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This is the quotient graph induced by the action of the congruence subgroup T
Q l (Z [l/5]) on the (5 +  l)-regular tree T<3.
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CHAPTER I

Introduction

This dissertation is divided into two nearly independent parts. Chapters II, III 
and IV examine the action of certain subgroups of GL2 (QP) on the regular tree Tp. 
Chapters V, VI and VII extend a theorem of Kloosterman from analytic number 
theory estimating the number of representations of an integer n in the form

Tl =  CiXj +  C2X2 “h C3X3 +

The proof of the main result in the first part requires a corollary of the main result 
from the second part.

1.1 Part I: Subgroups of GL2(QP) and their Actions on Tp

Let p  be an odd prime. The first half of this dissertation is concerned with the 
group GL2 (Qp) of invertible 2 x 2  matrices over the p-adic numbers and its action on 
the (p +  l)-regular tree Tp, obtained by identifying the vertices o f Tp with equivalence 
classes of lattices over Qp . This action is analogous to the action of SL2 (R) on the 
upper half plane % =  { z  £  C | | Im 2  > 0 }.

With respect to a fixed base, let t?o be the vertex corresponding to the lattice

0 ’1

1
® z p

0

The action of a particular matrix M  £  GL2 (Qp) on Tp is characterized by its deter­
minant and trace:

T h eo rem  3 .4  (p. 2 3 ). Select M  £  GL2 (Qp). Write trA / =  p lT' and det M  =  
pdD', where t, d £  Z and T \ D '  £ Z p \  p Z p. Let p  be the maximum integer such 
that p~^M £  GL2 (Zp). Let A  be the discriminant A =  ( tr M )2/4  — (det M ) of 
the characteristic polynomial. Then M  acts on Tp so that the vertex vQ is moved a 
distance d — 2p, and

1
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2

(1) If A  is a non-zero square in Qp and d >  2t, then XI translates some geodesic 
in Tp by a distance d — 21. The distance between uq and the translated geodesic 
is t — y .

(2) If A  is a non-zero square in Q, and d <  21, then XI fixes every vertex on some 
geodesic in Tp.

(3) If A  is a non-square in Qp and d is even, then XI is a rotation. The distance 
between vq and the closest fixed vertex is d / 2  — y.

(4) If A  is a non-square in Qp and d is odd, then XI is an inversion. The distance 
between vq and the center of the inverted edge is d/ 2  — y .

(5) If A  — 0 and XI is a scalar multiple of the identity, then XI fixes every vertex 
in Tp.

(6)  If A  =  0 but XI is not a scalar multiple of the identity, then XI fixes one 
boundary point and infinitely many vertices. The distance between Vq and the 
closest fixed vertex is t — y  =  d / 2  — y.

Let Q(QP) be the standard quaternion algebra over Qp with basis ( 1 , i, j ,k }  and 
multiplicative relations

i2 = j 2 =  k2 =  - l ,  jk  =  - k j  =  i, ki =  - i k = j  and ij =  - j i  =  k.

Let Q^Qp) denote the group

Q l(Qp) =  { a i 1 +  a 2 i +  a 3 j +  a.t k E Q(QP) | a\ +  a\ +  a\ +  a\ =  1 } .

Then Q(QP) =  M2 (Qp) as algebras, and <2l (QP) =  SL2 (QP) as groups. Q l (Qp) inher­
its the action of GL2 (QP) on Tp. On the subgroup Q Y{Ii[\/p]) of Theorem 3 . 4

can be significantly simplified:

C oro llary  3 .6  (p . 25 ). For p an odd prime, select

with ai € Z and not all of the a, divisible by p. So a\ +  a\ +  a\  =  p2n and
tra: =  2 a \/p n. Let p l be the largest power of p  dividing a\. Then:

(1) If n =  0, then x is a rotation that fixes the vertex v0.

(2) If n >  0, then x translates some geodesic a distance of 2n — 21. The vertex Vo
is moved a distance 2n, and the distance between vq and the geodesic translated 
by x is t.
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Now, for integers L >  1 not divisible by p. define maps

0 : Q ‘(Z[l/p])— >Ql(Z/(I))  and 
: Q^Zll/pj) — > P I(Z/(£))

bv
fli ^2 O3 -------- -------- -------- — ■
— 1 +  — i + — j +  — k 1— ► a xp~n 1 +  a2p",l i +  a3p -nj +  a4p“n k,pH  pH  p H  pH

where Q l {Z/ (L) )  is the group of standard quaternions of norm 1 over the ringZ / (L) .  
and

P' ( Z/ ( L) )  =  Q l (Z/ (L) )  /  N( Z / ( L) ) .

where N( Z / ( L ) )  is the central, normal subgroup

N( Z / ( L ) )  =  { a a + O i  +  Oj +  Ok a\ =  1 (mod L)

So the groups Q l ( Z/ ( L) )  and P ( Z / ( L )) are the quaternion analogues of SL2 (Z /(£ ))  
and PSL2 (Z /(L )), respectively.

Let YPiL and Y'p L be the kernels of the maps <p and 0', respectively, so that

r  p,l =  | ^ l  +  p i  +  ^ j  +  ^ k 6  Q \ Z [ l / p \ )  ao =  a3 =  a4 =  0 (mod L) j

and

r L =  { ^ 1 +  ^ i +  p j +  ^ k e  r -’ t  “ 1 s p ” ( m o d i ) | .

Then r;,t  < r,,t < q \ z [ i /p|) < Q'tnj,).
The actions of the groups YP̂L and Y'p L on the (p +  l)-regular tree Tp induce 

compact quotient graphs

Xp,L — r p,L\Tp and Xp L =  Yp L\TP.

The quotient graph is displayed in the front of this dissertation. Other examples 
appear at the end of Chapter IV.

The primary goal of the first part of this dissertation is to obtain information 
about these graphs and about the groups Q l {Z[ l / p \ ) / Tp L̂ and Q l {Z[l /p})/Y'pL which 
act on XP'L and Xp L, respectively. These two quotient groups are isomorphic to the 
images of Q l {Z[l /p})  in P l (Z/ (L) )  and Q l (Z/ (L) )  under 0  and 0', respectively. The 
difficulty lies in determining the images of 0  and 0'. This is accomplished by invoking 
a corollary of the main result from the second half of this dissertation.

The main result of this first half is a formula for the number of vertices in Xp L 
and X^L:
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C orollary 3 .31  (p . 3 9 ) . Write L =  2t L', with L' odd. Then:

2 |V '^ ,t l =  |<31( Z [ i / p ] ) / r p,4

1, if £ =  0 so L =  1 (mod 2);

1/2, if £ =  1 so L =  2 (mod 4):

1/4, if £ >  2 so L =  0 (mod 4).q\L '

1 -  w

and

i\vx'PiL\ = |Q‘(z[i/p])/r^

q\L '  X H J

1, z/L odd;

1, i /8  | L and p2m =  L +  1 (mod 2L)

/or some m £  Z;

1/2, if L >  2 even and p2m ^  L +  1 (mod 2L) 

/or a// m 6 Z;

i / L = 2 .

In particular, the number of vertices in (but not X' L) is independent of p. 
Figure 1.1 displays XpL for L =  4 and each of the values p =  3, p  =  5 and p =  7. 
All three graphs contain eight vertices.

p =  5 p =  /

Figure 1.1: The quotient graphs X3A, X5A and X7A

1.2 Part II: An Extension of Kloosterman’s M ethod

In his paper “On the Representation of Numbers of the Form ax2 + b y2+ c z 2+ d t 2”,
H. D. Kloosterman proves an asymptotic formula for the number r(n) of represen­
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tations of a positive integer n in the form C ix \  +  C ix \  +  C$x\ -f- C$x\, for constants

r(n) =

for every positive e, where

7T
y/ C 1C2C3C4

nS( n)  +  O  (n 17/18+e)

S{n)  = y ^ A ( k , n ) ,
k= 1

A(k,  n) =  k 4 ^  exp
h<k

—2irihn
l iG c .(A ,fc ) ,
»=l

fc-l
G c (h , k) = ^ 2  exP

j = 0

2izih
~ k ~

C j;2

and where indicates the sum over integers h with 1 <  h <  k and gcd(h, k) =
1.

Kloosterman then studies the singular series S^n) in order to determine which 
values of C\, C 2 , C3 and CA guarantee r(n) >  0  for all but finitely many n.

Kloosterman’s proof follows a method developed by G. H. Hardy and J. E. Little- 
wood, but requires significantly more analysis to establish an error bound less than 
O(n).

The second half of this dissertation extends Kloosterman’s proof to apply to 
representations of integers in the form

ft =  C \y \  +  C2 ?/2 +  C$yl +  C4J/4

under the congruence restrictions y* =  a* (m odLt) for i =  1, 2 ,3 ,4 . This is equivalent
to counting representations of n in the form

n =  Ci {L\X\  +  a i)2 -I- 0 2 (1,2X2 +  a.2)2 +  Cz(L,2X$ +  a^)2 +  Ca(L±x± +  CZ4)2 ,

where the are integers.
In particular, the following results are obtained:

T h eorem  6 .2  (p . 9 3 ). For each i =  1 ,2 ,3 ,4 , let Ci, Li and ai be fixed integers 
with Ci and Li positive. For each non-negative integer n, let r(n)  equal the number 
of integral solutions in the set

{ (2/1, 2/2 , 2/3 , 2/4 ) n =  C iy2 -I- C2y\ +  C3y2 +  C4y2 and t/j =  a* mod L, for each i j .
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6

Then:

L\L-2.Li L\ \JC\C i Cj,C,

for  every positive e, where

S{n)  =  ]T \4 (fc ,n ),
k= I

2irihn

h<k L J i=l

and where  ̂ indicates the sum over integers h such that 1 <  h <  k and
gcd(h,k)  =  1.

T h eo rem  7 .9  (p . 1 2 8 ). Let p and L be positive integers with p prime and L not 
divisible by p. Let a l; a2, a2 and a± be integers with of +  a% +  +  a* =  1 (mod L).
Let S be the set o f  representable integers

\L) } if  L even and a\ +  a | +  aij +  a\ 1 (mod 2L).

Also, for each positive integer m, put

M m =  { tl | 2m divides n } .

Then S  C C. If L is even, then C  \  S  is finite. If L is odd, then (C  \  M m) \  S is 
finite for every positive integer m.

1.3 Overview

The first half o f this dissertation examines the actions of GL2(<Q>P), Q l {'L[\/p]),  
Tp,l and r'p L on the tree Tp, and presents properties of the quotient graphs Xp^ =

S  =  { n | n =  y \  +  yf +  y \  +  yl for some yi €  Z with y* =  a{ (mod L) } .

and let C  be the se t  of positive integral candidates

if  L odd.

if  L even and a\  +  a% +  a\ +  a\ =  1 (mod 2L),
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r p,iXTp and XpL =  Y'pL\Tp. Chapter II reviews the p-adic numbers, the (p +  1)- 
regular tree and its automorphism group, the action of PGL2(Qp) on Tp, and the 
standard quaternion algebra. Chapter III describes the action of a matrix in GL2(<Q̂ ) 
in terms of its determinant and trace, examines the structure of Ql (Z[l/p])/rp̂  
and Q l {'L[l/p\)/T'p L, and derives formulas for the orders of Q ^Z fl/pJj/T px and 
Q l {Z[\/p])/Y'p L and for the number of vertices in Xp^  and Xp L. Chapter IV describes 
a set of programs written in ANSI C used to obtain instances of the quotient graphs 
XP'L and Xp Liov particular values of p and L.

The second half extends Kloosterman’s result to incorporate congruence restric­
tions, and derives a corollary required in the first half. Chapter V defines and evalu­
ates or bounds appropriate analogs and variants o f G c (h , k ) and A(k,  n).  Chapter VI 
modifies Kloosterman’s proof to obtain an asymptotic formula for representations of 
n satisfying the congruence restrictions. Chapter VII evaluates the singular series 
S(n)  for the case Ci  =  1 and Li =  L , for all i, in order to obtain the required 
corollary.
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CHAPTER II

Prelim inaries

This chapter provides some background on the p-adic numbers and the action of 
GL2 (Qp) on the (p +  l)-regular tree. The presentation is a mixture of informal ex­
amples and more formal definitions and propositions. Proofs of most of the following 
facts can be found in [FTN91].

2.1 p-adic Numbers

D efin itio n  2 .1 . Fix p prime. Define the p-adic norm on the rationals Q by |0|p =  0 
and \x\p =  p 'n, where x  =  (h/ k) pn with h , k , n  6 Z and gcd(h,p) =  gcd(A;,p) =  1. 
The field of p-adic numbers Qp is the completion of Q with respect to the p-adic 
norm. Qp is a totally disconnected locally compact field of characteristic 0. The ring 
of p-adic integers Zp is the completion of the integers Z within Qp. Zp consists of all 
p-adic numbers with norm less than or equal to one.

Informally, a p-adic integer can be thought of as the limit of a sequence

a i(m od p ), a2 (m odp2), a 3 (m odp3), a4 (m odp4), a5 (m odp5), . . .

such that ar =  ar+1 (m odpr) for each r >  1.

E xam p le  2 .2 . The equivalence x 2 =  6 (mod 5) has two solutions, x  =  1 and 
4 (mod 5). Each of these solutions can be lifted to a solution to x2 =  6 (mod 25). For 
example, the solution x =  1 (mod 5) can be lifted to x =  16 (mod 25). This solution 
can be continue to be lifted to solutions to x2 =  6 modulo 125, 625, 3125 and all 
higher powers of 5, as illustrated in Table 2.1.

When written in base 5, these solutions form a sequence

1, 31, 031, 4031, 24031, 124031, 2124031, 32124031, 132124031, . . . .

in which each solution gains an additional left digit over its predecessor. The limit 
of this sequence is a 5-adic integer.

8
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5r A solution to x 2 =  6 (mod 5r)
51 1 =  1
5* 16 =  1 -F 3 • 5
53 16 =  l  +  3- 5 +  0 - 5 2
54 516 =  1- f 3 - 5  +  0 - 5 2 + 4 - 5 3
55 1766 — 1 -t- 3 - 5 -H 0 - 52 -f- 4 - 53 -1- 2 - 54
5* 4891 =  1 +  3 • 5 +  0 • 52 +  4 • 53 +  2 • 54 +  1 • 55
57 36141 =  l - F 3 - 5  +  0 - 5 2 +  4 - 5 :i +  2 - 5 4 - i - l - 5 s +  2 - 5 6
5“ 270516 =  l +  3- 5 +  0 - 5 2 - r 4 - 5 ;i +  2 - 5 4 +  l - 5 5 +  2 - 5 6 +  3 - 5 '
5y 661141 =  l  +  3- 5 +  0 - 5 2 +  4 - 5 :i +  2 - 5 4 - F l - 5 5 +  2 - 5 6 +  3 • 57 +  1 • 58

Table 2.1: Lifting solutions to x2 =  6 (mod 5r)

Two p-adic integers are considered to be “close” to each other (as measured by 
the p-adic norm) if they are the lim its of two sequences that begin with identical 
subsequences. They can be added, subtracted, and multiplied by performing the 
operation on their integer sequences. Each p-adic integer has a multiplicative inverse, 
except for those divisible by p.

A p-adic number is a fraction of two p-adic integers with non-zero denominator. 
Each p-adic number can be represented as a p-adic integer divided by a power of p. 
Consequently, a p-adic number can be expressed as the limit of a sequence

rq (modp) a2 (m odp2) a3 (m od p 3) a4 (modp4) a5 (m odp5)
pl pl ’ pl  7 p* 7 pl

The fraction (ar (modpr))/p f is “the sam e” as (pfcar (modpr+fc))/p*+* for every k 6 N.

E xam p le  2 .3. The inverse of 100 in the field of 5-adic numbers is the limit of the 
sequence of rationals

0.04, 0.34, 3.34, 33.34, 333.34, 3333.34, 33333.34, 333333.34, 3333333.34, . . .

displayed in base 5.

