INTERACTION AT HIGH ENERGY

Introduction

The conventional V-A theory of the weak inter­

action [1] has been able to describe low-energy leptonic 

interactions remarkably well, in spite of the fact that 

higher-order contributions in perturbation theory badly 

diverge. But this seemingly satisfactory consistency of 

the V-A theory with experiment cannot be regarded as 

proof of the validity of the theory; rather it implies 

that present data are not sufficient fo fix uniquely all 

the general nonderivative coupling constants. In fact, 

Jarskog [2] claims that up to 30 percent scalar and 

tensor couplings would not be contradictory to the exper­

imental muon decay data. Moreover, even at the phenomo- 

logical level, there is no fundamental reason why the 

current-current theory should prevail at higher momentum 

transfers. The idea of a mediating particle for the weak 

interaction analogous to the photon in quantum electro­

dynamics or the Yukawa-type pion field in the strong 

1
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interactions has long been attractive, because this non­

local theory reduces to the local current-current inter­

action at low energies. Although the intermediate­

vector-boson theory is no less renormalizable, । theoretical 

consequences were examined extensively in the literature. 

But this line of effort has always been embarrassed by 

the fact that intermediate vector bosons are not observed 

experimentally. This is also the case for the renormal­

izable theories of spontaneous symmetry breakdown, which 

employ unobserved gauge bosons and/or heavy leptons.

On the other hand, it would be very interesting 

to know what kind of theory, even with a phenomenological 

Hamiltonian, would explain the experimental data far 

above the unitary limit [3]. Recently a model [4] of 

weak interactions at high energy by Applequist, Bjorken, 

and Chanowitz extending the conventional current-current 

theory to incorporate possible higher-order effects has 

been proposed. In this paper we investigate some theoret­

ical consequences of a derivatively coupled intermediate 

vector boson (IVB), or, equivalently, a phenomenological 

momentum-dependent vector current, in the Bjorken-Johnson- 

Low scaling limit. Previously, IVB theorists excluded the 

possibility of a derivative coupling on the grounds that : 

(a) in the observed leptonic weak interactions, momentum 

transfer q is so small as to be neglected, and (b) intro­

duction of a derivative coupling provides a momentum q
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at each vertex in higher orders, making already divergent 

Feynman diagrams more so. Nevertheless, high-energy 

accelerators available at present or in the future may 

be able to detect the momentum dependence of the leptonic 

weak vector current directly, if it exists at all. Also 

the argument of divergent graphs may be bypassed in the 

meanwhile because we are dealing with the phenomenological 

Lagrangian anyway. In fact, it turns out that a certain 

derivative coupling is no worse than the conventional 

V-A intermediate-vector-boson theory of weak interactions 

as we will see later. In the following section we present 

a model Lagrangian and vector current. This model is 

used to calculate the polarization of the muon in the 

deep-inelastic neutrino-nucleon scattering in the final 

section of this chapter.

Phenomenological Lagrangian and 
Vector Current

Consider a general coupling of lepton and charged 

vector boson fields [5],

(aT - b1y5)ipv (x) 3XWX (x)

- ig„ (i " (x) w x

1 T —+ ^igw ^<x)oAp(a2 - b2y5Wv(x)

•[3Àwp(x) - 9^Wp (x)] + g^JA(x)(x) , (1-1)
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where J (x) is the hadronic current. We can write this 

in another form, viz.,

gXtjJx) + J,(x)]W (x) + H.c. , (1-2)
W A A A

where

VX> = 11 £ <al - - iVxd-Ys)

- 1 5 ■ bgYs'l^x),

= -i (^(xl^tx)], (1-3)

and
S T

£ = ^' & = 4 
gw 9W

where m is the muon mass. We introduce the muon mass in 

(1-3) to make Ç and n dimensionless. In general, and 

are invariant functions of the momentum transfer q.

We may regard (1-3) as a natural modification of the 

conventional V-A leptonic weak current. Notice that 

these derivative—coupling terms when applied to hadronic

physics with strongly interacting intermediate fields 

yield Weinberg’s form factors [6] with a specific choice 

of a^ and b^. Derivative couplings similar to (1-1) 

in principle have been used by Igarashi et al in their 

strong-meson-dominance model [7] to get the V - «A 
theory of g decay even though they used the V-A leptonic 
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current. Also it is well known that the decay 

can be described phenomenologically by the 

derivative coupling of the pion directly to the lepton 

current [8], i.e. ,

$= + ” ^S^SlPxS- + H*C* (1_5)

Therefore, it may be interesting to see the consequences 

of a current-current theory with j(x) defined as in 

(1-3). This would not change the well established low- 

energy predictions of the V - A theory for sufficiently 

small n and Ç. Then this result can readily be trans­

lated to that of the intermediate-vector-boson theory, 

Lagrangian (1).
Cheng and Tung [9] have discussed tests of the 

V - A theory in neutrino-scattering processes assuming 

the most general form of local (nonderivative V - A and 

S - T) interaction in the helicity formalism. Here we 

are interested in the nonlocal deviation from the V — A 

theory, which does not originate from the second-order 

radiative corrections. As for the scalar and tensor 

hadronic currents, their commutators, hence those 

hadronic structure functions, are relatively unknown to 

us simply because only those of the vector and axial- 

vector hadronic currents have been the focus of 
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attention up to now. Therefore we will restrict our­

selves to the vector and axial-vector hadronic currents.

Polarization of the Muon 
in VN -» pX

The phenomenological current (1-3) discussed in 

the previous section will be used to compute the polari­

zation of the muon in the neutrino-induced inclusive 

reaction. To simplify the calculation we invoke the 

following assumptions :

(1) Only the left handed neutrino takes part in 

the leptonic current, i.e., a^ = f a2 = b^. Choose 

ai = a2 = 1 without loss of generality.

(2) Time-reversal invariance, i.e., n and ç are 

real. Then if we put 

we have [10]

d2c = G2 z/

dQ2dv 4ttM2E2 mA pA '

where
^^pA = mmv<p (k’ ) | jy (0) | v(k)xv(k) | jj (0)[ p(k*  )>

Vspin (1-6)

and
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“pX = I (J/x) |X(p')>

9x'"2

(puqx + pxqp> 
^..2 W5

quqx = -%*  ‘ -^-,wi

^Sx^w^Vx» .
2M2 3 m2 4

(1-7)

The average over the proton spin is taken in and 
2 2q = k - k*  = p*  - p, V = q • p = M(E - E1) , q = -Q < 0, 

where E and E*  are the laboratory energies of the neutrino 

and the muon, respectively. For the sake of illustration, 

we use the quark model version of the structure func­

tions , which exhibits a scaling behavior. A more gen­

eral case can be worked out, leading to similar conclu­

sions . Thus we assume that [11, 12]:

olimW1 (q , v) = F, (x) , 
Bj 1 1

lim(—Uq2,v) = F„ 7(x)
B] '

lim(—2W. R (q2, V) = F (x) , (1-8)
Bj M * *

2where x = -(q /2 v) . On the other hand, from (1-3) to 

(1-6), it follows that [10]:
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where
* X"’ '

(k'u% + k\kv - • k’><l + ?>2

+ iEuvapk’°kP(l + 5)2

+ l(k.k')q q n2 + ^(k’k') 
mZ y V mZ

[q^(k + k* )+ q^tk + k')nç

+ ^(k*k'  ) (k + k' ) p(k + k*  ) VÇ2 
m

+ VJ(n + nO

7- [ky(k + k')v + kv(k + k')p[(Ç + Çz)

and

= + + 5)2

2 n 2
+ «’ + HT ^-k'^

7+(k + k* )y(Ç + Çz)1 -

- ^pp,pk^^'-^ +
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± (k + k')V(Ç + Ç2)]