2.2 Graphs and Trees

D efin itio n  2 .4 . A graph X  consists of a set of vertices V X  and a set of edges E X .  
Each edge is a two element subset of V X .  Two vertices x, y 6  V X  are adjacent if 
{x, y }  is an edge. The degree of a vertex x  €  V X  is the number o f edges e € E X  
with x  €  e.
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A path in X  of length n is a finite sequence x q , . . . ,  x„ G V X  such that {x*, x i+1} G 
E X  for all 0 <  i <  n. A chain is a path x o , . . . , x n such that x, /  x i+2 for all
0 < i <  n — 2. A circuit is a chain Xq, . . .  ,x n such that xq =  xn.

A graph X  is connected if. for every x ,y G V X ,  there exists a path x0, . . .  ,x n
such that x0 =  x and x n =  y. A iree is a connected graph with no circuits.

D efin itio n  2 .5 . Let T  be a tree. For x, y G V T ,  let [x, y] denote the unique chain
x Q, . . .  , x n such that x 0 =  x  and x„ =  y.

The distance d(x,  y)  between two vertices x, y  G V'T is the length of the chain 
[x, y\. Then d gives T  the topology of a metric space.

D efin ition  2 .6 . An infinite chain is an infinite sequence of vertices (xj | i G N) in 
V T  such that {x,, x i+1} G E T  and x* ^  xl+2 for all i G N. A geodesic (or doubly 
infinite chain) is a two-way infinite sequence of vertices (x, | i G Z) in V T  such that 
{xj,x ,+ i} G E T  and x* ^  x ,+2 for all i G Z.

The infinite chains (x* | z G Z) and (y* | i G Z) are equivalent if they have an 
infinite intersection. That is, if there exists n, A: G Z such that x, =  yi+k for all i > n .  
Two geodesics (xt) and (y,) are equivalent if there exists A g Z  with x, =  y1+fc for all
1 6 Z.

The boundary ft o f T  is the set of equivalence classes of infinite chains. So 
ft consists of the “points at infinity.” Alternatively, fix any xo 6 V T .  Then the 
boundary points ft are in bijective correspondence with the set of infinite chains 
beginning at x 0. There also is a bijection between equivalence classes of geodesics 
and ordered pairs (aq.u^) of distinct boundary points.

Write (ui,u!2) for a geodesic joining the boundary points u3\ , j j2 G ft. Also, write 
[x,u>) for an infinite chain x =  x0, x i , x 2, . . .  belonging to the equivalence class uj.

D efin ition  2 .7 . Let T  be a tree. For x, y G VT ,  put:

Bx,y =  { z  €  V T  | y G [x, z]} U { uj G ft | y G [x.u;)} .

Then the collection of all sets {x} where x G V T  and all sets B x y with x . y G  V T  is 
a basis for a topology on V T  H ft.

Under this topology, V T  U ft is compact. V T  is dense in V T  U ft, and the 
restriction of the topology to V T  is the discrete topology. The restriction of the 
topology to ft is given by the basis sets

ft(x, y) =  {a; G ft | y G [x,u;)} .

This is the same compact topology as that of the projective line over Qp.
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Figure 2.1: A portion of the (3 +  l)-regular tree 7-j

2.3 Regular Trees

D efin ition  2.8. The regular tree of degree p +  1, denoted Tp, is an unbounded tree 
in which each vertex has degree p +  1. Figure 2.1 illustrates a portion of Tz- The 
figure’s outermost circle of vertices actually should continue to split 3-way.

Informally, the vertices of the (p +  l)-regular tree can be identified with the 
fractions (ar (mod p r) ) / p t used to construct the sequences whose limits are the 
p-adic numbers. The vertices identified with the fractions (ar (m odpr))/p £ and 
(ar+1 (mod pT+l) ) / p l are adjacent if aT =  ar+1 (mod p r). Figure 2.2 shows a por­
tion of the (3 +  l)-adic tree, with the vertices labeled with numbers (or (m odpr))/p*. 
written in base 3.

The vertices in an infinite chain x0, x i , . . .  have now been identified with a se­
quence of fractions whose limit is a p-adic number. Hence, the boundary points Q of 
Tp can be identified with the p-adic numbers, plus an “infinity” number, representing 
the limit of the “backwards” sequence

_ , , . _ . , , .  0 (mod 1) 0 (mod 1) 0 (mod 1) 0 (mod 1)
0 (m odp), 0 (mod 1), --------------,-------- -— - A—=------------------------- . . . .

p pl p6 p4
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Figure 2.2: (3 +  l)-regular tree with numbered vertices
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Alternatively, the boundary points can be identified with points on the projective
line.

&i G

where [ao and [60 6 i]£ are equal if 0 06 1  =  aibQ. If ^  0, then the projective 
point [ao a i]£ corresponds to the p-adic number aou f1. The point [1 Of corresponds 
to the “infinity” number.

Formalizing this correspondence requires a more precise understanding of the 
fraction (ar (m odpr))/p*. Interpreted in terms of the projective line over <Q̂ , the 
fraction represents the collection of all projective points

dT z„

Compare this to the lattice

pr
0

aT +  kpr
JL k g Z v

p r
0

as lattices are defined in the following definition.

D e fin it io n  2 .9 . Fix a vector space V  of dimension 2 over Qp. A lattice of V  is a 
compact open subset of V  which is also a module over Zp. Two lattices L and LI are 
equivalent if L =  aL' for some a  G

L em m a 2 .1 0 . If L is a lattice, then L / p L  is a two-dimensional vector space over 
the finite field  Zp/pZ p =  Z /(p ). If e 1 G L and ei £  pL, then there exists e-i such that 
L  =  Zpei ® Zpe2-

P r o p o s it io n  2 .11 . Let L and L' be two lattices o f V,  belonging to equivalence classes 
A and A' respectively. Then there exist vectors e\ and eo and integers m and n such 
that L =  Zpe! © Zpe2 and L' =  Zpeip m © ZPe2p n. Moreover, the set {m , n} depends 
only upon A and A'. Consequently, define d (A, A') =  |m — n\.

P r o p o s it io n  2 .12 . Let Tp be a graph whose vertices are the equivalence classes of 
lattices in V, and whose edges consist of all pairs (A, A') such that d(A,  A') =  1. 
Then Tp is the regular tree of degree p +  1.

P r o p o s it io n  2 .13 . Let uj G SI be a point of the boundary of Tp associated to the 
infinite chain

{Ao, A i , . . . ,  A„ , . . .  }.

Let L{ G A, be such that L j  C Lj_y and L j  % p L j - \ .  Then P)j=o A; generates a one­
dimensional subspace r of V , and the correspondence w r is a bijection between SI 
and the set of one dimensional subspaces of V.
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2.4 Automorphism Groups of Regular Trees

D efin itio n  2 .1 4 . An automorphism  of a tree T  is a bijective map g : V T  —> V T  
that preserves edges. That is, {x, y }  is an edge if and only is {g(x),  g(y) }  is an edge. 
The automorphisms of T  are exactly the isometries of the metric space (T, d).

T h eorem  2 .15 . Suppose g is an automorphism of a regular tree Tp. Then exactly 
one of the following is true:

(1) There is a vertex x  6  VTP with g(x)  =  x;

(2) There is an edge (x , y }  €  ETP with g(x)  =  y and g(y)  =  x:

(3) There are a geodesic (x, | i E Z) and an integer k 0 such that g{xi) =  g(xi+k) 
for all i E Z.

Automorphisms are called rotations, inversions and translations (by distance k ) 
if they fall into cases (1), (2) and (3), respectively.

P ro p o s itio n  2 .16 . (1) The composition of two inversions on distinct edges is a
translation by an even distance.

(2) The composition of an inversion on an edge and a rotation that does not fix 
both vertices on the edge is a translation by an odd distance that contains that 
edge.

(3) If 'Tp is a regular tree of degree p +  1 > 2, then every automorphism of Tp can 
be expressed as a composition of translations.

D efin itio n  2 .1 7 . Suppose Tp is a regular tree of degree p +  1. Let Aut 7̂ , denote 
the group of automorphisms of Tp.

For each g E Aut Tp and each finite subset F  C VTP, put

UF(g) =  { h E Aut Tp | g(x) =  h(x)  for all x 6 F  } .

The collection of sets UF(g) is a basis for a topology on Aut Tp.

P ro p o s itio n  2 .18 . Under this topology, Aut Tp is a totally disconnected, locally 
compact topological group. Each basis element UF(g) is both open and closed. All 
finite subsets of  Aut Tp are closed.

For each finite subset F  o f V T p, the collection of sets

{  UF{g) | g  €  Aut T, }

forms a disjoint open cover of  Aut Tp. Also, UF(id) is a subgroup of Aut Tp-
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P r o p o s it io n  2 .19  (M a x im a l C o m p a ct S u b grou p s). For each vertex x  G VTP 
and each edge (y , 2 } G ETP, put

K x =  { g G Aut Tp | g(x)  =  x  } , and 

K {y,:} =  { 9 €  Aut Tp | y ({y , z} )  =  (y, 2 } } .

77ien K x and K{ y,z } are compact, open and closed subgroups of Aut 7^. Furthermore, 
every compact subgroup of Aut Tp is contained inside K x for some x  G VTP or inside 
K{y,z} for  some (y, 2 } G ETp.

D efin it io n  2 .2 0 . A subgroup T of Aut Tp is faithful if T n  K x =  { id}  for each 
x  G VTp. Also, T is transitive if, for every x, y  G VTp, there exists g G T with 
g ■ x =  y.

T h eo rem  2.21  (F aith fu l T ra n sitiv e  S u b g ro u p s). Suppose x  G V'7  ̂ and .4 C 
Aut Tp with |.4| =  p  +  1 satisfies:

(1) A  =  .4_1; and

(2) {a • x  | a G .4} =  {y | d(x,  y) =  1}.

Then A generates a faithful transitive subgroup T 0/  Aut 7^. Also, T is isomorphic 
to the free product of t copies of  Z and s copies 0/ Z 2 , for some t . s  €  N satisfying 
2t +  s =  p +  1 .

Moreover, if  T is a faithful transitive subgroup of  Aut Tp, then there exists .4 C 
Aut Tp with |.4| =  p +  1 satisfying ( 1) and (2), which generates T.

T h eo rem  2 .22 . If T C Aut Tp is a transitive subgroup of Aut 7^, then Aut Tp =  
K x ■ F for each x  G VTP.

2.5 Actions of Matrices on Trees

As described in Section 2.3, each vertex in Tp is identified with an equivalence 
class of lattices within a two dimensional vector space V over <QP. Every nonsingular 
matrix over Qp defines an automorphism of Tp. If the vertex v is associated with the 
lattice h pW\ © Zpro2, then M  • v  is associated with the lattice Zp( Mwi )  © Zp(A/m2).

Matrices M  and M' define the same automorphism if and only if M  =  a M '  for 
some a  G Qp. Hence there is an action of PGL2(Qp) on Tp.

P r o p o s itio n  2 .23 . On the boundary fi of Tp, PGL2(<Q̂ ,) is the group of projective 
transformations of Ft. PGL2(Qp) acts transitively on Tp and Q. PSL2(Qp) is non­
compact, acts transitively on Q, and has exactly two orbits on Tp.
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L em m a 2 .24 . Let v0 be the vertex associated with the lattice

Zn
1 ©zp O"
0 r 1JP

PSL2 (Zp) is the subgroup o /P G L 2 (Q ,) which maps v0 onto itself. PSL2(Zp) is a 
closed subgroup of K \ 0 and acts transitively on Q.. PGL2(Qp) is a proper subgroup 
of A\it{Tp), and PSL2(Zp) is a proper subgroup of K \ 0.

P roposition  2.25. Let t and s be non-negative integers such that q +  I =  2t +  s. 
Then there exists a discrete subgroup T C PGL2 (Qp) such that

(1) T acts faithfully and transitively on Tp,

(2)  T is isomorphic to the free product of s copies o f L 2 and t copies o f Z .

(3) p g l 2(Qp) =  r • p g l 2(z p).

P roposition  2.26. Under the action o /P G L 2(Qp) on Tp:

(1) Under any basis for  V , the matrix ^  ^  is an inversion.

(2) Fix u  £  Q. A basis { e i , e 2 } for V can be chosen with respect to which every 

element o /P G L (2 ,Q p) which fixes ui can be written as .4 =  | °   ̂ } , with
V °  d J

ad ^  0. Furthermore, .4 is a rotation if  and only if  \a\p =  \d\p =  1.

(3) Let 7  =  be a doubly infinite geodesic; then there exists a basis of V  with
respect to which every element A o /P G L (2,Q p) n  G7 can be written as

- 4 = (  ) /for  .4 ■ jj =  u) and .4 • ui' =  ui') or
\ 0 d j

A =  | ] (for A ■ uj =  lj' and A  • ui' =  ui).
\ c0J

2.6 The Standard Quaternion Algebra

For any commutative ring R , let Q{R)  be the four dimensional algebra over R 
with basis { l , i , j , k }  and multiplicative relations

i2 = j 2 =  k2 =  -l, jk =  - k j  =  i, ki =  - i k = j  and ij =  - j i  =  k.
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Define the norm and trace from Q (R)  into R  by

j|czx 1 T - g 2 i  +  g 3 j  ■+■ G4 k | |  =  a2 -+- fljj "b G3 -F a,2'. and 

tr (ax  1 +  0 2  i  +  0 3  j  +  <24 k )  =  2 a t .

An element di 1  +  a2 i +  a3 j  +  g4 k  of Q (R )  has a m ultiplicative inverse in Q (R ) 
if and only if its norm is invertible in R. Its inverse is

Consequently, Q{R)  is a division algebra if and only if the norm of every non-zero 
element of Q {R )  is invertible in R.

Suppose that 2 is invertible in R, and there exist x .y  €  R  such that x 2 +  y 2 =  — 1 . 
Then the algebra Q{R) is isomorphic to \ l 2(R) via the isomorphism

ax 1  +  a2 i  +  g 3 j  +  a 4 k

-I- ( - x ( m n -  m22) -  y { m \2 +  m21)) j  +  ( - y ( m u -  m22) +  x (m l2 +  m21)) k .

In this case, the norm and trace in Q(R)  agree with the determinant and trace in

Consequently, if p and L are odd with p  prime, then Q(QP) =  XMQp) and 
Q {Z /(L ))  =  M2 (Z /(L )). Also, Q(Q 2 ) is a division algebra, but Q (Z /(2 )) is not.

Let Q '{R )  denote the group of units in Q {R )  under m ultiplication, and let Q l {R) 
denote the subgroup of Q '(R ) containing elements of norm 1 . If Q (R )  =  M2 (/2), then 
the same isomorphism gives Q*{R) =  GL2 (/2) and Q l {R ) =  SL2 (i?). In particular, 
this holds for R  =  Qp and R =  Z /(L ) ,  with p  and L odd, and p  prime.

Further, define Q l (Z[l/p]) to be the subgroup

The subgroup Q l {Z[l/p\)  of Q l (Qp) is analogous to the subgroup SL2 (Z [l/p]) of 
SL2 (Qp).

(ai 1  +  a2 i  +  a3 j  +  a4 k )  1 =  (a2 +  a% +  a2 +  a2) ^ax 1  — a 2 i  — d3 j  — d4 k ) .

and its inverse

M 2(R).
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The diagram below summarizes the relationships of all these groups and algebras. 
Arrows indicate inclusions, and equalities indicate isomorphisms.