± (S'k)k'^q^ - (k-k*)s vqp](n + nÇ)

± (s-k)k'^q^ - (k-k')syqvl(n + n£)

+ “(s'k)[qy(k + k*  ) v + qv(k + k')^

+ ~(s• k) (k + k'^tk + kn^S

+ (k-k' )sp(k + k*  ) v - k'^lk + k'v)(s-k) ] (Ç + Ç2)

+ (k-k')sv(k + k')y - k\/k + k')y(s-k)] (Ç + Ç2),

(1-9) 

where the upper and lower signs refer to the neutrino and 

antineutrino, respectively. Furthermore, from now on, 

the following expressions will be used:

= q e’ = - (1 ~ y) a2 2Mxy ' E 2Mxy q '

s • k = m2
1-y (l-y)2q2- m

(1-10)

where y = "/ME = 1 - E•/E and s is the longitudinal 

polarization vector of the muon. Now averaging over the 

muon spin, we get the Callan-Gross relation
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F1 = ^2/2*'

d-?- = G V V W 
dQ=dv nq4 W

2 ( 2= {d-y)& F (x) + -A- [ F (x)
( m 2 2Q2 L 2

[y2 + 2(1-y) + 2y2Ç - y (2-y)Ç2]

+ xF3(x) r(2~y) ) (1+ Ç)2 +

+ îtlj-ï- f2(x> t ™^2=ÏL FsnS 
m m

Thus we see that 

2 2 2
lim —y-- = (1-y) xFJx) + O (-1) , 
Bj dQ2dv ^m2 Q

while the V - A theory yields the term of the order 
1/Q2.

Next we turn to the computation of the muon 

polarization. We define the polarization P and the 

tudinal muon polarization vector S such that

(1-11)

(1-12)

of

longi-

(1-13)do (^) - dg (-») 
da («-) + dg (^)

E ' 
ms =
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Then a straightforward calculation yields the longitudinal 
polarization PL:

2 F 2 — — 1pL = =1 + q + a2 t F3a3 + - c, +

2 r ^2 - i= 1 - q [F3b3 + s b2 + F3b3 + c2b4 + c3 t c4j

(1-14) 
where

2
a± = 1 + Ç +

a , + 2 2.
y X X

a3 = + 2^Ç + Mç2),

= 1 + 2Ç,

b2 - 20^1 . M c2 
y y

b3 -4^'1+o'-
b4=+n+nç+ç+ l(n2 + ç2),

4x^4 - 2
2x F5
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1
4 

_g_2 2m

2

H *

2 2F^M^yn

2 2F,2M x (2-y) 
c4 = ---- 2--------- nC

2xm y
(1-15)

Furthermore, if we adopt the spin-1/2 parton model, we

have the Callan-Gross relation F^ = Then :

al
m2
2Q2

2^2 - xF3
F 2 (d32

2

P

4 
y 4 4

_2 r 9 9 _ XF ,dl + —2S ld2 " ÿ 6 + d3 + d4 ± =4]

where
2 22M x F _D 

(1-16)

dl = ^c2 
y

d2 = (1 + Ç)2 + 2 .^2^ 
y

d3 = (1 + Ç)2

d
_ M2yn2

4 ’ m2
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We note that in the vector-gluon model [12] the parameter 
2y in Eq. (1-15) is a constant given by y = (m^/M) , where 

m& is the bare proton quark mass. The constants
-1 —i -2£ /m < 0.1 GeV , r]/m < 0.1 GeV , i.e., ç < 10 ,

T) < 10 seem to be reasonable from the low-energy 

experiments which agree with the V - A theory. Moreover 

as is well known, the positivity condition gives 

0 5-xFg 5 F2. Therefore, for practical purposes we may 

write, if y / 1,

2 2 — 2PL = + 1 + m xy [2F1 + f3 - u-y)^-^] 
Q2 (1-y) [xy2F1 + (l-y)F2 + xy (^)F3 (l-17a)

for pure V - A,

P
m2

0^2 L1^
XF3 y(2-y)
F2 (1-y) (l-17b)

for n, Ç, and V - A,

PL = +

2(i-y) 
2 

__ X___

M2yn2 
m2 (l-17c)

1 +

2(1-y)
2 y

M2yn2 
m2

for Ç = 0, and V - A.

These results indicate that PL approaches 1 instead of
2-1 for large Q and 0<y<lifÇ^0. We illustrate
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PL for y = 1/2 in Figure 1. But PL will not change
2 2 2 2sign if € = 0 and (M yv) /m ) << (2/y ) , as long as the 

assumption F2 = -xF^ is used. This corresponds to
2Y « 8 x 10 , which means that « 28M in the vector­

gluon mode 1, when iq = 10 and y = 1/2. An estimate

[12] is that y = 1.6 x 10 , i.e., mp = 120 MeV, which 
leads to PL = -1.

An important feature in the estimate described 

above is that the momentum transfer at which the change 

of the muon polarization occurs is very sensitive to the 

value of ç and ri- Because complete right-handed polari­

zation needs extremely large Q , it would be interesting

o 200 400 600 eoo 1000
Q2 (GeV2)

Figure 1. Longitudinal polarization of the muon in 
vN -> pX with the assumptions F^ = F^ = 0, -xFg = F2, 
F. = Fd/2x, only for illustration. Percentage on the 
curve refers to that of mg^ with respect to the vector 
coupling constant g^. We put y = 1/2, which is the 
average value of y calculated in [12].
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2 .to see the value of Q at which P goes to zero before it 

changes sign. In Figure 1, we see that, for
Ç/m = 0.1 GeV 1, PL vanishes at Q2 = 200 GeV2, while for 

-1 2 2

2 2Therefore we conclude that unless Q /m >> 1, the pre- w
vious results would not be modified. Notice that as

far as the Ç term and polarization are concerned we 

cannot distinguish between the intermediate-vector-boson 

theory, or a momentum-dependent weak current. In fact 

the merit of the polarization measurement rather than 

that of the cross section in view of testing the V - A 

theory as formulated here, is that the change of the 

polarization is not as sensitive to the validity of the

Ç/m = 0.05 GeV that occurs at Q = 800 GeV . The 

perpendicular polarization would not give any insight 

about the Ç or n term, because it is proportional to 

msinQ, which is very small at high energy.

If we do the above calculation in the inter­

mediate-vector-boson theory, i.e., Lagrangian ( 1), we 

can easily obtain the result by simply replacing Ç, 

r], and G in Eqs. (1-11) - (1-17) by

2 2
n + T)( —^2 “ 1

V V (1-18)

- 22(1 + 2MxyE/mw )
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Callan-Gross relation or the breakdown of scaling as 

the cross section is. Nevertheless, one might expect 

that the general IVB theory given by the Lagrangian(1) 

would be appropriate to describe high-energy phenomena 

rather than the current-current theory with j (x) in 

(1-3). In that case, if we assume Fg = 2xF^ = -xF^ 

and F^ = Fg = 0, the violation of scaling in the expres­
. 2sion d cr/dxdy may be parameterized by

Fj(x) % Fj(x) (2 + 5-2- (1-y) ]/(l + 2—2 (l-19a)
and "

- - 2 2 2F^fx) Fg(x) [2 (1-y) 2 + ( 1—y) 1 /( 1 + ~2•
m æw

(l-19b)

As far as power counting in Feynman diagrams is concerned, 

the % term is not worse than the V - A theory with an

IVB, because % mqa, and = 0. We sum­

marize all the results in Table I. Obviously the 

realization of the limits in Table I depends upon the 

value of y = 1 - E*/E. A larger y requires higher Q .

In the recent analysis of momentum-independent

S-T-P weak currents, Cheng and Tung [9] state that:

to the extent that the lepton mass can be 
neglected, a purely left-handed outgoing lep­
ton indicates V interaction, a purely right­
handed one indicates S-T interaction, and the 
coexistence of both indicates a mixture of 
the two.
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TABLE I

Longitudinal Polarization of the Muon in the vN ■*  pX at 
the Scaling Limit

V - A P = +1 IVB V - A nd
 

II
 + 

i

MDV £ , V - A + 1 V - A + 1

t) , V - A + 1 Ç, T), V - A + 1

n» V - A depend 
upon y

n, v - a + if » 1
v

+ if « 1
”w

MDV refers to the momentum-dependent weak vector current 
The values of PL given are the limit of PL as q2 -*  ». 
These values seem to be realized because of the small­
ness of Ç and t] , at much larger Q2 than the one at which 
structure functions begin to scale in the Bjorken- 
Johnson-Low limit.

Accepting the premise that no matter what the additional 

term is, it must be small compared with the V - A term, 
Cheng and Tung predict PL = - 1 + a when there exists a 

small contamination of S - T interaction. Here a is a 

small positive constant. However, our result is that, 

as can be seen in Table I, a purely right-handed outgoing 

muon at high energy indicates the existence of the Ç 

term whether the interaction is via current-current 

theory or IVB theory. It is interesting to note that 

even though the Ç term contains momentum transfer q which 
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makes us anticipate that it might dominate over the V - A 

term at large momentum transfer, it turns out that all 

the higher momentum-dependent parts involving q cancel 

out so that it does not dominate over the V - A term. 

But a small contamination of the n term would mean 
PL = - 1 + a as in Cheng’s and Tung’s case with the 

momentum—independent S - T interaction. Therefore, if 
a future experiment indicates that PL = - 1 + a, a 

very elaborate analysis would be necessary to decide 

whether that is due to Cheng's and Tung's momentum­

independents S - T interaction or our momentum-dependent 

H-type coupling. However, we notice that the result 

described above concerning the n term is a consequence 

of the assumption (1-8). If we assume a different scal­

ing law, such as

Um ( 2^4 c — g (%) t Bj M 4'3

the role of the n terms would be similar to that of the 

Ç term.

Another interesting prediction of the momentum­

dependent vector current (Ç type) is that the ratio 

o (v)/a(v) increases as the neutrino energy gets larger, 

i.e. , 

r = 
" a(v)
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9 oME^2 . ( £ „ 2 ^^3^1 M2Yn^ _
R = 6m2 3 3 <^2>______ 2m^_______ 3m2<F2> '

MES2 /4 2 kxF3>l «2^2 2M2nC<x2F3>\
6m2 \3 3 <F2’ 2m2 /

and

lim R = 1 (1-20)
Bj

where

dx dy
d2a

m dxdy

1 1
dx

d2g 
dxdy

The above conclusion will not be modified as long as 

the ratios F^/F^/ F^/F2, and F^/F^ scale, as in the IVB 

theory. The CERN result [13,14] R = 0.377 + 0.023 may 

indicate the deviation from R = 1/3, although it is 

obviously too early to draw any definite conclusion. 

However, various models predict different values of R. 

The spin-1/2 parton model yields R = 1/3, while other 

constituents would give 1/3 < R < 3. In general, from 

the positive semidefinite property of and the scaling 

behavior of structure functions given in ( 1-8), it fol­

lows that F2 > 2xF^ > -xF^, which leads to R > 1/3. 

However, the above ratio is constant unless scaling 

breaks down to the extent F2(x) = xF^ (x)G(E) = xFg(x)G = 
9 xFg(x)G(Q /2Mxy), where G(E) is some function of E.
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Therefore in order to detect the Ç or n term, we have to 

look at the energy dependence of the ratio R.

One might expect that the £ term (or n term) 

could be obtained as a result of the radiative correc­

tions in the framework of the V - A theory as in the eeA 

vertex correction in quantum electrodynamics. However, 

that this is not the case can be seen by the following 

argument. First, the radiative corrections [15] to 

the pvW coupling (which do not have vertex corrections 

in the second order) fail to induce the Ç-type effective 

coupling. Similarly in the Weinberg theory [16], the 

pvw vertex correction [17] due to a neutral vëctor boson 

rules out this possibility because of the 1 + 

structure of the interactions. Thus we cannot as of now 

tell where the extra derivative coupling may come from. 

Nevertheless, the other higher-order corrections might 

well lead to the same conclusions about the polarization 

of the muon deduced from our formalism [4]. On the 

phenomenological level, however, we conclude that the 

polarization measurement of the muon in the inclusive 

reaction vn + uX at high energy will provide a good 

criterion for the existence or nonexistence of a phenomen­

ological momentum-dependent weak vector current or of 

the intermediate-vector-boson theory with Lagrangian(1).
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CHAPTER 2

ANTIPROTON-NEUTRON BOUND STATE

A recent experiment [1] of antiproton-neutron 
annihilation at rest has shown a narrow peak in positive 
G-parity states, and p-n bound-state formation was sug­

gested for its explanation. Although the possibility of 

a nonrelativistic bound state of the p-n system has 

already been studied by several authors [2,3] , none of 

these predictions could account for the reported narrow 

width (58 MeV) at the binding energy 83.3 + 1.4 MeV. 

In this study, we point out that the observed state should 

correspond to a higher angular momentum state, possibly 

a p state. Let us simplify the problem by assuming a 

central square-well potential for the antinucleon­

nucleon force. (Let the potential depth be -V, and the 

range R.) Certainly we are aware of the fact that the 

nuclear force depends on the spin, isospin, and velocity 

of the nucleons through a complicated exchange mechanism. 

However, the essential part of the discussion will not 

depend on the detailed form of the potential, as can be 

seen by comparing our result with some of the more 

elaborate calculations [3]. Since we have the narrow 

peak only in the positive G-parity state, we are dealing
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. 3 13with S^, P^, Di,2,3*  *'  states for the I = 1 NN system

and have to assume its potential for negative G-parity 

states to be very different from that of positive G- 

parity states. (The latter should be more attractive 

than the former.) Such a difference in the potentials 

for both G-parity states may be partly due to an L-S 

coupling force and partly due to a short-range force 

which results from more complicated t-channel exchange 

and s-channel annihilation diagrams. Whether this is 

true or not is to be seen by a further investigation.

The formula for computing the width of 

annihilation from a p-n bound state with orbital angular 

momentum £ may be given by

rn - °H v Ph (2-1)

where designates the Ath partial cross section for 

p-n annihilation and the densities of states are 
expressed as

R’
<2"

3 R 0

for s state and

_ 1
PP _ 1„R-3

2 dr dQ (2-3)

for p state.
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Here R*  stands for the annihilation radius, which is 

assumed to be smaller than R, and

kx = [2y (V - | e| ) (2-4)

p and E being the reduced mass and the binding energy, 

respectively. The formulas (2-1) and (2-3a) for the pwave 

reduce to those given by Jackson et al [4], when 

R*  -+ 0, i.e. ,

1 7pp » A •

ki

We might as well use the density for the p state, 

R*
Op = 4 , 3 r2 dr d«, (2-3b)

3 ir R o

which vanishes in the limit R*  ■+ 0. As will be seen 

later (Table II), the formulas (2-3a) and (2-3b) lead 

to similar results as long as R*  = 0.5 - 1.2 F. (For 

definiteness, we have fixed the value of R to be 1.2 F.)