Q \ Z [ l / p \ )  ------ ► Q'iQ, , )   ► Q*(Qp)  ► Q(Qp )

SL2 (Z [1 /p\) ------ ► SL2 (Q ,)  ► GL2 (Qp)  > M2{Qp )
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CHAPTER III

The Q uotient ^ ranhc y  =  ^ p , l \ T p  and

The group SL2 (R) acts on the upper half plane

H =  { z €  C | Im 2  >  0 }

via the linear fractional transformations

m  11 m 12
m 2 1 m22

TTluZ +  mi2

m 2\z  +  m2 2

The subgroups of SL2 (M) can be studied by examining their actions on H.
The fundamental domain of a discrete subgroup T of SL2 (R) containing — 1 is an 

open set V  C % such that ^•'Z ?nl> =  0 f o r a l l ^ € r \ { l }  and U 3er#  -"D =  H.
The modular group SL2 (Z) is an arithmetic subgroup of SL2 (R). One fundamen­

tal domain for SL2 (Z) is the region

shown in Figure 3.1.
For each integer L >  l . a  natural homomorphism SL2(Z) —> SL2(Z/(L)) is ob­

tained by mapping the matrix entries Z —*■ h /{L ) .  The kernel of this homomorphism,

is called the principle congruence subgroup of degree L. Also, the map SL2(Z) —> 
SL2(Z/(L)) is surjective. Consequently, SL2(Z/(L)) is isomorphic to SL2(Z ) / r^ .

This chapter examines some congruence subgroups of matrix and quaternion 
groups over the p-adic numbers that are analogous to the congruence group Tf,. The 
action of SL2(R) on H  is replaced by the action of SL2(Q,) on the (p -I- l)-regular 
tree, and the role of the fundamental domain is replaced by the quotient graph of Tv.

{ 2  G C | |z( >  1 and |Re z{ <  1 / 2  } ,

T'TCu m i2 \  m ij £  Z, rnn m 22 — m i2m2l =  1,
m 2 1 m 22 I m n  =  m 22 =  1 and m 12 =  m2i =  0  (mod L )

19
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-1 - 1/2 0  1/2  I

Figure 3.1: A fundamental domain for SL2

Sections 3.1 and 3.2 examine the actions of GL2 (QP) and Q 1(^[1/p]) on Tp. Sec­
tion 3.3 defines two particular congruence subgroups r Pi£, and V  L of Q (Z [l/p]) as 
the kernels of homomorphisms. Section 3.4 applies the results from Sections 3.2 
and 3.3 to obtain formulas for the orders of Ql{Z [l/p ])/T PiL and Q l {Z[l/p\)/r'p L 
and for the number of vertices in the quotient graphs induced by their actions on Tp.

3.1 The Action of M E GL,2 (Qp) on Tp

Let M  be a matrix in GL2 (QP). The action of .V/ on Tp can be understood by 
determining which boundary points of 7p are held fixed by M.  These points can be 
determined by solving

M
~h A h
k \k

or (M  -  AI2) =  0 .

That is, the fixed boundary points correspond to the eigenvectors of M.

L em m a 3 .1 . The characteristic polynomial for  M  €  GL2 (Q^) is

A2 — (tr M)X  -I- (det M ).

The discriminant of this quadratic polynomial is

A  =  (tr M )2/4  -  (det M )

Write A =  p6A', where 8 G Z and A' £ Zp \p Z p, so that A is a square in Qp if and 
only if 8 is even and A' is a square modulo p.

Then M  has:

(I) A repeated eigenvalue at A =  (tr M )/2  if A  =  0.
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(2) Two distinct eigenvalues A =  ((tr M ) ±  \ /A ) /2  if A  is a nonzero square in Qp.

(3) No eigenvalues in Qp if  A  is a non-square in Qp. However, M  does have two 
distinct eigenvalues lying in a quadratic field extension o f Q p .

Proof. The characteristic polynomial for M  is

det ( m i 1  A m ‘2 J =  (m u -  A)(m22 -  A) -  (m 12)(m 2 i)
\  m2 1 77122 — A J

=  A2 — (m u -F 77i22)A +  ( 1̂1 7̂222 — m i2 m2 i)

=  A2 - ( t r M ) A  +  (d etM ).

Solve A2 -  (tr M )  A +  (det M )  =  0 by completing the square:

(A -  (tr M )/2 ) 2 =  (tr M ) 2/ A  -  (det M ) =  A .

Write A  =  psA'. If A' is a square modulo p, then A' =  d% (m odp) for some d0- 
By Hensel’s lemma, d0 can be lifted to a solution to A' =  D'2 in the p-adic integers, 
since p is odd. Then (p5̂ 2D')2 =  psA' =  A  in Qp when 6 is even.

On the other hand, if A  is the square of D  in Qp, then write D  =  pdD' with 
d €  Z and D' €  Zp \  pZp. Then A  =  D 2 =  p2dD'2, so 5 =  2d is even and A ’ =  D'2 
lies in Zp \  pZp.

If A is a square in (Qp, then A has exactly two square roots, say ± V A - Then

A =  (tr M  ±  V~A)/ 2 .

If A  =  ps A' is not a square, then 6 is odd or A' is a non-square modulo p. Fix any 
non-square r e  Zp \  pZp. If A' is a non-square, then A 'r - 1  is a square in Qp. So:

f  (tr M  ±  V rv/rrTA )/2  €  Qpiv/r], if S even and A' non-square;

A =  < (tr.W ±  s/p\Jp~xA ) / 2  e  ^   ̂ °dd and A' square;

(trT / ±  y/pT^/(pr)-'LA ) / 2  e ^ [ v /p r ] ,  if 8 odd and A' non-square.

□

P r o p o s it io n  3 .2 . Select M  G GL2 (Qp) with discriminant A  =  (tr M )2/4  — (det M )
a non-zero square in Qp. Write tr M  =  p lT' and det M  =  pdD ', where t ,d  € Z and
T ',D '  e  Z p \ p Z p.

(1) If d > 2 t ,  then M  translates a geodesic in Tp by a distance d — 2t.

(2) If d <  21, then M  fixes every vertex on a geodesic in Tp.
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Proof. By Lemma 3.1, M  has distinct eigenvalues A1?A2 G Qp with corresponding 
linearly independent eigenvectors wi and w2. Write At =  pllX\ and A2 =  pl2X'2 with 
Aj, AJ> G Zp \  p Z p and l i , l 2 G Z.

The eigenvectors w t and w2 correspond to boundary points of the tree Tp. The 
vertices lying on the geodesic from W\ to w2 are exactly those lattices of the form 
v =  Zppawi © Z ppbw2, with a, 6 G Z. Applying M  to each of these vertices yields

M  ■ (Zppawi ©  ZPpbw2) =  ZppaX1wi © ZppbX2w2

=  ZpX'lpa+llw l © ZpX'2pb+hw 2 =  ZPpa+hw l © Z ppb+l:iw2,

and by Proposition 2.11,

d{v, M  • v ) =  |/] — l21.

From the characteristic polynomial, either t =  m in{ l \ , l2) or l\ =  l2 <  t because 
Ai +  A2 =  tr M .  Also, AiA2 =  det M  implies that li +  l2 =  d.

If 11 <  l2 then l\ =  t and l2 =  d — t  so l2 — lx =  d — 2t. If Zt >  l2 then l2 =  t and
/1 =  d — t so li — l2 =  d — 2t. In both of these cases, li ^  l2 and t =  m in (/!,/2), so
d =  l\ +  l2 >  2  m in{ l i J 2) =  2 t, and hence d >  2 1.

If li =  l2 then li =  l2 =  d/2 <  t so li — l2 =  0 and d  < 2 t .  □

P ro p o s itio n  3 .3 . With respect to the basis { e i ,e 2} fo r  V,  let Vo be the vertex in Tp
corresponding to the lattice

Z T

Choose any matrix M  =  (m^) G GL2 (Qp). Write det M  =  pdD' and mij =  p^'im'^, 
where d,p,ij G Z and D ', m G Zp\p Z p. Set p =  m in(/i,j), so that p~^.\[ G GL2 (ZP). 
Then d(v0, M  ■ v q )  =  d — 2p.

Proof. The matrix p~^M  has determinant pd~2flD' and its entries all lie in Zp. Since 
the matrices M  and p~^M  have the same action on Tp, it is enough to prove that 
d{vQ,M  ■ vq) =  d  for matrices M  G GL2 (ZP) with at least one pij =  0. If p 2i =  0 
then

1 0

1--
--- 0 1

©Zp
1

M  ■ v0 = Z r

=  ZE

©Zp
m n

=  z p
m u

© z p
m \2m2i -  m n m22

m22 m 21 m22m2\ — m2\m22
m n
m 21

m  [ j 7712 /
© Z E

- p dD'
0

=  Zr
mi j ̂ ^21

© Zr P
0
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So v0 =
1

©  Zp
772 j  j  TTZq j

0
t*

1
M  ■ v0 =  pdZp © ZB

771 j  j  /  /  j

If = 0  then 

M - vq =  ZP
m  ii

m2i
©Zp

77712
=  z p ©Zp m l2m ll ~  m l l m l2

77122 77121 m22m ll ~  m 2lm l2

So tTo — Zp
0 1
1

© z P
m ^ 177121

1 0 1 0

77l2i 77l | ^
© Z p

1
, 

Q -  z p
m 2i m f ,1

@ zp

------1
, 

“SJ

.V/ • u0 =  pdZp
0 1

1
©Zp

1
© Zp

m  12 77̂ 22
0 r 1

M  • V q =  p d Z p © z B
777. 1 2  77722

l

Similarly, if p 22 =  0 then

t ’o =  Zp

and if ^ 1 2  =  0  then

u0 =  Zp 0  Zp , 1— ► M • u0 =  pdri
1 m 12 m 22

In each case, vectors u?i and u/2 exist so that Co and M  • Co can be written as 

vQ =  Zpwi © Zpw2 and M  ■ v0 =  pdZ pwx © Z pw2.

By Proposition 2.11, d(v0 , M  ■ vQ) =  d.

Now, combine the results from Lemma 3.1 and Propositions 3.2 and 3.3.

0 1

1
© Zp

mj”21m22

□

T h eo rem  3 .4 . Select M  £ GL2 (QP). Write tr M  =  plT' and det M  =  pdD', where 
t, d £ Z and T ', D' £ Zp \  pZ p. Let p  be the maximum integer such that p~^M  £  
GL2 (ZP). Let A be the discriminant A =  (trM )2/4  — (det M) of the characteristic 
polynomial. Then M  acts on Tp so that the vertex vq is moved a distance d — 2p, and

(1) If A  is a non-zero square in Qp and d > 2t, then M  translates some geodesic
in Tp by a distance d  — 21. The distance between vq and the translated geodesic 
is t — p.
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(2) If A  is a non-zero square in (Q̂, and d  <  21, then XI fixes every vertex on some 
geodesic in Tp.

(3) If A  is a non-square in Qp and d is even, then XI is a rotation. The distance
between Vo and the closest fixed vertex is d /2  — p.

(4) If A  is a non-square in Qp and d is odd, then XI is an inversion. The distance
between v0 and the center of the inverted edge is d /2  — p.

(5) If A  =  0 and XI is a scalar multiple of the identity, then XI fixes every vertex

closest fixed vertex is t — p  =  d /2  — p.

Proof. If XI translates a geodesic, then exactly two boundary points are fixed, so 
A is a square in (Qp by Lemma 3.1. Consequently, if A  is a non-square, then .V/ 
must act as a rotation or an inversion. In this case, by Proposition 3.3, the distance 
between vq  and its closest fixed point is d(v0, XI ■ v0) /2  =  d/2  — p .  Cases (3) and (4) 
follow.

Cases (1 ) and (2 ) follow from Proposition 3.2.
If A =  0, then XI has one repeated eigenvalue. If the eigenspace is two dimen­

sional, then XI is a scalar multiple of the identity. Otherwise, the eigenspace is one 
dimensional, so XI fixes exactly one boundary point, ui. so XI is neither a translation 
nor a reflection. Consequently, XI fixes at least one vertex v, and also all vertices in 
the infinite chain [u,u;). □

L em m a 3 .5 . Fix an odd prime p, and choose x . y  E Zp with x 2 +  y2 =  —1 . For 
a\ € Qp j let M  £  M2 (Qp) be the matrix

Write a, =  pa'a\ and m l3 =  m't], where a,, e  Z and a', m'tj 6  Zp \  pZp. Then
min(ofj) =  min(pij).

Proof. The formulas for the in terms of the a, require m in(a,) <  min(ptJ). The
formulas for the a, in terms of the m t] are

2 a i = m n + m 22 ; 2 q3 =  - i ( m n -  m22) -  y(m 12 -f m 21); and

2 a2 =  m l2 — m 21; 2 a4 =  - y ( m n — m22) -I- x(m i2 -f- m21).

Since p is odd, these inverse formulas yield m in(at) >  min(plJ). □

in Tp.

(6) If A  =  0 but XI is not a scalar multiple of the identity, then XI fixes one 
boundary point and infinitely many vertices. The distance between v0 and the
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C orollary  3 .6 . For p an odd prime, select

x  =  —  1 +  —  i +  — j +  —  k €  Q l {Z [l/p })p n  pjx  p n J  p n  '

with ai 6  Z and not all of the a, divisible by p. So a\ +  a2 +  a2 +  a\  =  p2n and
tr x  =  2a x/ p n. Let p l be the largest power of p  dividing a x. Then:

(1) I fn  =  0 , then x  is a rotation that fixes the vertex v0.

(2) If n >  0, then x  translates some geodesic a distance of 2n — 21. The vertex vq

is moved a distance 2n, and the distance between uo and the geodesic translated 
by x is t.

Proof. Let M  be the m atrix in GL2 (ZP) identified with pnx. Then det M  =  p2n > a2, 
tr M  =  tr{pnx) =  2ax, and M  and x have identical actions on Tp. By Lemma 3.5, 
not all of the entries of M  are divisible by p. Now, apply Proposition 3.4 with p =  0,
t =  t and d =  2n. The discriminant of M  is

A =  (tr M )2/4  — (det M ) =  — (p2n — a2) =  — {a\ +  a\  +  a\).

If A =  0, then aj =  p2n so x  is the identity and n =  t =  0 .
If A 7  ̂ 0, then a2 <  p 2n so t <  n. Then A =  a\  (m odp2” ) is a square in Qp. Now

apply parts (1 ) and (3) of Proposition 3.4. □

3.2 The Action of on Tp and Quotient Actions

The group Q ^ Z fl/p ]) embedded in GL2 (QP) acts on the regular tree Tp of degree 
p +  1. Let T C Q l (Z [l/p ]) be a normal subgroup of finite index. Let X  be the 
quotient graph X  =  r \7 ^ , so vertices vx,v2 6  Tp are identified zq =  v2 in X  if and 
only if there exists a G T with a ■ v x =  v2. The quotient group (1j [ \ / p\) JT acts 
naturally on the quotient graph X .

The goal of this section is to establish a relationship between the number of 
vertices in X  and the order of the quotient group Q 1 (Z [l/ p])/ T . A later section will 
consider the structure o f Q l (X [\/ p \)J Y .

D efin itio n  3 .7 . W ith respect to the base { e i ,e 2}, let vq denote the vertex in Tp 
identified with the lattice Zp [^] © Z p[^]. Split the vertices of Tp into two disjoint 
sets according to the distance, modulo 2 , of the vertices from vQ.

VT% =  { v e V T p \ d(v o, v) =  0  (mod 2 ) }

VTp =  { v  e V T p \ d(vQ, v) =  1 (mod 2 ) } .

So VTP =  V j y  u  VTpl and VT?  n  VT? =  0.
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D efin ition  3.8. Define a map of sets a  : Ql (Z [l/p]) — > Tp by a (x ) =  x ■ v0.

The first goal is to show that the image of or in 7  ̂ is exactly 7^.

Lem m a 3.9. For x  £  Q l {7j[l/p\), x  ■ vQ =  vQ if  and only if x  £  {± 1 , ± i, ± j, ± k }. 
Consequently, for  each v £  a (Q 1 (Z [l/p ]), there are exactly eight x  £ Q ^ Z fl/p ]) such 
that x  ■ v0 =  v.

Proof. Write

ai , , a2 . , °3 . , 4̂ ,x  =  — H -------- l H-----j H-----kpn pn pn pn

with a ! ,a 2 ,a 3 ,a 4 £  Z and a2 +  a* +  a§ +  a2 =  p2n and not all of a L, a2, a3 and a4 

divisible by p. By Proposition 3.4, x  translates vq distance 2n, so

x  - vQ =  Vq <=>• n = 0  a\ +  of̂  +  a\ +  a\ =  I •<=> x £  {± 1 , ± i, ± j, ± k }.

Next, suppose v =  z ■ v0 for z  £ Q ^ Z jl/p ]). Then for all x £  Q ^ Z fl/p ]),

X  ■ V q =  V  < = = >  X  • V o  =  Z  ■ V q < = > ■  ( 2 _ 1 x )  • e 0  =  ^’0

z_1x £  (± 1 , ± i, ± j, ± k } <=>• x £ { ± 2 l ,  ±zi, ±zj, ±zk }.

□
Theorem  (Jacob i). For each positive integer n, let a'(n) equal the sum of those 
divisors of n that are not divisible by 4■ Then the equation a2 +  a\ +  a2 +  a2 =  n has 
exactly 8a'(n) integral solutions.

Proof. See page 30 of [Gro85]. □

Lem m a 3.10. If v £  T~p and d(vo, v) =  2, then x ■ Vq =  v for some x £ Q l (Z [l/p ]).

Proof. By Jacobi’s Theorem, a2 +  a.2 +  af +  a2 =  p2 has exactly 8 cr'(p2) =  8 ( l+ p - f p 2) 
integral solutions. By Lemma 3.9, exactly eight of these fix i’0, namely

± p l ,  ±p i, ±pj, and ± p k .

By Proposition 3.4, the remaining 8 (p +  p2) solutions correspond to group elements

x  =  — 1 +  — i +  — j +  — k £  Q l (Z[l/p]) 
p P P p

which displace v0 by distance 2 . Then by Lemma 3.9, there are exactly p + p 2 vertices 
in the image a { Q l (Z [l/ p])) of distance 2 from v0.

Now, in the (p +  l)-regular tree Tp, there are p +  1 vertices adjacent to the vertex 
v0, and (p-F l)p  vertices of distance 2 away from the vertex v0, so every vertex v with 
d(vo,u) =  2 must lie in the image a (Q l (Z [l/p])). □
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P roposition  3 .11 . The image a {Q l {h[l /  p\)) is exactly T£ ■

Proof. For each m  E N, set

s m =  { V €  Tp I d{v0,v) =  m } , so U
m  even

By Proposition 3.4, d(vo ,x  ■ v0) is even for every x E Q l {%[ 1/p])- Consequently, 
a (Q lCL{\/ p\)) C Tjf. T o  show 7^ C a { Q y {%[\/  p])), apply induction on m. First, 
So =  M  Q a (Q l (^ [l/p ])) because 1  • v0 =  v0. Also, S2 Q o (Q l (Z [l/p])) by the 
previous lemma.

Now, fix some even m  >  4, and assume Sm- 2 C a (Q 1(Z [l/p ])). Choose any 
vertex v 6  5 m, and then let v' denote the unique vertex in S m _ 2 with d{v ', v) =  2 . 
By the inductive hypothesis, v' E a fQ ^ Z ^ /p ])), so choose x E Q ^Z fl/p ]) with 
x • i?0 =  u'. Then

d(v0 , x - 1  - u) =  d(x • v0, v) =  d(r'. t/) =  2 ,

so x _1 -u E S2. Since 5 2  C a (Q 1(Z [l/p])), choose y E Q l (Z [l/p ]) with y - v 0 =  x _1  • v. 
Then (xy) -v0 =  v, so a ( x y ) =  v. Therefore, 5 m C a { Q l (2,[l/ p])) for all even m. □

D efin ition  3 .1 2 . Let T be any normal subgroup of Q ^ Z fl/p ]) of finite index. The 
action of Q l (Z [l/p ]) on Tp induces a quotient graph X  =  T\Tp. The quotient group 
Q l {Z [\/p ]) /T  acts naturally on X.  Let VX°  and V X l denote the images in V X  of
V T and VTp respectively. Then V X  = VX°  U V X 1, and V X °  n V X 1 = 0 because
d(v .x  • n) is even for all x E Q l (Z[l/p]) and v E Tp.

D efin ition  3 .13 . The map a  : <2l (Z[l/p]) — > Tp induces a map

a : Q1(Z[l/p])/r — > X.

-+ Ql(z[i/p]) > gl(z[i/p])/r ► 1
Q|r

rP r P r \ tp

Note that a  is well-defined, because if x, y E Q l (Z [l/p]) with x  =  y  in Q l {Z{l/p])/T , 
then xy~l E T, so x  =  ya  for some a E T. Then

ct(x) =  x  • vq =  {ya) ■ v0 =  y ■ {a • v0) =  y ■ v0 =  a{y)  

since a • vq =  vq in X  =  T\7^.

Lem m a 3.14. X  =  T\7^ is bipartite, and |VrA’°| =  )V'Af11.

R ep ro d u ced  w ith p erm iss io n  o f  th e  cop yrigh t ow n er. Further reproduction  prohibited w ithou t p erm issio n .



28

Proof. Every vertex in VTP has degree p + 1 , and every edge in ETP has one endpoint 
in V7^  and one in VTp , because Tv is bipartite. Consequently, every vertex in X  
has degree p +  1, and every edge in E X  has one endpoint in V X °  and one in V X 1, 
so X  is bipartite.

The quotient group Q x{ l t [ \ /p \ ) /T  is finite and the map a : Ql(Z[l/p])/r — > V X °  
is surjective, so ll7* 0! is finite. Counting the number of edges in X  two different 
ways yields:

(p +  1) IV' * 0 1 =  \EX\  =  (p +  1) |V '* r| .

□

P ro p o sitio n  3 .15 . Suppose T C Q ^ Z fl/p ]) is a normal subgroup of finite index. 
Put X  =  F\Tp.

(1) I f -  l . i j  e  r , then \ V X \ =  2  \Q l (Z[l/p])/T \.

(2) I f - l e T  but i ,j ,k  ^ T, then 2  \V X \ =  |Ql (Z [l/p ])/r |.

(3) / / - l , i , j , k  $  T, then 4 |V '* | =  |Q l (Z[l/p])/r|.

Proof. Lemma 3.14 implies \V X \  =  2 |V '*°|. For each v E V X ° , there is at least one
coset xr with a(xr) =  v because a  : <5l(Z[l/p])/r — > V X °  is surjective. Then

a ( x ir )  =  a (x iT ) =  a (x jr ) =  o (x k r) =  v.

Suppose pr E  Ql (Z[l/p])/r also satisfies a{yF) = v. Then (xlT) • v0 =  (p f) - v 0 =  v 
in * ,  so there exist g ,h  E  T such that (xg ) • v0 =  (yh ) • v0 =  v in Tp. Then 
(,g~lx ~ lyh ) ■ v0 =  v0 so g~lx ~ lyh E  { ± 1 , ± i, ± j, ± k }  by Lemma 3.9. Therefore,
pr e  { ± x ir ,  ± x ir , ± x jr , ± x k r } .

In Case (1 ), { ± x ir ,  ±x ir , ±xjr , ±xkr} =  {xr} contains just one coset, so 
\VX°\ =  \Ql (fL[l /  p\)\.

In Case (2), {±xlT , ±xir , ±xjr , ± xkr}  =  { ± x ir ,x ir ,x jr ,x k r }  contains four 
distinct cosets, so \V X Q\ =  4 JQ1 (Z [l/p ])|.

In Case (3), all eight of the cosets in { ± x ir ,  ±xir, ±xjr, ±xkT} are distinct, so
\ v x ° \  =  & m z [ i / P])\. □

C orollary  3 .16. The bipartite quotient graph Q 1(Z [l/p])\7^  contains two vertices. 

Proof. Apply Case (1 ) of Proposition 3.15 with T =  <5l (Z [l/p]). □

R ep ro d u ced  with p erm issio n  o f  th e  copyrigh t ow ner. Further reproduction  prohibited w ithout p erm issio n .



29

3.3 Two Congruence Subgroups over Qp

All of the groundwork is now in place. In the remainder of this chapter, attention  
is restricted to two specific collections of congruence subgroups of Q l {Z [l/p \) .

The definitions below make one abuse of notation. If L is even and a' G Z /{2 L ) ,  
then the value of a'2 modulo 2 L depends only on the equivalence class of a' modulo 
L, because

(a' +  L)2 =  a'2 +  2a' L +  L2 =  a'2 (mod 2L).

Consequently, for a 6  Z /{L )  and L even, the notation “a2 =  m (m od2L )” indicates 
that each a' G Z /{2 L )  with a' =  a (mod L) satisfies a'2 =  m (mod 2L).

D efin itio n  3 .1 7 . For all positive integers L, Q l (Z/ (L) )  is the group

Q l (Z/ (L) )  =  |  ai 1 +  a2 i +  a3 j +  a4 k a* G Z/ ( L) :  ^  a2 =  1 (mod L)
 ̂ i=i J

Define N{ Z/ { L) )  to be the central, normal subgroup

N{ Z/ ( L) )  =  | a l l + 0 i  +  0 j +  0 k  a i G Z /(T ) and a2 =  1 (mod L) j .  

and set

P l ( Z / ( L ) ) = Q i (Z/ ( L) )  /  N( Z/ ( L) ) .

Also, for all even L , define Q\ ( Z / { L) )  and P^( Z/ { L) )  to be the groups

4

Q \ { Z / ( L ) )  =  |  ai 1 +  a2 i +  a3 j +  a4 k a, G Z / (£); ^  a2 =  1 (mod 2L)
t=i

Ne(Z/ (L) )  =  N ( Z / ( L ) ) n Q le(Z/ (L) )  

=  | a 1 l + 0 i  +  0j  +  0 k  a t G Z /(L ) and a2 =  1 (mod 2L) j ;  and 

P le {Z/ {L) )  =  Ql ( Z/ ( L) )  /  N e(Z/ (L) ) .

D efin itio n  3 .1 8 . Define 0  : Q l (Z[l/p]) — ► Q l ( Z/ ( L) )  by

+  +  +  *— »■ a i P n l + a 2p n i +  a3p - n j +  a4p~" k.

For each integer L >  1 not divisible by p, define r Pi/, and TJ, L to be the groups

r p ,l  =  | ^ l  +  ̂ i + ^ j  +  ̂ k G  Q l (Z[ l /p\ )  a2 =  az =  aA =  0 (mod L) J ;
F'̂ L =  { ^ 1  +  p i +  ^ j +  ^ k €  Tp'L ai = P " ( m odL ) } -

So r pL < r p,L <  Q !(z [ i/p ])  <  Q l (Qp).
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L em m a 3 .19 . The kernel of d> is 4> X({1 }) =  The inverse image of N (Z /(I ))
is 0-l(iV(z/(L))) = rp,L.
Proof. Choose

x  =  —  1  4- —  i +  —  j +  — k 6  Q l (Z [l/p]).p n  p n  p n J  p n

Then

x € r Pt£ <f=> 02  =  0 3  =  aA =  0 (mod L)

<=> a2p _n =  a3p~n = a4p~n =  0  (mod L) <p(x) =  1 .

because gcd(p, L) =  1. Now for all x  6  r Pti,,

x e r ' p L <*=>■ a t =  pn (mod L)  *£=> a\p~n =  1 (mod L) <£=>• (p(x) £  N( Z/ ( L) ) .

□

In the previous section, Proposition 3.15 established a correspondence between 
|V'Af| and |Q L(Z [l/p ]) /r | for X  =  T\7^. Also, Q l (Z [l/ p\)JT acts on the graph T\7^, 
so information about the structure of Q 1(Z [l/p ])/r  translates into information about 
the symmetries of r \T p.

If (j) : Q l (Z[l /p])  ->• Q l (Z/ ( L) )  is surjective, then Q l ( Z[ l / p \ ) / Tp,L =  P l ( Z / ( L )) 
and Q l (Z[\ /p\)/T'pL =  Q l ( Z/ (L) ) .  In fact, the truth is a little more complicated.

C orollary 7 .10  (p . 129 ). Let p and L be positive integers with p  prime and L not 
divisible by p. Let a\, a 2 , 03  and a4 be integers with a2 +  a |  +  a% 4- a4 =  1 (mod L). 
Then there exist integers y  1, y2, y3, y4 and n such that y 2 t  y2 +  y3 +  yf =  p2n and 
yi =  ai (mod L) for i =  1 , 2 ,3 ,4  if and only if either

(1) L is odd,

(2) L is even and p2m =  1 +  L (mod 2L) for some positive integer m. or

(3) L is even and a\  +  +  a2 +  a2 =  1 (mod 2L).

Proof. This corollary shall be proved in Chapter VII as a consequence of Theorem 6.2.
□

P roposition  3 .2 0 . If L is odd or if L is even but p2m =  L -F 1 (mod 2L) for some 
m  Z, then the map 4> : Q l {Z[\ /p})  — > Q l(Z/ (L) )  is surjective. If L is even 
and p2m ^  L +  1 (mod 2 L) for  all m  £ Z, then the image d>(Ql (Z [l/ p])) is exactly
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Proof. Choose some ai 1  +  a2 i +  a3 j +  a4 k  £  Q 1(Z/ (L) ) .  If L is odd or if L is even 
and p2m =  L +  1 (mod 2 L)  for some m e  Z, then Corollary 7.10 implies that there 
exist integers y i, y2, y3, y4 and n such that y2 +  y2 + y j  +  y l  =  p2n and y, =  a* (modL) 
for each i. Put

x =  -  l + - i  +  ^ j  +  - k e Q ‘ (Z [l//)]).pn.  p n  p n J  p n  ' y U

Then 0 (x) =  a\  1  +  a2 i +  a3 j +  a4 k.
On the other hand, if L is even and p2m 3= L +  1 (mod 2L)  for all m £  Z,  then 

condition (3) of Corollary 7.10 implies that ai 1  +  a2 i +  a3j +  a4k e  Q l {Z/ {L) )  is 
in the image of 4> if and only if a2 + a \  +  a2 +  a\ =  1 (mod 2L). This condition holds
exactly for the elements of Q\ (Z/ {L) ) .  □

Proposition 3.20 can also be proven as a consequence of strong approximation for 
semi-simple groups over a number field.

T h eo rem  3 .21 . Let p and L be positive integers with p prime and L not divisible 
by p. Let (f>: Q l {Z[l /p\ )  — > Q l { Z/ { L )) be the homomorphism given by

CL\ (22 G3 . CI4 .  ---------- ----------- -----------  -----------
—  i  +  — i  +  — J +  — k  I— ► a \ p ~ n 1  +  a 2p ~ n i  +  a 3p _ n  j  -I- a Ap ~ n k .p n  p n  p n  p n

(1) If L is odd or if  L is even but p2m =  L +  1 (mod2L) for some m £  Z, then the
maps

3 : Q 1(Z(l/p])/rp. i . - ^ P l(Z/(i)) and

0 :Q1(Z[l/p])/r;.1 - + « ‘(Z/(0)

induced by 0  are group isomorphisms.

(2) If L is even and p 2m L +  1 (mod 2L) for all m £  Z, then the maps

5 : O l(Z[l/p])/rPli. - ^ P t,(Z/(L)) and

induced by 0  are group isomorphisms.

Proof of (1). By Proposition 3.20, the map 0  is surjective. By Lemma 3.19,

*-'({!}) = r;,t and r ‘(jV(Z/(i») = r,.t .