Using the boundary condition at r = R 

k, joHknR) ik^hP^ ' (ik_R) 
-W” = 

with
k2 = (2y | E | ) ^2, (2-6)

we obtain the depth of the potential:
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V = 226 MeV for s-wave bound state, (2-7a)

V = 420 MeV for p-wave bound state (2-7b)

for the observed binding energy E = -83.3 MeV.

From Equations (l)-(6), it follows that [5]:

1^0। 3 2
rs = <°v's-35" <V') + "o'ki"') 31 Ike'll

(2-8) 
and 9

lAll (1 2
Fp - -35" * 'V "

3,(k R') 
- 30(k1R')j2(k1R')l+ [j0(k1R') -

9 )- k^~ 3i(k^R.))| <2-9a)

or
rP = <^)p n lAj^j^ck^'i -

- jQ(k^R1)j 2(k1Rl)] , (2-9b)

where A@ and are the normalization constants for the 

s wave and the p wave, respectively, given by

±Rj[]/(k]R) (1 + l/k2R) + n^k^R) j1(k1R)]

____________ -1 _________________ .

As for the estimate of the partial annihilation cross 

section, we make an assumption that
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(ov)s = a, 

(2-10) 
2(ov ) p ~ bk ,

where a, b are constants.

Although no direct beam experiments are avail­

able up to now, an early indirect determination of 

o(pn) by subtracting pp cross sections from those of 

pd, coupled with the Glauber shadow-effect correction, 

seems to indicate that o(pp) ~ o(pn) within the experi­

mental error [6-8]. Therefore, assuming the same cross 

sections for both antiproton-nucleon annihilations, and 

from the data of pp -» even number of pions, we get

(□v) = 10.2 mb,5 (2-11)

(av)p ~ 0.67 mb 

for a positive G-parity state, the latter being the value 

at the momentum 0.66 GeV/c, which is the c.m. momentum 

of the antiproton-neutron bound system in the p state. 

Since we have neglected the k-dependent term of the s- 

wave cross section which would give an ambiguity in the 

determination of the p-wave cross section, Eq. (2-11), the 

value quoted above for the p-wave cross section must be 

taken as an indication of the order of magnitude.

The result of numerical computation of the decay 
widths, using Eqs. (2-1)-(2-11), is given in Table II.
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Notations a and b for the p wave refer to the adopted 

formulas, (2-9a) and (2-9b). From the table, one can 

immediately notice that the s-wave annihilation gives 

too large a decay width, while the p-wave annihilation 

is consistent with the observed width 58 MeV. (We 

note, however, that in a recent work [9], some questions 

are raised about the estimate of the width of the peak 

in the experiment.) As we mentioned earlier, formulas 
(2-9a) and (2-9b) give approximately equal widths except 

for a small annihilation radius.

Accepting the premise that the observed narrow 

peak is due to a p-wave bound state of the p-n system 
(Ip^), one encounters a question regarding why the 

ground s-wave bound state has not been observed in the 

experiment. In order to answer this question, we esti­

mate the binding energy of the s-state using the poten­

tial (7b), obtaining

ground state = '^8 "eV.

Since both states are positive G-parity states, and

Ep state Aground state ~ < 2 m^,

the transition -* (3S1> by strong interaction is

forbidden. The transition by electromagnetic inter­
action (Ip^) ■*  (3S^) + y, has a small width (x 0.28 MeV) .
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Thus the 3S1 ground state is difficult to observe, 

unless it is formed directly from p in an outer orbit. 

Finally, it should be pointed out that our argument is 

merely of a qualitative nature, since the obtained 

potential (2-7b) is so deep that a nonrelativistic treat­

ment may not be warranted.
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CHAPTER 3

EFFECT OF NEUTRAL CURRENTS 

ON THE NEUTRINO BREMSSTRAHLUNG

Introduction

Whenever an electron is accelerated, a pair of 

neutrinos can be emitted as photons are so via quantum 

electrodynamics. This is because of the (ve) coupling 

either in the form of universal four fermion weak inter­

action proposed by Feynman and Gell-Mann and others [1] 

or intermediate vector boson theory of weak interaction. 

In the presently available experimental conditions, we 

cannot detect it due to the extremely small cross sec­

tion and the small density of the matter on earth. How­

ever, an appropriate condition in terms of the density, 

temperature, and chemical potential of the matter are 

thought to be realized in the course of the evolution 

of the stars. Moreover, due to the large mean free path 

of the neutrino beam in the dense star than that of the 

light, the neutrino emitting reactions are more important 

mechanisms in cooling a star in certain regions of 

density and temperature. Consequently, as soon as the 

universal weak interaction theory appeared in the litera­

ture , many authors applied that theory to calculate
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neutrino opacity of the star to get the cooling time or 

the other features of the stellar evolution such as 

the supernovae explosion and the formation of the neutron 

star. The neutrino emission mechanisms which are im­

portant in this context are photoneutrino emission [2], 

which is the photon electron inelastic scattering 

resulting in a neutrino pair and annihilation of a pair 

of electrons into a neutrino pair, plasma neutrino [4] 

which comes from the longitudinal or transverse plasmon, 

i.e. ,

y + e— •*  e~ + Ve, U + »e , p

e+ + e "*■  Ve , y + ve r y

"^"plasma '

and URCA process of Gamow and Schonberg [5] and neutrino 

bremsstrahlung from the nuclear coulomb field, i.e.,

e + ( z, A) -*  (z — 1, A) +

(z.A) + e + ve

e + ( z. A) + e + (z. A) + ve , y + ve , y

Neutrino bremsstrahlung process has been investigated by 

Grandel'man and Pinaev [6] in the non-relativistic non­

degenerate region and Festa and Ruderman [7] in the 
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extremely relativistic degenerate electron energy region. 

P. Cazzola, G. De Zotti, and A. Saggion [8] computed 

numerically in a relativistic context at various den­

sities and temperatures. However, all the above calcu­

lations were based on the conventional V-A theory of 

weak interaction, or in terms of the language of the 

current-current theory, on the charged weak currents. 

Now that some of the unified gauge theory of weak and 

electromagnetic interactions predict the existence of 

the neutral currents and this current has been confirmed 

by experiments, any future astrophysical application of 

the neutrino emission mechanism has to incorporate the 

neutral current in the calculations. The aim of this 

work is to recalculate the energy loss rate due to the 

neutrino bremsstrahlung in terms of the charged and 

neutral currents even though the exact space time and 

isospin structure of the neutral currents are yet to be 

determined by experiments.

In the following section, we calculate energy 

loss rate with Weinberg's SU(2) x u(1) theory of weak 

and electromagnetic interactions up to the second order 

in the neutrino energy (Qq) expansion, and discussion and 

comparison with other processes appear in the third 

section.

As is seen in the text, the neutrino energy 

expansion method greatly simplifies the whole calculation 
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and allows the analytic expression of the integrals.

In Appendix I we discuss the integrals of the changed 

variables and in Appendix II we present the details of 

the Q integrations. Finally, the method of distribution 

integral is given in Appendix III.

Energy Loss Rate

The relevant part of Weinberg's Hamiltonian [10] 

is :
- e^eYa(l - Y5) *P eAa--- - Y^^ 

2 /2

" - I V*

(a + by5)* eza - l^2 + g'2 1 - Y5!»VeZa

- I A2 + 91 2 iu ïa(l - Y5) za (3-1)

where a = 3g1 - gb = g^ + g1 , e = -—-2-9. . ,
yg2 + g'2 

tanOw = g'/g.

The lowest order Feynman diagrams for the neutrino 

bremsstrahlung are shown in Figure 2. The matrix ele­

ments corresponding to the W exchange diagrams (e) and 

(f) are :
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K

Figure 2.

(3)
i/eyiuiian diagrams For neutrino bremsstrahlurg
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M c = - er
2 2 . 2

l42 —2)
k2 + a2 8Mw2 e 1

- K + m
—---- 2"T Y(Pf-k) -mz

(1 - - Y;)^ (Pi'

(qi)YP(l - Yg) g$i+K+m
2 2 (Pj+k)-in

Y^ (Pi)P^ (Pf > Yy ( 1 ' Y5)7pe (q2) (3-2)

and Z exchange diagram's contribution to the matrix 

element is :

ab
2 2 2

■-y-|) (-^2—2)ÿe(Pf ) Ya(a + by 
k +a 16Mz

+ K + m
2 2(p±+k)^ - mz

Y% <Pi'^^ <11)Ya(l - Y5)^e(q2)

2 2 2<4V> (^-2)^'Pf)Y° 
k +a 16Mz2 1

&£ - X + m
2 2(pf-k)2 - m2

(a + b'f5)ye(p1)üu (qj^) ya(l - Y5)V-ÿe(q2) (3-3)

2 2 . 2 Y “(a + bYg) 
k2+a2 16Mz2 1 ’

+ X + m

2 2(Pi+k)2-mz

Yoye(Pi) (q^a d - Yg) (g2)

2 2 . 2
42' Y') <-^2-^) », (Pf > Y ’
k2+a2 16Mz2 e 1

- X + m 

(Pf-k)^-m^

(a + bygl^dDjï/^q^ (1 - Yg)^ (q2) (3-4)

w

M

Mcd "

a
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After the Fierz transformation = Mat>ef and

M , can be rewritten as follows : cd

“abef " "

Y’»e(Pi>Vv 
e e

m a

(3-5)

2 2»ca - - 1 i - 1 + =A^5)

2 2 12_S_ “« = 1/2 + _e /2 = 5 + 2sin 0w
2Mz g2 4Mw2 G

K +a vz

+ X + m _-i—B------ Y°

% (92) 
p

2 2 4tt ezz
,2. 2 i — ÿe (Pf ) Y°

g5f - K + m 
_

ya(Cv - 1 + e(p±)Ûv^1}ya(l- 5)7-^(q2)

(3-6)

where

CA * 1 -
b Mw^ 

2MZ2 g2 1/2

1cv -
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2B = k + 2p^ • k

2B’ = k - 2pf*k

3
44 q%

(2ir) 6 (Pi+k-pf-qi-q2)2^

(3-7)

and a corresponds to the shielding of the coulomb poten­

tial. The diagram (g) contains two W boson propagaters, 

i.e. ,

(p-qJu (P-qJa (P+k-q.)a (P+k-qP\;
~g^ + y + Mw2

2 2 ° 2 2(p-qp - (p+k-q^) - MW

(3-8)

But, the astrophysical electron energy is always less
2than 100 MeV and M > 37.3 GeV/c . The contribution of w —

diagram (g) is less than the rest of the diagrams by 
2 2the factor of p /M^ which is very small. Therefore, 

we will neglect the contribution of the diagram (g) 

altogether.

Now the energy loss rate is

E - E )f (E.) (1 - f ( E ) ) i——
J X r 1 1 (2ir)

Vk
d3 * *pid3pf 

2E±2Ef

2q20 (3-9)
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where f(E^) is the occupation number density of the 

electron at the energy E^ and 1 - f(E^) is the empty 

number density at E^, and

where is electron part

T^t
UM

G
✓2

2 2)Z (47T6 ) Z

(k=+a2)2

2
-|M12

(3-10)

trace tensor and t is the

U<l2

neutrino part trace tensor that appear when we square

the matrix elements and sum over the final polarization 

of the electrons and neutrinos and average over the 

initial electron polarizations. To evaluate Eq (3-9), 

first we make a change of variables such that

Q = q^ + q^, q1 = q^ and rewrite the last three integrals 

in equation (3-9) as follows.

I
d q d q

d k 9^-
2q10 2q20

54 (Pi+k-p£-q1-q2)

= y*d 4k6 (kQ) d4q1d4q26 (q12) 9 (q1Q) & (q22) 6 (q2Q)

64(Pi+k-q1-q2)- 

4After d k integration we have

7
«((Q-q-L) )e(Q0-q1Q)9(q10).

It is easy to see that, as in Appendix I, with t in

page 60,
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Q1 2 4 it 22^ Ô(Q-qi)2)e(qlo)0(Qo-qlo)tpv= )

(3-11)
The T^ i

2 2 2^+2(m -Pi'pf)-2Pi* Q 2m -2P±-
2 + BB1

r p V V p p\) -i+ {Pi Pi +Pi Pi -9 Pi'Pi^ 
9 2 24E/+2 (mz-P.-p.) +2P„-Q 2m +2p£’ Q

{ ^2 + }

+ + j, + 1

Q

+ {p/Q^p/Q^g^Pf-Q} 

9 9
4 E. +2 (m -p . • pf) -2p . • Q 

{—±------ 2—   ----- — +
B

+ {p/Q^p/Q^-^p..Q}

2 24 Ef +2(m -pi-pf)+2pf*
{---------?

2 2m +2pf-Q+2pi*p f-4EiEf
BB1

4 Ej

A p
+ ^g^-p/g^-g^EjT- -^)

, g 2p . • Pj--4 E. Ep+ {QpQv+QvQp-gpvQ2}{— —}

92m -2p . .Q + 2p^*p  . -4E E
_______________ 1_____________ I 1________ X X -1

BB' 1
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+ (aV°+QV°-g"\,}
2

(m -p£Pf)+4Efp-Q+4Eipf.Q 
BB5

2 9po vo4Pi'Pf(2<m -Pi’Pfl+Q +2Q.(p -p )
+9 9 ---------- be1-----------

2+ 2{2(m "P£Pf)_2pi *Q} {2(m -p*p f)+2pf•Q}
{ bb1 ■ --  1

2 oyv(2pi.pf-4EiEf) { 2 {m -pi*p f)+QZ+2Q- (pf-p±) }
BB7 “

2 ?F 8EiEf+4(m -Pi'pf)+2QZ+4Q- (pf-Pi) 
| g —_

2 9 2+ gUV 4Ei +2(m -Pi-pf)+Q +2Q-(pf-pi)

2 2 24E/+2(n/-Pi-Pf)+Q%2Q- (pf-p.) 
B' 2

(Pf-Pi+^) "I
" BB1 " I

where
x = I Cyl 2 + |CA|2, z = ICv|2 - |CA(2. (3-13)

The exact integral with respect to Q and the subsequent 

integrals are impossible to carry out analytically, but 

we observe that the distribution function integral can be 

expanded in the power series of the chemical potential v 

such that, as in Appendix ill,
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JJdE±dEf f (Ei) (1- f (Ef) )Eir(Ei-Ef)n

m=0

r-n-m + smaller terms (3-14)