N ( Z / ( L )) is central and hence normal in Q l (Z/ (L)) .  Consequently, 0  and 0 * are 
isomorphisms by the first isomorphism theorem of groups.
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Proof of (2). By Proposition 3.20, the image of the map d> in Q l ( Z/ ( L) )  is Q\ ( Z/ ( L) ) .  
Since

Ne(Z/ (L) )  =  N ( Z / ( L ) ) n P } ( Z / ( L ) ) ,

Lemma 3.19, implies that

©"‘({i}) =  and t-'mmm  = r'mznm  =

The first isomorphism theorem of groups complete the proof. □

The following diagrams illustrate the homomorphisms in part ( 1 ) of Theorem 3.21 
forQ‘(Z[l/p!)/r,,L=iP,(Z/(L)):

1  > p , L  

01 r.p . L

l ----- 1 /V(Z/(£)) ----- ► Q ‘(Z/(L)t

and for <3 *(Z [l/p l)/r ',t “  Q l (Z/(L)):

P ‘(Z /(£))

■+ r:p,£-
0 |l p . L

1

+ Q i(z[i/p ]) ► Ql(Z[i/pi)/rPtL

-> Q l ( Z / ( D)  ------ ► Q l (Z/(L)) -)• 1 .

P r o p o s it io n  3 .22 . (1) If L =  L \L 2 and gcd(L i,T 2) =  T then

Q l (Z/ (L) )  S  Q ^ Z / i h ) )  x Q l ( Z / ( L2));

P \ Z / { L ) )  2 S P l (Z /(L i)) x P 1(Z /(L 2)); and 

'V(Z/(L)) S  ^(Z/CLO ) x :V(Z/(L2)).

j4/so, if L =  L \L 2, gcd(L[, £ 2) =  1 and Li zs euen, then

Q\ ( Z/ ( L) )  as Q ^ Z /d O )  x Q l ( Z / ( L2));

Pel ( Z / ( L )) a  P le { Z / { L x)) x P l {ZI{L2)): and  

Ne( Z / ( L )) a  Ne{Z/ {L, ) )  x iV (Z /(I2)).

(2) If L is odd, then Q l (Z/ (L) )  as SL2 (Z /(L )) and P l (Z /(L )) £  PSL2 (Z /(L )).

Proof of (1). The first three identities follow from the Chinese remainder theorem. 
The second three hold because

af +  a2 +  a2 +  0 4  =  1 (mod 2L]_L2)
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+=> a\ +  a\  +  a% +  a\ =  I (mod 2 Lt) and a2 +  a\  +  a\  +  a2 =  1 (mod L2),

and

a\ =  1 (mod 2 L iL2) <==> Oj =  1 (mod 2 L l ) and af =  1 (mod L2).

Proof of (2). Refer back to Section 2.6. □

P r o p o s it io n  3 .2 3 . For even L. Q\ ( Z / { L ) )  is normal in Q l (Z/ (L) )  of index 2. If 
L also is divisible by 8, then Ne(Z /  (L)) is normal in N{Z/ ( L) )  of index 2. and 
|Pel (Z /(L ))| =  |P 1(Z/(Z ,))|. If L is even but not divisible by 8. then N e(Z/ {L) )  =  
N{ Z/ { L) )  and so Pf ( Z / ( L) )  is normal in P l ( Z/ ( L) )  of index 2.

Proof. Define 9 : Q l (Z) (L) )  — > Z /( 2 L)  by

a i 1 +  a2 i +  03 j +  04 k i— >■ a~f +  a\  +  a% + a .̂

Since a\ +  a% +  +  a\  =  1 (mod L),  the image of 9 is a subgroup of { 1 , 1  +  L}  within
Z / (2L).  This image includes 1 + L  because every positive integer can be written as the 
sum of four squares. Hence, 8 ~ 1( { 1 , 1  +  L}) =  Q l (Z/ (L) )  and 0_ 1({1}) =  Q\ (Z/ {L) ) .  

Next, restrict 9 to N( Z/ ( L) ) .  If L is divisible by 8 , then

( 1  +  L/ 2) 2 =  1 +  L +  L2/ 4  =  1 +  L (mod 21).

so 1+L G 9{ N{ Z/ { L) ) .  Then 0~ 1({1 ,1 + L }) =  Ar(Z /(L )) and 0"1({1}) =  _Ve(Z /(L )). 
If L is even but not divisible by 8 , then N ( Z / ( L ) )  =  .Ve(Z /(L )). because

a2 =  1 mod 2 +=> a2 =  1 mod 4 <==> a2 =  1 mod 8

for all a\ G Z. □

3.4 Vertex Count

The goal of Section 3.4 is to combine the results of Theorem 3.21 and Proposi­
tions 3.15 and 3.23 with some techniques from number theory to obtain formulas for 
the order of the groups

Q\z[ilp\)/TP,L and Q‘(z[i/P]) / r;x,
and formulas for the number of vertices in the graphs

Xp,L =  Tp,l\T p and x ; <L =  F 'p<L\Tp.

Corollary 3.24 combines Theorem 3.21, Propositions 3.15 and 3.23, and the fact 
that if L is even and p 2m =  L +  1 (mod 2L) for some m  G Z, then L is divisible by 8 .
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C oro llary  3 .24 . Let p  and L be positive integers with p  prime and gcd(p, L) =  1 .

(1) If L is odd or L is divisible by 8, then

2 \V X p,l\ =  \ Qxm i p ] ) I T r4  =  \ Q' { Z/ ( L) ) \  /  |Af(Z/(Z))|.

If L is even but not divisible by 8. then

2 \V X p,lI = |(?‘(Z[l/p])/rp,L| = |Q‘(Z/(£))| /  2|.V(Z/(£))|.

(2) If L is odd, or L is even but p 2m =  L +  1 (mod 2 L) for  some m e  Z (hence, 
8  | L), then

4 ll+ U l  = iQ 'tz ii/pD /r^ l = |q '(z / ( x.))|.

If L >  2  25 even and p2m ^  L +  1 (mod 2L) fo r  all m e  Z, then 

*\v*ZA = IQ 'W /pD /C J  = |<3‘(z/(i))| /2.

If L =  2, then V‘pL =  Vp !_ and \ VXpL\ =  V.-VpX |.

Proof. From Proposition 3.15,

■2 iv-'A’p.ti = |QI(Z[i/p])/r,,t | ,

because - 1  e  Vpj. but i ,j , k f  r Pic- Also, if L > 2. then

4 \ v x ; ,L\ =  \ Ql ( z { i / P} ) / r P'L\.

because —1 ,i , j ,k  £ VpL. If L =  2, then r Pii =  r'pL and \VXP,L\ =  \VX^L\, because
=  pn (mod 2 ) +=+ a2 =  p2n (m od 2 ).
Now by Theorem 3.21, if L is odd or L is even but p 2m =  1 +  1  (mod 2 L) for

some m e  Z (hence 8  | L), then

\ Ql W M p \ ) f f , A  =  \ P \ Z / ( L ) ) \ , and 

|Ql(Z[l/pJ)/r;.t ! = \QHZ/(L))\

However, if L is even but p2m ^  1 +  L (mod 2 L)  for all m e  Z, then

|Q '(Z |l/p ))/rP,i| = |Pe‘(Z /(I ) ) | ,  and 
\ Q ' m i / p ) ) / r ' p,L\ =  \ Ql ( Z/ ( L) ) \ .

By Proposition 3.23,

2|<£(Z/(£))| = |Q‘(Z/(£))|;

R ep ro d u ced  w ith p erm iss io n  o f  th e  cop yrigh t ow n er. Further reproduction  prohibited w ith out p erm issio n .



35

and

2 \ P el (Z/ (L) ) \  =  \ Pl (Z/ (L) ) \  if 8 f L, and

\Pel (Z/ (L) ) \  =  \ Pl (Z/ (L) ) \  if 8 | L.

Combining these equalities yields the corollary. □

It remains to obtain formulas for \Ql (Z/ (L) ) \  and \ N{Z/ {L) ) \  as functions of L. 
First, a few lemmas are required. The proofs were suggested by a homework problem 
in [NZM91].

L em m a 3 .25 . Define

using the Legendre symbol

if  q divides a ;

if  a is a quadratic residue modulo q; 

— 1 , if a is a nonresidue modulo q.

Then

s(m , q) =  <

<7 — 1 , if m =  0 (mod <7) and <7 = 1  (mod 4)

1 — <7 , if m =  0 (mod q) and q =  3 (mod 4)

— 1, if m £  0 (mod q) and <7 =  1 (mod 4)

1, if m  ^  0 (mod <7) and <7 =  3  (mod 4).

Proof. For m  =  0,

9-1 / —A2
s(0 ,9) =

6=0

+  ( g — l),  if <7 =  1 (mod 4); 

— (<7 — 1), if <7 =  3 (mod 4).

For m  ^  0 (mod q),

s ( m , 9) =  £ ( ^ z i ) )  =  E
q  J  <?

<7 - 1
/  (mb)(m — mb)

6=0
<7-1

■ M6=0 v

(  m26(l -  b) <7-1

= E
6=0

6(1 - 6)
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The sum s (0 , q) + ----- H s(q  — 1 , q) equals zero, because

<7 - 1  < 7 - 1  9 - 1  /

]T s (m ,q )  =
m= 0 m= 0 6=0

b{m — b) 7 - 1  7 — L

EE
6=0 m =0

6(m  — 6)

= EE  (T/H (-j+EE  ( 7 )  =«+<«- 1)<o) = o
6=0  m=0  x  ̂ 7 6=1 m= 0  V * 7

7 - 1  7 - 1

Therefore
7 - 1  7 - 1

0  =  5 ^  s{m,q)  =  s (0 ,g) +  ^ 2  s (m, q)  =  s(0,q)  +  {q -  l ) s ( l ,g ) .
m=0 m=l

Hence, for each m ^  0 (mod <7),

s(m,<7) =  5 (1 , 17) =  “ s(0<<?) J -1-  ̂9  =  1 (mod 4);

9 ~  1 1 + 1 . if <7 =  3 (mod 4).

□

L em m a 3 .2 6 . For q an odd prime, let t (m,  q) denote the number of solutions to 
a2 +  b2 =  7n  (mod q). Then

t ( m , q ) =  <

2 <7 ~  1, if m =  0 (mod q) and q =  1 (mod 4):

1, if  771 =  0 (mod q) and q =  3 (mod 4) ;

q — 1, if m ^  0 (mod q) and q =  1 (mod 4):

q +  1, if m  ^  0 (mod q) and q =  3 (mod 4).

Proof. If m =  0, then a2 +  h2 =  0 (mod q) = >  a =  b =  0 (mod q) or (ab~l ) 2 =  
— l(m odg). If q =  3(mod4), then x 2 =  — l(mod<7) has no solutions, so t (m , q) =  1+0. 
If q =  1 (mod 4), then x2 =  — 1 (mod 9 ) has two solutions. Choose either for x. 
For each b £  0 (mod q), a2 =  — b2 (mod q) =+• a =  ±xb  (mod q). Therefore, 
t (m , q) =  1 +  (q — 1 )(2 ) =  2q — 1 .

For a given value of 6 , a2 =  m  — b2 (mod 9 ) has 1 +  solutions. If mr is a
quadratic residue (say m T =  k2 (mod 9 )), then the number of solutions to a2 +  b2 =  
m r (mod q) is

<7-1  r / _  , 2 x 1 £ X / k2 _ b2 \
t { mr ,q) =  ^ 2

6 = 0

1 +
m T — b2

=  < + E
6 = 0

=9+e
6= 0

(k +  b ) { k - b )

7 - 1

= ,, +  W i l 2* -  fr))  =
6=0 V 9 /

q +  s{2k,q) =  <
q — 1, if q =  1 (mod 4); 

9  +  1, if <7 =  3 (mod 4).

R ep ro d u ced  with p erm issio n  o f  th e  copyrigh t ow n er. Further reproduction  prohibited w ithout p erm issio n .



37

If m i, m 2 are both quadratic residues or both quadratic non-residues, then

f  1

- ( t ) (? )-■V <7
so there exists k with m x =  k2m 2. Then t ( m\ , q )  =  t ( m2,q)  because

V"' / m i ~  b2\  ( k2m 2 — (kb)2\  f  m 2 — b2 \!+£ ( ^ - J = ^ £ ( — Lj =?+E(—̂—)•
6= 0  H '  6 = 0  v  H  7  6= 0  V H '

As a and b range over 0 , . . . .  q — 1, the pair (a, b) takes on a total of q2 solutions 
to a2 4- b2 =  m  (mod q) for various values of 0 <  m < q. Hence:

q - l

q2 =  ^ 2  t (m,  q) =  7(0, q) 4- t ( mr , q ) +  ^
m = 0  residues m r nonresidues m n

= f(0, q) +  *(mr, q) + Q)

where m r is any residue and m n is any non-residue. Then:
2

f(mn, q) =     (q2 -  t (0 , q)) -  t (mT, q).
<7 — 1

We already have

*rn \ 7 2^ - 1 ’ ^ 9 =  1 (mod 4); I q -  1, if q =  1 (mod 4);
£(0*9) =  S and t (m, q)  =  {

1, if q =  3 (mod 4). \ q  +  1 . if <7 =  3 (mod 4).

If q =  1 (mod 4),

7(mn, q) = (q2 -  (2q -  1)) -  (q -  1) =  2(q -  I) -  (q -  1) =  q -  1.

If q =  3 (mod 4),

t(m n, Q) =  _  j ( ? 2 — (1)) — (q 4- 1) =  2 (q 4- 1) -  (<7 4- 1) =  <7 4- 1.

□
C orollary  3 .2 7 . For q an odd prime, |Q l (Z/(<?))| =  (q2 — 1 )17.

Proof. To determine the number of solutions to (a2 +  a |) 4 - (a§ 4 - a 2) =  1 (mod q),
count the solutions to a2 4- a\  =  m  (mod q) and a2 4- a2 =  1 — m (m od q) as m runs
through 0 , . . . .  m  — 1 .

<7-1 q - l

\ Ql (%l(q))\  =  ^ 2  [*(m’<7)£ (l -  m,q) \  =  2t(Q,q) t ( l , q)  4- [ t (m,q)  7(1 -  m, q ) ) .
m= 0 m= 2
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If q =  1 (mod 4) then

|Q l {^/ {q) ) \  =  2 (2 q -  1 )(q -  1 ) +  {q -  2 ){q -  1 ){q -  1 ) =  q3 -  q. 

If q =  3 (mod 4) then

j =  2 (l)(g  +  1 ) +  (q — 2  )(q +  1)(<7 +  1) =  q3 — q.

□

L em m a  3 .2 8 . Each solution for a\  +  a2 +  03 +  a4 =  1 (modqm). lifts to q3 solutions 
modulo qm+l.

Proof. Solve

(a L +  a\qm)2 +  (a2 +  a2qm)2 +  (a3 +  a2qm)2 +  (a4 +  a'Aqm ) 2 =  I (mod qm^ 1)

(Q[ -f- o,2 4" Q3 Q4 — 1 ) ■+■ 2qm (aia^ -F a2d2 T Q3 O3 +  Q4a4)

+  q2m{a'l +  a'\ +  a'\ +  a'\ =  0  (m odqm+I)

a\ +  a l +  aZ +  a2. -  I ,
<==> ------------- — --------------- (- 2 (0 ^ !  +  a2a2 +  a3a3 +  a4 a.,) =  0  (mod q).

At least one of a i . a 2 , a 3 , a4 is not divisible by q , so pick one. say a\.  Then we can 
choose a2, a3, a4 to have any values modulo q. and the value for is forced:

a\ =  1
af +  a\ +  a\ +  a2 — 1 , L

Qn
(mod q ).

So. (a L, a2, a3, a4) lifts to (!)(?)(<?) (<7) =  q3 solutions. □

L em m a 3 .29 . Let m be odd and n >  3. Then x 2 =  m  (mod 2") has 4 solutions. If 
x0 is one solution, then the others are —xq and ± x 0 +  2 n_l.

Proof. This follows from page 105 of [NZM91]. □

P r o p o s it io n  3 .3 0 . Write L =  2lL', with L' odd. Then the orders of Q l (Z/ (L)) and 
N ( Z / ( L ) )  are given by:

i T, \  H /

|JV(Z/(L))| =

q\L'

n*
q\L'

1, if I <  2 so L ^  0 (mod 4);

2, if £ =  2 so L =  4 (mod 8 );

4, if £ > 2 so L =  0 (mod 8 ).
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Proof. First, suppose L =  L \L 2 and gcd(L i,L 2) =  1- The Chinese Remainder 
Theorem implies a bijective identification between solutions (mod L iL2) and pairs 
of solutions (mod L\,  mod L2). Hence,

Ql (Z /(L lI 2)) =  Q \ Z / [ L { ) )  x Q l (Z /(L 2)); and 

N ( h f ( L iL2)) =  N( Z/ ( Li ) )  x N ( Z / ( L 2)).

For odd primes q and positive integers m, Corollary 3.27 and Lemma 3.28 imply

| 0 ‘( Z / ( O ) |  =  (q2 -  l )q 3m~2.

\Ql {Z/{2)) \  =  8 , because a \ +  a\ +  a\ +  a\ =  l(m o d 2 ) has eight solutions, namely 
permutations of (1 , 0 , 0 , 0 ) and ( 1 , 1 , 1 , 0 ).

When L =  4, one of the a* is odd, and the other three are even. The odd value 
is either 1 or 3 modulo 4, and the even values are each either 0 or 2 modulo 4. So 
there are |Q 1(Z /(4))| =  (4)(2)(2)(2)(2) =  64 solutions.

If m >  3, then one of the a* (say at) is odd and the others are even. Then 
n — a2 =  0 (m od8 ), so count all a2, a3 and a4 with either a | =  a2 =  a2 =  0 (m od8 ) or 
(a2 ,a 3 ,a 4) equivalent to a permutation of (4 ,4 ,0 ) modulo 8 . For each choice of a2, 
a3 and a4, there are 4 choices for ai, by Lemma 3.29. The total number of solutions 
is:

(4) [(2m-2 )(2m_2 )(2m_2 )(4) +  (3)(2m-2)(2m-2 )(2m-2 )(4)] =  16(2m"2)3 =  23m.

Therefore |Q l (Z /(2 m))| — 23m for m >  3.
Let q >  2 be prime, so either gcd(<7 , a -  1 ) =  1 or gcd(q, a +  1 ) =  1 . Then

a2 =  1 (mod q2m) <=> q2m\{a -  l)(a  4- I) <=> a =  ±1 (mod q2m).

Hence, \ N( Z / ( q m))\ — 2.
|iV (Z /(2))| =  1 because a2 =  1 (mod 2) <=» a =  1 (mod 2).
\N(Z/{A)) \  =  2 because a2 =  1 (mod 4) 4=> a =  1 or 3 (mod 4).
For m  >  3,

a2 =  1 (mod 2 m) a =  ± 1  or ±  1 +  2m~l (mod 2 m).

Therefore, |iV (Z/(2m))| =  4 if m  >  3. □

C orollary  3 .3 1 . Write L  =  2eL', with L' odd. Then:

2 \V X P'L\ =  \ Q \ Z [ 1 / p \ ) / T p4
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1, if £ — 0 so L =  1 (mod 2);

1/2, if £ =  1 so L =  2 (mod 4);

1/4, if £ >  2 so L =  0 (mod 4).

and

1, i f  L odd;

1 , i f  8 | Z, and p2m =  L +  1 (mod 2 £)

/o r  some m  e  Z;

1/2, i f  L >  2 even and p2m ^  £  +  1 (mod 2£)

/o r  a// m 6  Z;

Consequently, |V'^Pii,| =  |  ̂| (and =  X^L) if and only if either

( 1) 1  =  2 ;

(2) £  ^  0 (mod 4) and £' >  1 is a power of a prime:

(3) L =  0 (mod 4) and £' =  1 ; or

(4) £  =  0 (mod 8 ) and £' =  1 and p =  ± 1  (mod 8 ).

For values of £ between 1 and 50, Table 3.1 lists the orders of the groups
Q l (Z/ (L) )  and N( Z/ ( L) ) ,  and the number of vertices in the quotient graphs XpL 
and Xp L. Numbers marked with (|V '3^L| for 8  | £ ) are doubled if p2m =
L +  1 (mod 2  £ ) for some m e  Z.
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L Q N V * p,l V X I j. L Q N V*P,L V K l
1 l 1 26 17472 2 2184 2184
2 8 1 2 2 27 17496 2 4374 4374
3 24 2 6 6 28 21504 4 1344 2688
4 64 2 8 8 29 24360 2 6090 6090
5 1 2 0 2 30 30 30 23040 4 1440 2880
6 192 2 24 24 31 29760 2 7440 7440
7 336 2 84 84 32 32768 4 4096 4096*
8 512 4 64 64* 33 31680 4 3960 7920
9 648 2 162 162 34 39168 2 4896 4896

10 960 2 1 2 0 1 2 0 35 40320 4 5040 10080
11 1320 2 330 330 36 41472 4 2592 5184
12 1536 4 96 192 37 50616 2 12654 12654
13 2184 2 546 546 38 54720 2 6840 6840
14 2688 2 336 336 39 52416 4 6552 13104
15 2880 4 360 720 40 61440 8 3840 7680*
16 4096 4 512 512* 41 68880 2 17220 17220
17 4896 2 1224 1224 42 64512 4 4032 8064
18 5184 2 648 648 43 79464 2 19866 19866
19 6840 2 1710 1710 44 84480 4 5280 10560
2 0 7680 4 480 960 45 77760 4 9720 19440
2 1 8064 4 1008 2016 46 97152 2 12144 12144
2 2 10560 2 1320 1320 47 103776 2 25944 25944
23 12144 2 3036 3036 48 98304 8 6144 12288*
24 12288 8 768 1536* 49 115248 2 28812 28812
25 15000 2 3750 3750 50 1 2 0 0 0 0 4 15000 15000

Table 3.1: Sizes o l Q \ Z / ( L ) )  and N( Z/ ( L) )
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CHAPTER IV

C om putation of Quotient Graphs

A set of computer programs were written in ANSI C and executed in order to 
generate representations of the quotient graphs XpL =  TP̂ \T P and X ' L =  T'p L\T p 
for particular values of p and L. These graphs were used to test hypotheses and to 
encourage the discovery of facts and patterns through direct inspection.

Two programming issues stood out. First, the computation of Xp L and Xp L 
involves a number of mathematical objects that are unbounded or require infinite 
precision to fully represent, so the programs must approximate them using finite 
data structures without compromising the accuracy of the final output. Second, the 
programs must not only produce correct results, but complete execution within a 
reasonable amount of time. Earlier versions of the main program required a week to 
execute; later optimized versions could accomplish the same task in an hour.

This chapter discusses some of the programming issues that arose during the 
development of these programs and displays some of the quotient graphs produced. 
Sections 4.1 through 4.7 detail the approaches taken to represent p-adic integers, the 
groups r p>£, and r'p L, the (p +  l)-regular graph Tp, and the quotient maps Tp — > XPtL 
and Tp — ► Xp L. Section 4.8 discusses halting conditions and the correctness of the 
program results. Section 4.9 displays some of the quotient graphs generated by the 
programs and relates them to results proved in Chapter III.

4.1 Overview of the Programs

The C code is organized into a collection of files and programs. This section 
briefly describes the most useful programs. More description and implementation 
details are presented in later sections.

The header file s e l e c t .h  defines values for some global constants used in many 
of the files and programs. These constants determine which integer data types are 
used to represent p-adic numbers and to number vertices in Tp.

42
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W ithin the C code, elements of the groups Q (Z [l/p]), VPiL and Y'p L are repre­
sented as tuples (n : ai,  a2, <23, a4) of five integers and are stored temporarily in large 
files on disk. The programs TupleCount, T upleC reatel, TupleCreate2, T uple- 
Create3, TupleExpand, T u p leF ilter , TupleHunt, TupleProduct, T upleProduct- 
Count, T upleSort, TupleTrim and PrintProduct manipulate these lists of tuples. 
The procedures in the files t u p le . h and t u p le . c access these tuples during the com­
putation of the quotient map Tp — ► XPti  or Tp — > XpL. Section 4.2 describes these 
programs in more detail.

The files p a d ic .h  and p a d ic .c  provide support for p-adic integers, represented 
as unsigned integers. Details are provided in Section 4.3. The files m a tr ic e s .h  and 
m a tr ic e s .c  implement operations on M2 (ZP), and procedures in tu p tom at.h  and 
tu p tom at.c  convert tuples from Q(Z[l/pJ) into matrices in GL2 (ZP).

Code in the files v e r t ic e s .h  and v e r t i c e s .c  computes the action of a matrix 
from GL2 (ZP) on a vertex of Tp.

The files t r e e  .h and tr e e , c number the vertices of the tree Tp and maintain the 
quotient map Tp — > Xp i  or Tp — > Xp,L-

The programs in ApplyMatrix. c and A pplyTuple.c display the action of one 
element of GL2 (Zp) and Q (Z[l/p]), respectively, on vertices in the tree Tp.

Finally, the programs MapCreate, MapPrint, MapSmush and TupleSmush act on 
a representation of the quotient map Tp — > XpL or Tp — > Xp L. In particular, 
MapSmush and TupleSmush perform the computation of the quotient maps. Once a 
map is completely determined, the program QuotientGraph converts the quotient 
map into a representation of the quotient graph Xp l or Xp L.

4.2 Representation of the Groups QX(Z[ 1/p]), rp L and F'pL

Calculating the quotient graph XPil or Xp L involves applying elements of r Pi£ or 
T'p L to a representation of the graph Tp. The groups Tp,£ and V  L are infinite, but 
the elements can be ordered according to the distance they translate vertices in Tp. 
Elements that translate vertices shorter distances provide more information, and are 
considered first.

Let p  and L be fixed positive integers, with p an odd prime. Recall the group 
descriptions
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r'pL = { —  1  +  —  i +  —  j + —  k e <2 l (Z [i/p ])P'L 1 p n  p n  pn->  p n

and

a! =  pn (mod L) 1
a2 =  a3 = a4 = 0  (mod L) J

So r'pL < r , , i  < <?'(Z[i/pi) < <?‘(Q,).

D efin itio n  4 .1 . The group element

— 1 + — i +  — j +  — k e  Q'(Z[l/p]).p n p n p n J  p n  '

can be represented by a tuple (n : 0 ^ 0 2 , 0 3 , 0 4 ) where 0 , 0 ^ 0 2 , 0 3 , 0 4  €  Z,

Oj +  a\ +  03 +  04  =  p2n,

and not all of a t, a2, a 3 and 0 4  are divisible by p.

Group elements are calculated and stored as tuples in large files before being used 
to calculate the quotient graph. In order to save memory, group elements that differ
only by choice of signs and permutation of the values a l5 a2, a3 and a4 are lumped
together and represented by a single tuple.

D efin itio n  4 .2 . The tuple (n : 0 1 , 0 2 , 0 3 , 0 4 ) is called standard if

Qi > a 2 >  a 3 > ^4  >  0 in Q l (Z [l/ p]);

>  <23 >  <24 >  0  and O! >  0  in r Pt/,; and 

a2 >  a3 >  a4 >  0  in Tp L.

A variant of (n : 0 ^ 0 2 , 0 3 , 0 4 ) in Q l (Z[l/p]) is any tuple that can be obtained by 
permuting and changing the signs of a 1; a2, a3 and a4. In TP<L and Tpti, variants are 
obtained by permuting a2, 0 3  and o4 and changing the signs of a2, a3 and a4 and 
changing the sign of ai in r Pi£, but not in T' L.

E xam p le  4 .3 . In r 3 i5 , the standard tuple (3 : 23 ,10 ,10 ,0 ) represents the 24 vari­
ants:

(3 23 ,10 ,10 ,0 ), (3 23 ,10 ,0 ,10), (3 23 ,0 .10 ,10),
(3 2 3 ,1 0 ,-1 0 ,0 ) , (3 2 3 ,1 0 ,0 ,-1 0 ) , (3 23,0 ,10, -1 0 ) ,
(3 2 3 ,-1 0 ,1 0 ,0 ) , (3 23, -1 0 ,0 ,1 0 ) , (3 2 3 ,0 ,-1 0 ,1 0 ) ,
(3 2 3 ,- 1 0 ,- 1 0 ,0 ) , (3 2 3 ,- 1 0 ,0 ,- 1 0 ) , (3 2 3 ,0 ,-1 0 , -1 0 ) ,
(3 -2 3 ,1 0 ,1 0 ,0 ) , (3 -2 3 ,1 0 ,0 ,1 0 ) , (3 -2 3 ,0 ,1 0 ,1 0 ) ,
(3 -2 3 ,1 0 ,- 1 0 ,0 ) , (3 - 2 3 ,1 0 ,0 ,- 1 0 ) , (3 -2 3 ,0 ,1 0 , -1 0 ) ,
(3 -2 3 ,- 1 0 ,1 0 ,0 ) , (3 - 2 3 ,- 1 0 ,0 ,1 0 ) , (3 - 2 3 ,0 ,- 1 0 ,1 0 ) ,
(3 - 2 3 , - 1 0 , - 1 0 ,0 ) , (3 - 2 3 , - 1 0 ,0 , - 1 0 ) , (3 -2 3 ,0 , -1 0 ,  -1 0 )
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A tuple can have up to (4!)(24) =  384 variants in Q ^ Z fl/p ]), (3!)(24) =  96 variants 
in r pX, and (3!)(23) =  48 variants in rj, L.

Assign a dictionary ordering to the set of all tuples. Write

( T i i  : a t ,< 2 2 , <23* ^4 )  <  (722 : 6 1 , 6 2 , 6 3 , 6 4 )

whenever any of the following conditions hold:

(1) rii < n2;

(2 ) rii =  ^2  and |atj <  |&i|;

(3) 721 =  n2 and |cti | =  |&i| and ai > 6 1 ;

(4) rii =  n2, ai =  bi and a2 < b2,

(5) Tii =  n2, ai =  bi, q.2 =  b2 and 0 3  < 6 3 ; or

(6 ) 72j =  722. fli =  bi, a2 — b2, a3 =  63 and 0 4  <  64 .

E x a m p le  4 .4 . The standard tuples in Q ^ Z fl/S ]) with n <  2  are

(0 : 1, 0, 0, 0) <  (1 : 2, 2 ,1 , 0) < (2 : 6 , 5, 4, 2)

< ( 2 : 7 ,  4, 4, 0) < (2 : 8 . 3. 2. 2) <  (2 : 8 ,4 , 1. 0). 

The standard tuples in T3i5 with 72 < 3 are

(0 : 1 ,0 .0 , 0) <  (3 : 2, 20,15,10) < ( 3 : 2 , 2 5 , 1 0 , 0 )  < (3 : 23,10, 10. 0).

Finally, the standard tuples in 5 with n <  3 are

(0 : 1, 0 ,0 . 0) <  (3 : 2, 20. 15,10) < ( 3 : 2 ,  25 ,10.0) < (3 : -2 3 .1 0 , 10. 0).

4 .2 .1  F iles  o f  T u p les

Tuples are stored in text files with names indicating the contents o f the file. The 
first letter of the file name is always T, indicating that the file contains tuples. The 
second letter indicates the name of the program that created the file, as indicated in 
Table 4.1. The rest o f the file name indicates the group ("Gl” for Q ^ Z fl/p ]), “G2” 
for r Pti  and “G3” for TpL), the values for p  and L, and bounds on the power n.

E x a m p le  4 .5 . A file named “TC-G1-P3-T6-7” would have been created by the 
program T upleC reatel and should contain an ordered list of all standard tuples 
(72 : 0 ^ 0 2 , 0 3 , 0 4 ) in Q l {Z[l /p\ )  with 6 <  n <  7. A file named “TC-G2-P3-L5-T0-3” 
would contain exactly four tuples:

(1 : 1, 0, 0 ,0) < (3 : 2, 20,15,10) < ( 3 : 2 ,  25,10,0) < (3 : 23 ,10 ,10 , 0),

because these are the only standard tuples in the group r 3>5 with 0 <  72 <  3.
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Program File Name Prefix
TupleCreatel TC-G1-
TupleCreate2 TC-G2-
TupleCreate3 TC-G3-
TupleTrim TT-
TupleProduct TP-
TupleExpand TE-
TupleSort TS-
TupleSmush TU-

Table 4.1: Prefixes for tuple file names

4.2.2 Tuple P rogram s

Several programs were written to manipulate tuples and files of tuples.
T upleC reatel, TupleCreate2 and TupleCreate3 each generate a file containing 

an ordered list of all standard tuples (n : a 1.a 2 ,a 3 ,a 4) for the groups Q l {'L[l/p)),  
r p,x, and Tp L, respectively.