Therefore, if v >> 1, the higher order terms in the

Qq = E^ - Ef expansion are negligible compared to the 
lower order terms. Thus we keep the terms in IMI

which has the power of Q less than 2. Then the Q inte­

gral would be of the form

f 3 4 R/(Ei-Ef) dJQ(a + BQ) = a'Qq + B Qq (3-15)

which would result in the final integral of the form

a + — as we will see later. After dropping higher order

terms in Q, we finally have

[2
5^ {-2P1-Pf(-4P.-Pt+8E1E£)}

2 2+ {4(m2-p.-pf)+24E.E -8m2}
DD XX XX

mW
BB'

o8(m -pi-pf)
2 2 {4E 2+2 (m2-p. 'Pf ) } 
B

^2 {4Ef2 + 2(m2-Pi-pf)} + m2(2+|l + |r)
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[2 2 {-24EiEf + 4(m2-Pi.pf) }

2 2 2 2
- {8(m2-p.-Pf)} - 3y Q {4E 2+2(m2-p -p )}

DD X X gZ 1 1 L

9 2 1- <4E 2+2(m2-p..p ) } - m2(2+|^ + |r)|
g i I 1 I ddJ

(3-16) 

where
2 2B' = Q - 2pi*Q,  B = Q + 2pf-Q

Let I be
I = f |M|2d3Q = Q 3[X(A B,)+Z(A9 B„)] ,

3p 2 ° Pi Pi

then,

f (E±) (1-f (Ef) ) (3-17)

Now define

Ei 
kT’ Ef

Ef „ _ _ y . _ kT
kT' V " kT " kT' A---- 2

me

and drop the prime from now on. Here m is the electron

mass and uis the chemical potential. In terms of these

new variables the energy loss rate can be expressed as

& = G2Z2g4 (kT) 6
2 12^5

3 3

E. '
i

dE .

+ 1 (1-f(Ef» (3-18)
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where
Ei

fl " Al# f2 ' A2 ' 6 "

91 = B1 " BAlf g2 = B2 ~ B&2'

Here use is made of

pf
Pi 57 s,;

Explicit forms of the functions f, fand g^ are 

given by : 
2 1fl = - 2h(R22 - 2R21) - U - l)hR2i - 2(h -j)R21

91 = 6&h(R22 - 2R21) - 4gh(R33 - 2R32)

2 1+ - l)hR21 + 4g (h - ÿR21
2

- - IbHE22 - 2R21>

1 2- 4g(h - j)R32 * 2g (g* - l)hR32 

n 2 9- ^2 + 1) ( <h - Z) + âZ^} 
6 P J p

2 1+ 10 g(gz - 1>hR32 + 4g (h - j)R32

O 1f2 = 5(gz - l)hR21 + 2(h - j)R21

2 1g2 = - 9 5(6 - l)hR21 - 4g(h - ÿ R21

2
+ 4 ( g2 - 1){(5B 7 L)h - R ! 

Z p up Zi
2 2+ (h - |)R i + g(g2 - DR i
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where
h = - (B2 - 1) { f lnf-=-T - 1} + 37

a =
a2 

2P?
B 

215

R20 a(2 +a) '

R21 ln^-L^ 
a

2 
a + 2

R22 = 2 - +

30 2c? 2(2 + a)2

r = K _ 1 + a
31 2a 2 + a 2(2 + a) '

R_^ = 2 - a- 3 aln^— - 
J 3 z a

3 a2 + a3_____
(2 + a ) 2(2 + a )2

Finally, if v - À >>1, then the distribution integral 

is given by

°° E.
C f 4j dE. y dEfif1Qo

1
Ei“ V

1 +

(3-21)
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J = 4 ! [ {2 n ( 6 ) + 4n(2) n(4) Jf^ v) + {5n(6) + 8n(2) n(5)
00 00

+ 4r)(3)n(4) + 52 r_ 1 \m+n ____ 2_____i । z \i
( } ^(m + n ) f 1 v

+ 51 [21n2q(6) + 2n(2)n(5) + 2n(3)q(4)(v)

= 122.07 { f ± (v) + 2.97 g^fv)} (3-22)

where q(x) is Rieman*  s eta function,

2B -1 R?1)
B _

q(x) = 5 (“l)n+1 
n=l nX

and 2 ^-i
-, _ dfl = (h-i) + T >2(R22 -2^21)
f 1 = dËT E.=v Pi L $ 3 22

11 “

+ 2h(^i){R22 + - 4} + 2W2 - DhR21

o 9
+ (B2 + —^-(h - |) + (g ■)}R21

p j p 6 ±

h

- 5(^ - DR21<^i^(h -

2-1
) (h - j) +
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In fact integral (3-21) contains many other terms which

we have neglected here. For example, the term

—-- ---- — ln21n ( 1 + e~{v A 1} (3-23' )

has its maximum at v — A = 5 with the numerical value 
2.9 which is much smaller than 122. But, when v - à”1 

“ 0, we have to add the following terms to equation (3-18).

4!f1(v){-4q(2)n(4) - 21n2n(5) + 2q(2)n(4) - (n(3))2

+ £ £ (-l)^n _

m=l n=l n5(m+n) h(6)}

+ 4!f1'(v){- 51n2n(6) + 3q(5)q(2) - q(3)q(4)

- 4q (2)n(5) - ln2n(5) - 2n (2)n(4) - ln2n(5)

- n (7) f 51n2q(6) - 3q(2)q(5)
OO 00

-EE (-1)^+" ----y }
n=l m=l n°(n+m)z

+ 5 !g± (vH — 21n2n(6) - 2q (3)q (4) - 2n(2)n(5) 

co co

- n (7) + 52
m=l n=l

m+n .
(-1) ---  

n° (m+n)
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Similarly we can obtain the distribution integral for 

f2 and g2, simply by replacing f(g^) in Equations 

(3-22) and (3-24) by f2(g2).

Discussion and Conclusions

Consider the extreme relativistic degenerate 

region, first neglecting the second order contributions 

in Qq expansion, i-e., put g^ = g2 = f= f2' " 0• 

Then, the energy loss rate is

2 2 4 6= G 1^1- 41 { 2n (6) + 4n (2)n (4)} (xf, + Zf )
2 12*5 1 2

2 2(C 2 - C ) 2
-2(h - |)R21} +—-- 2 <5(&2-l)hR21

+2 (h — y)^21^ (3-25)

This result is the same as that of Ruderman and Festa if 

Cv = CA = 1 and

4!{2 n(6) + 4n (2)n(4)} = 122.07

is replaced by 120. Recall that f , f2# g2 come from

the electron neutrino emission diagrams which correspond

= G2Z2e 2 {2n (6) + 4n(2)n(4)}
IT 3 o 2 (c/ + C ) 2

[——2—-— {2h(2R21 - R22) - (Bz-l)hR21
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to the matrix element Ma]3ef in Equation (3-5) If we

include the muon neutrino emission e., matrix element

"cd Equation (3-6), we need the following replacement:

9 2 ? o<CV + CA > — <2cv + 2CA " 2CV + 1) _____ . 3
2 2 ^^A'1 2

(cv2-ca2’ -»<2cV2 - 2Ca2 - 2CV + 1) _____» - 1
2 2 CV=CA=1 2

(3-26)

Notice that the coefficients in Equation (3-26) do not 

return to the V-A theory value even if we put = CA = 1, 

because the Weinberg theory opens a new Z vector meson 

annihilation channel which is absent in the conventional 

V-A theory of weak interactions. Now to have the emission 

rate per gram rather than per atom with atomic number Z 

and mass number A, we divide Equation (3-25) by AM^ to 
obtain . If v goes to infinity, B^-l = 0,

P I
which is the infinite density limit, h - y = 0, " R22

= 8. Therefore,

9 9(2Cy + 2CA - 2CV + 1) 
2

9 9(2Cy + 2CA2 - 2CV + 1) 
2

2 0.285 (—^ )6
A 10°°K 
erg/gm-sec.