TupleCount counts the number of tuples in the input file.
TupleExpand creates a file containing all variants of the tuples in the input file.
TupleSort sorts the tuples in the input file and puts them in standard form. The 

resulting ordered list of standard tuples is stored in an output file.
TupleProduct reads an ordered list of standard tuples from an input file. It then 

creates a file containing an ordered list of all standard tuples that can be represented 
as the product of variants of two tuples in the input file.

TupleTrim reads lists of tuples from two input files. It then creates a file con­
taining all tuples that occur in the first input file but not in the second. Both input 
files must be ordered.

The last two programs were written in order to identify and discard group ele­
ments that are generated by group elements already in the list. These two programs 
were not used in practice, because it was discovered that the time required to elimi­
nate these tuples was much longer than any time saved by removing them. Also, it 
is not clear that removing these tuples from consideration is wise.

Finally, the files tu p le  .h and tu p le . c contain two procedures that read standard 
tuples from an input file, then produce all variants o f those tuples. These procedures 
are invoked by other programs while computing the quotient graph XP>L or Xp L-
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4.2.3 Im p lem en tation  N otes

The generation of tuples by the programs T upleC reatel, TupleCreate2 and 
TupleCreate3 can be quite slow and may require more time than the actual compu­
tation of the quotient graph. For each n, the algorithm iterates through all integers 
ai, a2, a3 and 04  such that

p n  >  a \ >  a 2 >  a 3  >  a 4  >  0 , 

and then produces all instances such that

a2 +  a2 +  a | +  a2 =  p2n

and that p does not divide all of at, a2, a3 and a4.
This algorithm is very slow, requiring about p4n/ 24 tests. The execution time is 

improved to around p3n/ 6 0 tests by restricting the ranges to:

p 2 n > a \  > p 2 n / 4 , 

p2n — a2 > a\ >  (p2n — a2) /3 , 

p2n -  a2 -  a\ >  a2 >  (p2n -  a2 -  a\)  / 2 ,
0 On 0 0 0a4 =  p — a x — — a\.

4.3 Representation of p-adic Integers

Like real numbers, p-adic integers can be arbitrarily precise, requiring an in­
finite number of digits when displayed in base p. It is possible to obtain exact
computational precision by representing p-adic integers by functions that produce 
any requested digit when invoked. However, this approach introduces unnecessary 
complexity and computational slowness if only limited precision is required.

The C code in the files p a d ic .h  and p a d ic .c  represent p-adic integers using 
one of C’s unsigned integer types. Only finitely many digits of a p-adic integer 
are maintained; the rest are truncated. ExponentMax equals the number of digits of 
accuracy that are maintained. All p-adic integers are represented by integers between 
0 and PadicMod — 1, where PadicMod =  pExPonentMax . In effect, the ring Z/(PadicMod) 
is used to approximate Zp.

ExponentMax is chosen so that the computation of the sum of two p-adic integers 
(computed as the remainder modulo PadicMod of the sum of the two integers) will 
never overflow the unsigned integer type used to represent p-adic numbers. In partic­
ular, the number 2(PadicMod — 1) must be no larger than the maximum representable 
integer. Also, ExponentMax must be even, to facilitate multiplication.
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For example, if p-adic integers are represented as 64-bit integers, then Exponent­
Max is the largest even integer such that

2(PadicMod -  1) <  264 -  1 <=► PadicMod <  263.

Table 4.2 lists values for ExponentMax and PadicMod for various values of p. In each 
case,

PadicMod <  263 =  9223372036854775808.

More precision can be obtained by using a larger integer type. In practice, 64-bit 
integers proved sufficient for obtaining the quotient graphs, while 32-bit integers were 
only sufficient for the smaller quotient graphs.

p ExponentMax PadicMod
3 38 338 =  1350851717672992089
5 26 5 26 =1490116119384765625
7 22 i n =  3909821048582988049

11 18 i i 18 =  5559917313492231481
13 16 1316 =  665416609183179841
17 14 l 7u =  168377826559400929
19 14 19H =  799006685782884121

Table 4.2: Values for ExponentMax and PadicMod for 64-bit numbers

Functions in the file p a d ic . c implement a number of operations on the ring 
Z/(PadicMod). The function I n it ia l iz e P a d ic  initializes the values of P =  p, 
ExponentMax and PadicMod. Also, some commonly used values, such as

  1
PtoNfnl =  p” and SumPtoNlfnl =  p° +  p1 ------- (- pn_l = --------- ,

P -  1

for various n, are computed and saved in order to speed up later computations.
The functions PdAdd, PdSubtract, PdNegate, PdM ultiply, PdMultThenAdd, Pd- 

MultThenSubtract and PdAddTwoMults perform combinations of addition, subtrac­
tion and multiplication. All are implemented so that the results lie between 0 and 
PadicMod — 1, and overflow errors never occur. To improve efficiency, many functions 
are defined as macros.

PdMultPtoN multiplies a p-adic number by a power of p, and PdMultThenMod- 
PtoN multiplies a p-adic number by one power of p then finds the remainder modulo 
another. It is also sometimes desirable to divide (using normal division, /  ) a p-adic 
number by a power of p. This reduces the number of accurate digits, and must be 
used with care.
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P d lnverse and PdSqrt obtain the multiplicative inverse and a square root, re­
spectively, of a number in Z/(PadicMod), or zero if no inverse or square root ex­
ists. Both functions are implemented iteratively, requiring log2(ExponentMax) and 
ExponentMax iterations, respectively. Since P d lnverse is invoked very often, its im­
plementation has been optimized further by having I n i t ia l iz e P a d ic  preevaluate 
the computations done during the first few iterations. Also, PdSqrt is determinis­
tic; the same square root will be returned each time PdSqrt is called with the same 
argument.

4.4 Representation of Tree Vertices

Each vertex of the tree Tp is associated with an equivalence class of lattices. Fix 
a basis {e j ,e 2 } for the vector space V  used in Chapter II to define these lattices. 
All lattices and matrices in the remainder of this chapter are written with respect to 
this same basis.

4 .4 .1  S ta n d a rd  F orm  for L attices

In order to establish a representation for the vertices of Tp, it is first necessary to 
choose one representative lattice from each equivalence class. These representatives 
can then be converted into numbers that the computer can store and manipulate.

P r o p o s it io n  4 .6 . With respect to the basis { e i ,e 2 }, every lattice is equivalent to 
exactly one lattice of the form

Z r +  ,
PT
0

where 0 <  b <  p r and either i  =  0, r =  0 or p \ b .

Proof. Pick any lattice of V  This lattice is equivalent to a lattice

Oil
+  Z p

a21
Ol2 022

with 0 1 1 ,0 2 1  6  Qp, 0 1 2 ,0 2 1  G Zp and either 012 or a22 not in pZp. If ai2 € Zp \ p Z p, 
then the lattice can be rewritten as

On
+  Z p 021 — a n a 121a22

— Oi20f2 a22
= z p OuOl2

+  Zp a21 ~  On012l022
012 022 1 0
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Then put a! =  a n a 12 and a2 =  021 - a n f l 12 0,22- On the other hand, if a22 E Zp\ K«-.p, 
then rewrite the lattice as

011 — Q-21&22 0-12

0 1 2  —  a 220.22 a l2
+  Z p

a 2i =  z p
a n

0-22

, - 1.
0

+ 021^22
1

Then set a\ =  02ia221 an<̂  a 2 =  a n — Q2 ia22la i2 - In either case, the lattice can be 
rewritten in the form

ZK

for some a i ,a 2 G Qp.
Now, for i =  1,2, write a* =  pQ,a' with each a* € Z and a' E Zp but a' ^ pZp. 

Set i  — m in{—» !, —a 2,0 }  and r =  £ +  a 2- Then i  and r are non-negative and the

ai
+  Zp

a2
1 0

lattice ZB

Plo-\

ai
+  Zp 0-2

1 V 0
is equivalent to

+ pla2
0

=  Zn Pla\ Z, / +Q2(Z2
0

+  Z ti

Since t  +  ol\ > 0 ,  plai E Zp and can be written as pla\ =  b +  p ra3 where a3 E Zp, 
b E Z and 0 <  6 <  pr . Then the lattice can be expressed as:

b +  pr a3 Pr 6 PT
pt

4- Zp
0

-  Zp
Pl

+  Zp
0

It remains to show that this representation is unique. Suppose that the lattices

L =  ZB
PL

+ P
0

and L' =
b'
■J.'

are equivalent, so the distance between them is zero.

First, assume that bp1' b'pe, so that 

Write bp1' — b'p1 =  ap° where a E Z \  pZ.

b V
1 and i ' are linearly independent

P P

Then a  <  r + 1' because 0 <  b < pr, so

Z,
Y

t p Q +  Zp
v

1' P,+ r =  Z ,
’  b

Pa + Zp
P p p

— Zp
Y

> p°+ z p
P

-hrb 'p t+ r  — b p 1'
p t+ i '+ r  _  p l+ l '  -hr

pr =  ZF Pa +
Pr
0
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Similarly, a  <  r' +  £ because 0 <  b' <  pr' , so

y
/ p',+r' + Z p

1 
1

PQ =  z p
’ b

I pa +  Zp Pr
p P 0 P°-

Therefore, by Proposition 2.11, the distance between L and V  is i  -t- £! +  r +  r' — 2a. 
However, a  <  r +  £’ and a  <  r' 4- £ , so this distance is positive, which contradicts 
d(L, Lf) =  0. Consequently, bp1' =  b'p1.

Now, the distance between

and

L =  Zp

l 
1

,-
°

x +  Zp

o t 
_ 

1

=  Zp
bp1'

p l+e
+  Zp

-p r+l'-

0

L' =  Zp

i 
i

-O

4* Zp p r'
0

=  Zp
b'p1

pt'+t +  Zp
0

is |(r +  £') — (r' +  £)\, so r +  £' — r' +  £. This, combined with the facts that either 
£ =  0, r =  0 or p \ b, and either £' =  0, r' =  0 or p \  b', yields r =  r', £ =  £' and 
b =  b'. □

Each vertex in the tree Tp is now identified with a unique lattice in standard form. 
In the remainder of this chapter, the two will be used interchangeably. In addition, 
the vertex corresponding to the lattice

will receive special attention; denote this vertex v0.

4.4.2 Standard Form for L attices

The files v e r t ic e s .h  and v e r t i c e s .c  represent a vertex as a s tr u c t of three 
non-negative integers (£,r ,b ), called the Limb, Radius and Branch, corresponding to 
the equivalence class of the lattice

1
+  Zp

o'
0 r 1

P
+ P

0

While the Limb and Radius are small integers, Branch can be as large as pRadius — l. 
Consequently, the Radius must be small enough so that pRadiU3 can be represented 
by one of C ’s unsigned integer types. The vertex v0 is denoted (0 ,0 ,0 ). The “vertex” 
(—1,0 ,0) is used to signal computation errors.
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(1.0.0) (l.i.D

( 1. 1.2 )

(2 .2 . 1)

(2.0 ,0 ) ( 2 . 1. 1) (2.2,4)

(3.1.1)
(2.2.7)

(3.1.2)

(2.2.2)

(2 . 1.2 ) (2.2.5)

(2 .2,8)

(3,0.0)

(0 .2,00)

(0.1.00) <-------(0.2.03)

(0.2.06)

(0.2.01

(0.2,02)

(0,2.05)

(0.2.08)

vO

(0.0.0) (------- (0.1.01) <------ (0.2,04)

(0 . 1.02)

( 1.2 .0 1 )
(1.2.04)
(1.2.07) 
( 1.2.02)
(1.2.05)
(1.2.08)

(2.3.01)
(2.3.10)
(2.3.19)
(2.3.04)
(2.3.13)
(2.3.22)
(2.3.07)
(2.3.16)
(2.3.25)
(2.3.02)
(2.3.11)
(2.3.20)
(2.3.05)
(2.3.14)
(2.3.23)
(2.3.08)
(2.3.17)
(2.3.26)

(0,2.07)

(0.3.00)
(0.3.09)
(0.3.18)
(0.3.03)
(0,3,12)
(0.3.21)
(0.3,06)
(0.3.15)
(0.3.24)
(0.3.01)
(0.3.10)
(0.3.19)
(0.3.04)
(0.3.13)
(0,3.22)
(0.3.07)
(0.3.16)
(0.3,25)
(0.3,02)
(0,3.11)
(0.3,20)
(0.3.05)
(0.3.14)
(0,3.23)
(0.3,08)
(0.3.17)
(0.3.26)

\  /
r-  1 = 2 r - 1 = 3

Figure 4.1: Representation of vertices
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As an example, the diagram in Figure 4.1 displays a portion of the tree Tp for 
p =  3, with the vertices labeled (Limb, Radius, Branch).

Notice that each vertex (£, r, 6) is adjacent to the vertex numbered (£ +  1, r, 6) or 
(£. r — 1 ,6/p), and to the p vertices (£, r -+- 1,6 +  kpr), for k =  0 ,1 , . . .  ,p  — 1. The 
distance of the vertex (£, r, 6) from the center vertex v0 =  (0 ,0 ,0) is £ +  r.

Two functions are provided in v e r t ic e s .c . D istance calculates the length of 
the shortest path connecting two vertices in the tree Tp. The function ApplyGroup- 
Element calculates the effect o f applying a matrix from GL2(Z) to a vertex o f Tp. 
Section 4.5 discusses this computation in detail.

4.5 Computation of the Action of M e  SL2(QP) on Tp

Let M  be a matrix in SL2(<Qk>). Since every p-adic rational in Qp can be written  
as a p-adic integer in Zp divided by a power of p, the matrix M  can be written as

where the are p-adic integers, m u m22 — m i2m 2i =  p2n in Zp, and not all o f the 
niij are divisible by p. The matrix M  has the same action on the tree as the m atrix

Consequently, matrices in SL2(QP) can be identified with matrices from M  G GL2(Zp) 
with det M  =  p2n for some n G N, for the purpose of programming a computer to 
find a quotient graph.

The action of this matrix on a lattice in standard form is given by

z p
m n b +  m 12p*

+  Zp
m n p r

r m 2\b +  m-np1 H m21pr

Proposition 4.7 rewrites the resulting lattice in standard form. The computation  
splits into two cases, because one particular value for b requires special handling, 
somewhat analogous to the case division by zero on a projective line.

P r o p o s it io n  4 .7 . Choose a matrix M  6 GL2(ZP) with det M  =  p2n along with a 
vertex v G Tp represented as a lattice in standard form , so that

P

b
t
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Let s equal the largest power of p dividing (771216 +  m 22pl ), and let t equal the largest 
power of p dividing 77121- If {rri2ib +  ^ 22Pe) =  0, treat s as + 0 0 . If m 2 1 =  0, treat t 
as + 0 0 .

(1) (Special Case) If s >  r +  t, then

b =  - { m 22Pt / p t){m2i / p t )~ l (mod pT) 

and the action of M  on the vertex v is given by

Z, +  Z n V
0

(mU)(™2l/p‘) lpr«r-f t
p 2 n + t - t

+ Zpr 0

(2) (Normal Case) If s <  r +  t, then M  acts on v by

Zr +  ZB

{m xxb +  m x2pl )((m2xb +  rn22pe) /p s) 1
+  Zp

p 2 n + l+ r —s

Ps 0
1r

In each case, the resulting lattice may still require a power of p to be factored out in 
order to reduce it to standard form.

Proof. First note that if (m2lb +  m 22pl ) =  0 and m 2i =  0, then m22 =  0, so det M  =
m n m 22 — m x2m 2X =  0, which is not possible since the determinant of M  is p2n.