)6 
lO^K

8
3

erg/gm-sec(3-27)

Thus the ratio R of the energy loss rate per gram
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predicted by the Weinberg theory to the conventional one

is :

R -
2 2

(2CV + 2Cft 2CV + 1) _ i + 4gln46w
(3-28)

It has been shown that the ratio R is, respectively 
i 42" + 4sin 0w

for pair annihilation neutrino emission at the relativistic 

region and photoneutrino emission at the relativistic 

region,
1 4
2 + 8sin 6 w 

for pair annihilation at non-relativistic non-degenerate 

region and plasma neutrino emission, and

1 4i (3 + 8sin*0w)  b
for the photoneutrino emission at non-relativistic 

region. We quote in Figure 3 the plot of R as a function 

of the intermediate meson mass. As we can see from the 

plot, Weinberg theory elevates the importance of the 

plasma process and diminishes that of the non-relativistic 

photoneutrino process against the bremsstrahlung neutrino 

emission. As for the non-degenerate non-relativistic 

neutrino bremsstrahlung reaction, we can easily see from 

the matrix element (16) and Reference [7] that the ratio 

is also

+ 4 sin^Qw .
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Qi_____ ;_____ I_____ I--------- 1---------- ... J--------- 1--------- 1---------
35 40 45 50 55 60 65 70 75 80

mw(GeV)

Figure 3. The ratios of the energy-loss rates as calcu­
lated here to the energy-loss rates calculated in the 
ordinary theory vs the mass of the W meson. R (Pair;
I,11) is the ratio for the pair annihilation in the 
regions I and II discussed in the text. All three lines 
approach R = 1/2 ad m.. approaches °0. Adapted from 
Duane Dicus, Phys. Rev. D 6, 941 (1972).
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In general when one applies the energy loss rate to the 

astrophysical problems, one expresses this rate as a 

function of , v, and T, unlike the rates given here as 

a function of g, v, and T. Customarily, the conversion 

is done as the following: As the star we have in mind 

is in the thermodynamic equilibrium with temperature T 

and density p and it is fully ionized neutral gas which 

consists of n^ atoms with atomic number Z^ and mass 

number A^, we define the abundance in weight of the 

atomic number . Then the proton number density in 

weight 1/pe is

n. A.
X.

2 n . A .
j 3 3

E n. Z .1 Z .X.
A.

Thus we have
jAj

= N— 
%

where

k = =^0 - Go>
2

C = g = 2.922 x 106 gm/cm3

and
G± = 
n * ux

(3-29)

(3-30)

(3-31)

%
V

E 
j

n. Z . n

V
j
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Unfortunately the integral in Equation (3-31) cannot be 

done analytically, except for the certain extreme T and v 

regions. A plot obtained from the numerical evaluation

and some of the analytic form are given in Ref. [9],

such as

>--V (-----K—me \0.974 x 10 gm/cm /

_ ifor extreme relativistic degeneracy, i.e., v>> À >> 1

and , P_
EF /

n 1 c □me \3.425 x 10° gm/cm

for non-relativistic degeneracy, i.e., A << Av- 1. These 

formulae applied in the border region in v and A would 

introduce large error in the correct energy loss rate in 

the process of conversion. Therefore we would not attempt 

to convert the bremsstrahlung rate analytically from

B, v, T to p/pe, v, T. Now the higher order corrections 

come from two sources, one from the higher order terms 

in Qq and the other from the distribution integral for a 

given Qq. A result of the former correction is shown in 

Table III. The corrections are within 5 percent for 

all the densities considered. This result is, in fact, 

expected, because as we can see from equations (3-19)

and (3-23), all the higher order terms are proportional 

to either
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Contribution of

TABLE III

the Higher Order Terms at T=108K

p/pg V P fl C* C/f 1

105 64.49 23.66 2.363 -0.095 -4. 0%

5x10 5 70.41 36.44 2.657 -0.087 — 3. 3%

106 84.83 59.97 3.223 -0.120 -3. 7%

107 124.52 109.11 4.040 -0.171 -4. 2%

108 268.27 261.47 4.952 -0.151 -3. 0%

*C = (2.97 f'i + 4.59/pi)

f , f1*, and are defined in the text.
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(P2 - P 

Pi
or 1

Pi
(h - -j)

/ 2 — oand = /v - X are from 23.6 to 261.5. The correc­

tions due to the distribution integral have many terms.

However, if v - X >> 1, practically all the other 

terms are negligible compared to the leading constant

term. However, for the small values of v - X , especi- 
— 1ally when v - X ~ 0, the change in the constant term

is large and we need the correction of the form 
-1

e ) as we can see from equations (3-23), (3-24) and

Appendix III.

In conclusion, the neutrino bremsstrahlung energy 

loss rate in a unified theory of weak and electromagnetic 

interactions with neutral current is proportional to

1 4
2 + 4sin 9w

in both extreme relativistic degenerate and non-relativis- 
tic non-degenerate regions. The energy loss rate is 
proportional to T$ and independent of the density at 

the extreme degeneracy, which makes it dominate other

processes. The asymptotic expression for the energy

loss rate is of the form
A(g) + ( ^-)-^^kTB(g) .

If the Weinberg angle were determined experimentally 

and the structure of the neutral current were known, we 

would have a definite ratio R numerically. However, even 



57

if the Weinberg theory were proved incorrect, still the 

neutral current would play an indispensable role in the 

future astrophysical investigations.
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APPENDIX I

CHANGE OF VARIABLES IN EQUATION (3-11)

When we change the variables such that + q^ 

= Q, q^ = q^, we have to evaluate the following form 

of integral:

3d q, 2
2^ G(Q " qx) )6(QO - q10)6 F(A-qx...).

Taking Q as z axis, we have

QO+IQI
I 2 2 , 2irI q10 dq10 f d^

%-|Q| 2910 o

2

F(A-q^...)

cosQ
ql

2 ^0^10-0
2I Ql qio

Then,

d q^ 
2q10

&((0-9%)2)e(q10)e(Qo"qio)qi^ = 4^ 

2^^((Q-cJi) 6(q10) 9(Qo-q10)qlpqlv

59
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Because t is

Sv = qiv^2u ’ Sv S'S " ^SvagSaSg^

= 4{SA + " ^uv^^1 " i%vaB%laS

+ ^^pvag^la^lB

/,3 d q, 9 4 2MlQ-qp )0(qlo)e(Qo-qlo)tpv= JU (QpO\, " 9pv0 >'



APPENDIX II

THE Q INTEGRATION

A. We expand Q^/B^( )2 and Q2/B'2( )2 in the follow­

ing way :

Q2 = Q2_____________ 2Q4 + ___ 2Qf___
B2( )2 (2pf•Q)2p2 p2 ( 2pf•Q)3 P3(2pf-Q)

2
4(Pi-0)Q in
3 2P (2pf-Q)Z

-Ai —j - j ■B'2( / (2Pi-Q) P pZ(2Pi-Q)J P (2Pi-Q)

24 (pf’Q) Q 
P3(2p.-Q)2 II-2

where

1
2 (lpf-p±l2

1  
9 -------- x —» 2 22 + 2(pf-Pi)-Q + |Q| }

4--------- "-------P (|Pf'Pjf +

In our approximation we can put p^ = p^ whenever it is 

possible in the last three terms in II-l and II-2. In 

this approximation scheme, after angle integration, we 

find that, in effect,

61
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Q2 = Q2 + 2Q4 2Q2

4
Q4d30 . . %_

4 (Pi-Q} 3 P^ Pi

97 2 2 2 3 qB2( )2 (2Pi.Q)Zp2 p2(2Pi-Q)J P (2Pi.Q)

2 4(pf-Q)Q 
P (2Pi-Q)2

II-3

because

2 2QzdQ = _____ 4ttQ _______  
(Pf.Q)2 (Ef2Q2—Pf2|Q|2) ~ (E^Q^-P^IQI2)

4iT2EiQoQ4 

(Ei2Qo2"Pi2|Q|2)2

This implies that

+(pf'Q) (Pi-Q)2 (p^'Q)

From the following formula

Q2d^Q 
4(p.-Q)2

Qo^^ 
Pi

5g2-!^ 1
25 ~ 36
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2 3 (pf•Q)Q d Q
2(p.-Q) 71 Pi

9
I (1-Z) { ( - |g }

P J p

9
+ {- (êy^)h + jgH 

and with

1 . 1 [ _1 + 8° 2BY j

p 4p^ (y+a) (y+a)

II-4

1
(y+a)3

where

1 z cos

B Pi

a
a2
2P/

m2 = p7 (g2-l)

h e -(g2-1) ln^-y - 2} + | .

We have from Equations II-2, II-3, and II-4,

Q2d3Q _ TT Qo T h + % / 1
B2 ( )2 p±2 4p±4 I(y+a)2 Pi ’ (y+a)2

^l)h

2B
11 

" 3BJ
y__ 

(y+a)
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and 
3

Q^d^Q = n  Qo F h + % / 1
B,2( )2 p.2 4Pi4 L (y+a)2 pi Hy+a)2

{(^l)h - k}+ -^(Wzljh - b
23 3 (y+a) 3 215 36

II-5

B. Using Feynman’s formula and after an appropriate

expansion we find that

1 
ab

dx
?[a + x(b-a)]

1 _ 1 
2 ~ "" 2BB’( r (2Pi.Q)(2pf.Q)pZ

[------S------ = 4^ /
J (p^•Q)(pf-Q) q

where
N = (Ei2Qo2 - Pi2|Q|2) + 2x {-E±Qo3 + |Q|2Pi2(l-z)

+ E±QoZIQ|2} + x2{Qo4 -|Q|22Pi2(l-z)

+ |Q|22EiQo(l-z)} .

If we expand N around (E^2Q^2 - p^21Q j 2), we will have 

infinite number of terms with the same power of Q and the 
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worst thing is that the Q integration of the terms pro­

portional to (1—z ) diverges when = p^ limit is taken. 

However, we know that in the relativistic region only 

the forward scattering is important. Therefore, putting 

z = 1 would not incur great error. In fact, the authors 

in Reference [8] performed numerical integration to find 

that the error is less than 5 percent. So we put z = 1 

and expand to find that

2
------1------------- * —£-7
(p±.Q) (pf-Q) (p^Q) (Pj^Q)

II-6

Thus we have

Q^d^Q 
2 

bb' ( r th + - w»1

and

l-\ -^3 »
4p± (y+a/ pi (y+a)J

Qo2d30

BB' Pi2 ( B2-l)

1 Qo2Py 
+ 3

Pj/y+a)

We find that the second term in II-6 is necessary to 

make this approximation scheme reasonably good, i.e., 

RgQ and R31 terms are absent in ff2/ , g2-
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C.

B' B ~B“ +
Pi -Q

+ p7q>
1 
p2

= - —4 Rhy + |} 
Pi L

(y+a)

2 38-1
28

(h - |) ^-1

1 2 4+ —-—? <2shy + 
(y+a)

II-8

where use has been made of the integration

Pf-Q 
P^ • Q a3o

m2(Ef - -i pfz)

E. E.+p. Ef pfZ 1
’ X) + (2Ë7 ’ _

D. The R.. defined in the text 13
in Equation (3-20) comes

from

dy (y+a)1 13R. .

where j = 0, 1, 2, 3 and i = 2, 3.



APPENDIX III

THE DISTRIBUTION INTEGRAL

Use has been made of the following series expansion.
CO

—-—x = E (-l)nenx, x < 0
1 + e n=l

oo
—= x > 01 + e* "'I

Then _ x
T = f dx f dy (---- L—) (1------ 1—) (x-y)nf(x)
n f ./ 1 + ex v 1 + v

X X

would have the form 

OO oo

In' X E (-1)"" 
m=l n=l

V X

- J dx(-Dm r

A"1 A"1

> 
co

t/dx^e" J

V X
oo X

/ -mx+nw / 
— Ie 1

v . v
- f dx (

III-l

V X

- f dxa™r™ J dyenye-nv
L I"1 x-i

sny-nvdy

J
%^^dy

1

dy J (x-y ) nf (x) HI-2

67



68

=A+B+C+D+E. The order of A, B, C, D, E is the 

same as that of the integral in Equation III-2. We 

take one step further to rewrite the integral I. With 

a change of variables,

-1 -1x-y=z, y = w + A - z, x - À = w,
-1 and x = w + X .

00 co
A = EE,.,x m+n (m+n) (X ) 

m=l n=l ' e

i-l .. _i
n f(w+Xi j imtnjw / aze1 awe i

0 0^

« _ V”a 1
B = - E (-1)"

n=l O*'

w -1
/ -nz n dz f(w +X ).J e z

^0

Next, with a new change of variables

x - y = w + z, y = x- w- z =

z - v - y
u-X~l oo *

C = Ê Ë *. —/

m=l n=l 0 Q

v - z,

dze nz(w+z)nf(w+v)
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w
(nH-n)wD

0 0

w

E

dz z^ f (w+ v)

e “mw

Then the successive partial integration yields a series

solution of the integral I. It is easy to show that 
-1when v - A >> l, the leading term in I is, if f(E^) = 

E/ * (Ep

co «

Tn 5 S a (v) + 52 if r > n.
m=0 m=l

00

Tn 52 a'mvn ««V) + 52 V(V) 
m—n m—1

if r < n

where 4>m (x) = d"^ (x) 
dxm

As a simple example, we write down I when f(x) = 1 and

r = 4.

I = 4!{2t] (6) + 4n (2)n (4) }
— 1 5 _ -I

ln21n(l+e-^-^
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+ w-rV É <-i)“ 

n=l n

+ 4(v-X-l)3 £ "^{^1 + 1 }

n=l n

03 — 1
+ 12(u-X~l)2 E 

n=l n n

+ 24(v-X-1) É 
n=l

fn (4)+n(5) . n(4) . n(2)+n(3) . n(2) . l+in2
{ - + + —T + -T + 3^

+ 24 i (-i)n.-n(v-X-1J{anW. + 1. + 

n=l n n n

+ 24 ln(l + g-lv-X-l); £ (_1)me-m(v-X"1) 1 

m=l m

+ 24 E £e-(m+n)(v-X X) ™------  .

m=l n=l n (m+n)

Finally, when we write down Equation (3-22), we neglect
all the terms proportional to the f(X 1).