Proof of Special Case. If s >  r +  t then b is uniquely determined by t, r, m2x and
m 22.

m 2xb +  m22pl =  0 (mod pr+t)

p t {m2x/ p t)b =  —m22p l (mod pr+t)

plb =  —m 22p l {m2x/p t)~]- (mod pr+t)

b =  (m22pf jpf){rn2x/p*’)~'i (mod p r).
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In this special case:

Zr

=  Z,

= zr

=  ZT

m n p r
+  Zp

m 2l p r

m n pT
m 2ipr

+

m n p 
(m 2i /p t)pr+t

m n b +  mvzP1 
m 2ib +  m 22pe

(mnb  +  mupOOrWp*) -  (m u p r)(m2i6 +  rn22pl ) / pr+t 
(m2lb +  Tn22pe)(m 2i /p t) -  (m 2lpr)(m2lb +  m 22pl ) /p

(m i2m 2i -  m n m22)(pl / p t )
0

r + t

m n {TTi2l / p t ) lp r
z T - p ,2 n+f-i 

0

Proof of Usual Case. In the usual case, s <  r +  t:

ZB
m n b +  m i2p e

+  Zp
m n p r

m2ib +  m 22pl P m 2lp r

= zn

+* .

— Z n

— Zn

m u 6 +  m \2pe 
m 2\b -F m 22pl

{m n p r)({m 2ib +  m 22p l ) /p s) -  (mH& +  m l2p l )((m2lpr) lp s) 
(m21pr)((m 2l6 +  m 22p e) /p s) -  (m216 +  m 22p l )((m 2lpr) lp s)

+  Zr
m u b +  my2pl 

ps(m2lb +  m 22pl ) / p

(mnb  4- m n pl)((m 2lb +  m22p£)/p s)_l 

P3

(m n m22 -  m l2m 2l){pr+e/p s) 
0

n2n+£-fr—s
+  Zp F

0

The function ApplyGroupElement in the file v e r t i c e s . c applies a matrix M  G 
GL2(ZP) to a vertex v G Tp, using the formulas from Proposition 4.7, and returns 
the resulting vertex. However, there is an additional complication. As discussed 
in Section 4.3, the p-adic entries G Zp of M  are approximated by numbers in 
Z/(PadicMod), so only ExponentMax digits of accuracy are available for the compu­
tation. If this is not enough, then ApplyGroupElement signals an error by returning 
a “vertex” ErrorVert with a negative value for Limb.

The code performing the computation is given below. First, the program calcu­
lates s, t, v\ =  (ra21b +  m 22pl ) /p s and v2 =  m21/p l:
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/*  C alcu late S, T, v l ,  v2 * /
v l = PdAddTwoMults(m21, (Padic) Vert.Branch, m22, PtoN[Vert. Limb]); 
v2 = m21; 
i f  (v l == 0) {

i f  (v2 == 0) return ErrorVert;
S = ExponentMax;

> e l s e  { S = 0; w hile (v l 7. P == 0) { S++; v l  /=  P; } > 
i f  (v2 == 0) T = ExponentMax;
e ls e  {  T = 0; w hile (v2 7. P == 0) {  T++; v2 /=  P; > >

In the special case of s >  r +  t, the target vertex is

1 pT(m n )(m 2i/p t) 1- r r f i n + t - t

+ Zp P

0p r + t

Since only ExponentMax accurate digits are known for m tl and m2l, the expression 
'‘{m n ) { Tn2i l p t)~lPT" can only be computed up to ExponentMax — t +  r digits of 

accuracy. In order to reduce this to a branch number between 0 and p 2n+e~l . the 
program requires 2n +  I — t accurate digits. Otherwise, the computation cannot be 
completed, and an error must be reported. The code for this case is:

/*  Handle S p ecia l Case * / 
i f  (T + Vert.Radius <= S) {

VertTo.Radius = TwiceTuplePower + Vert.Limb -  T; 
i f  (ExponentMax -  T + Vert.Radius < VertTo.Radius) 

return  ErrorVert;
VertTo.Limb = Vert.Radius + T; 
i f  (VertTo.Radius < Vert.R adius) v3 = 0; 
e ls e  {

v3 = PdM ultiply(m ll, P d ln verse(v2 ));
v3 = (v3 7, PtoN [VertTo .Radius -  V ert. R adius])

* PtoN [V ert.R adius];
>

>

In the normal case of s <  r +  t, the target vertex is 

(m nb  +  m n pl ){{m 2\b +  m 22pt ) /p s)~x
p s

The expression “(m n b +  rni2pl ){{m 2\b +  m22p^)/ps)_ l” can be computed with an 
accuracy of ExponentMax — s digits. In order to obtain the new branch number, 2n +  
i  +  r — s  digits of accuracy are required. The code below performs this computation.

„2n+£+r—s
+  Zp

V
0
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/*  Handle G eneral Case * /
e ls e  {

VertTo. Radius = TwiceTuplePower + Vert.Limb + V ert.R ad ius -  S; 
i f  (ExponentMax -  S < VertTo .R adius) retu rn  E rrorV ert;
VertTo.Limb = S;
v3 = PdAddTwoMultsCmll, (Padic) V ert.B ranch , m l2,

PtoN [V ert.Limb] ) ;  
v3 = P d M u ltip ly(v3 , P d lnverse ( v l ) ) '/, PtoN[VertTo .Radius] ;

>

For the final step of the computation, any extra factors o f p  are factored out of 
the new lattice in order to reduce it to standard form.

/*  Reduce to  Standard Form * /
w hile (V ertTo. Limb > 0 && VertTo .Radius > 0 && v3 */, P == 0)

{ VertTo.Limb— ; V ertTo.R adius— ; v3 /=  P; }
VertTo.Branch = (VertexNum) v3;
i f  ((P a d ic ) VertTo.Branch != v3) VertTo.Limb = -2 ;
return VertTo;

4.6 Representation of the Tree Tp

The (p +  l)-regular tree Tp is unbounded and cannot be represented in a com­
puter’s finite memory. Instead, a maximum radius, RadiusMax, is chosen, and the 
subtree consisting of all vertices (£, r, b) satisfying i  -f- r <  RadiusMax is used as a 
substitute. Figure 2.1 (p. 11) shows a subtree of 7-j with RadiusMax =  4.

4 .6 .1  S e le c t io n  o f  RadiusMax

In order to obtain the complete quotient graph XPtL, the value selected for 
RadiusMax must yield a subtree large enough to completely cover <Tp,l- In order 
to cover every edge in the quotient graph, each of the outermost vertices in the 
covering subtree must be identified in Xp^  with one of the subtree’s inner vertices.

On the other hand, an increase in RadiusMax significantly increases the time and 
memory required for the computation of the quotient graph. The resources required 
by the program grow as an exponential function of RadiusMax. Consequently, it is 
desirable to choose RadiusMax to be as large as necessary, but no larger.

There are pr vertices with Limb =  0 and Radius =  r. There are another pr_1 
vertices with Limb >  0 and Limb -F Radius =  r. (See Figure 4.2 on page 60.) Hence,
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the subtree of Tp with maximum radius RadiusMax contains

(p° -f pRadiusMax ̂ _|_ ̂ 0 _j_ . . . pRadiuaMax -1 ̂ _ P^____ (P ~h ~ ̂
P  -  1

vertices. Table 4.3 gives the number of vertices, VertexNumMax for values of p and 
RadiusMax with p <  17 and VertexNumMax <  108.

RadiusMax p =  3 p =  5 P =  7 p =  11 p =  13 p  =  17
1 5 7 9 13 15 19
2 17 37 65 145 197 325
3 53 187 457 1597 2563 5527
4 161 937 3201 17569 33321 93961
5 485 4687 22409 193261 433175 1597339
6 1457 23437 156865 2125873 5631277 27154765
7 4373 117187 1098057 23384605 73206603
8 13121 585937 7686401
9 39365 2929687 53804809
10 118097 14648437
11 354293 73242187
12 1062881
13 3188645
14 9565937
15 28697813
16 86093442

Table 4.3: Number of vertices in subtrees of Tp

Table 4.4 on page 66 lists the values for RadiusMax that were actually required
to compute the quotient graph Xp L for various values of p  and L. The largest value
used was RadiusMax =  13 and VertexNumMax =  3188645, for the quotient graphs 
^ 3 , 3 5  a n d  - T 3  4 0 .

4.6 .2  E num eration  o f  th e V ertices o f  the Subtree

Once the values for RadiusMax and VertexMax have been selected, each vertex in 
the subtree is assigned a positive integer from 1 up through VertexMax. First, the 
vertices with Limb =  0 are assigned numbers in order of Radius and then Branch. 
So when p  =  3 and RadiusMax =  3, the numbering begins:

(0 ,0 ,0 ) =  1, (0 ,2 ,0 ) =  5, (0 ,2 ,4 ) =  9. (0 ,2 , 8) = 1 3 ,

(0 ,1 ,0 ) =  2, (0 ,2 ,1 ) =  6, (0 ,2 ,5 ) =  10, (0 ,3 ,0 ) = 1 4 ,
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(0 ,1 ,1 ) = 3 ,  (0 ,2 ,2 ) =  7, (0 ,2 ,6 ) =  11,

(0 ,1 ,2 ) = 4 ,  (0 ,2 , 3) =  8, (0 ,2 ,7 ) =  12, (0 ,3 ,26) = 4 0 .

Consequently, vertex (0, Radius, Branch) is assigned the number

1 -b (p° +  p1 +  b pRadlus_1) -|- Branch =  1 4- SumPtoNl [Radius — 1] +  Branch.

After all vertices with Limb =  0 are numbered, the vertices on the other side of
the tree are assigned numbers in order of Limb +  Radius and then pLimb- 1 . Branch. 
So when p =  3 and RadiusMax =  3, the numbering continues:

(1 ,0 ,0 ) = 4 1 , (3 ,0 ,0 ) =  45, (1 ,2 ,4 ) =  49, (1 ,2 ,8) =  53.

(2 ,0 ,0 ) =  42, (1 ,2 ,1 ) =  46, (1 ,2 ,5 ) =  50,

(1 ,1 ,1 ) =  43, (1 ,2 ,2 ) =  47, (2 ,1 ,2 ) =  51,

(1,1, 2) =  44, (2 ,1 ,1 ) =  48, (1 ,2 ,7 ) =  52,

The vertex (Limb, Radius, Branch) with Limb > 0 is assigned the number

1 +  SumPtoNl [RadiusMax +  1] +  SumPtoNl[Limb 4- Radius — 1] 4- pLlBb_I Branch.

The vertex number 0 is reserved to signal an error.
The graph in Figure 4.2 illustrates the vertex numbering scheme for a subtree of 

Tp with p =  3 and RadiusMax =  3.
Under this enumeration, a vertex with limb £ =  0, radius r and number VertNum 

is adjacent to the p vertices numbered:

{ VertNum 4  pr, VertNum 4- 2pr, . . . ,  VertNum 4  pr+l } .

If r > 0, the vertex is also adjacent to the vertex numbered:

[(VertNum — SumPtoNlfr] — 1) mod pr_l] 4- SumPtoNl[r — 1] +  1.

One useful feature of this enumeration is that the numbers assigned to vertices 
with Limb =  0 are independent of the value of RadiusMax. One consequence is that 
after the quotient graph has been completely computed, the vertex numbers in the 
quotient graph are independent of the choice of RadiusMax used to generate the 
graph.

The file t r e e .h  provides two useful macros. VertToVertNum converts a vertex 
from the representation (Limb, Radius, Branch) into the number assigned to it. The 
macro IterateThroughH alfTree (V e r t, VertNum) expands into code which iterates 
Vert through all of the tree vertices with V ert. Limb =  0. Simultaneously, VertNum 
iterates through the corresponding vertex numbers.
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\  /
I + r = 3

\ _____
I +  r =  2 I +  r = 0

\ ______
1 +  r =  1

7

34

19

4

13

\  /

I +  r =  2 +  r =  3
 /

Left-hand Side (Limb > 0) Right-hand Side (Limb = 0)

Figure 4.2: Enumeration of subtree vertices
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4.6.3 A n  Im portant O ptim ization

During the computation of the quotient graph, an early version of the program 
applied each group element (n : a l?a2 , 0 3 , 0 4 ) in the tuple input file to every vertex 
within the subtree of radius RadiusMax. Consequently, the number of times the 
function ApplyGroupElement was executed per tuple was an exponent function of 
RadiusMax. This is very slow. The computation of the quotient graph ^ 3 4 0  required 
a subtree of over three million vertices.

Most o f these computations do not provide any useful information. Given M  6  
r Pii and a vertex v  in the subtree, the vertex M  ■ v usually lies outside the subtree, 
so the information obtained by computing M  ■ u is discarded.

For a given M .  it is possible to use the eigenvectors of M  to identify those vertices 
v such that both v and M -v  lie within the subtree before bothering to compute M ■v .

Suppose that

A =  a ±  y / —(p2n — a2) is an eigenvalue of M  =  | m n  mi2 j ^ GL2(ZP),
\m21 m22 J

where 0 < a <  p n, det M  =  p2n, tr AI =  2a and a =  plo! with p \  a'. Then

j m ll m l2
\^m2l m 22

(m u — A)P  +  (m i2)Q =  0 and (m21)P  +  (m22 -  A)Q =  0, 

so an eigenvector of M for A is given by

p rrt\2 A — m22

Q A — m u m21

If m 12 =  0 and m n =  A, then the first vector formula produces [0 0]*, so use the 
second. If m2i =  0 and m22 =  A, then use the first. If both vector formulas produce 
[0 0]£, then M  is a scalar multiple of the identity, so all vertices are held fixed.

M  is a translation, so M  has two distinct eigenvalues, Ao and At, with

A0 =  0 (mod pn) and Xi =  2a (mod pn),

because

0 =  A2 — (trM)A +  (det M) =  A2 — 2aA =  A(A — 2a) (mod p2n)

and 0 <  a <  pn. Let uiq and u;i be the boundary points in Q corresponding to the 
eigenvectors of A0 and At, respectively.
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By Proposition 3.2, M  translates the geodesic (u o ,^ )  by distance 2n — 21 from 
ljq towards lji. By Proposition 3.3, the distance from v0 to (o;0,u;i) is t. There are 
two important consequences:

(1) If v is a vertex with both v and M  ■ v within distance RadiusMax of u0, then 
2tl — 2t <  2(RadiusMax — t) so n <  RadiusMax. Therefore, only tuples (n : 
a i , 0 2 ,a 3 ,a 4) with n <  RadiusMax are worth consideration.

(2) All such v form a subtree of radius RadiusMax — n within the domain of Map[] 
including the point closest to the boundary' point uj0.

Consequently, it is now only necessary to apply a tuple (n : a 1; a-z, 0 3 , 0 4 ) to vertices 
in the appropriate subtree of radius RadiusMax — n, instead of a subtree of radius 
RadiusMax. This is an extremely good improvement, in part because n is nearly as 
large as RadiusMax for the vast majority of the tuples under consideration.

4.7 Representation of the Quotient Maps

The quotient map

<? -.Tr ^ > x c,L =  r , .L\%  or 4! ■■ Tr — ► x ; L =  r r L\TP

is represented by an array Map[] with indices 0 , 1 , . . . ,  VertexNumMax, where V ertex- 
NumMax equals the number of vertices in the subtree of Tp with radius RadiusMax. 
The quotient map 0  is computed by applying elements of the group r p £, to vertices 
in the tree Tp, and updating the array Map[] to include the new information.

Initially, Map[u] =  v for each vertex number u, representing the identity map 
Tp — > Tp. Each time a group element x  is applied to a vertex u, the array Map 
is updated so that Map[u] =  Map[x • u], indicating that the vertices v  and x ■ v are 
identified in the quotient graph. After the quotient map has been entirely determined, 
Map[u] =  w, where w is the smallest vertex number such that the vertices represented 
by v and w are identified in the quotient graph Xp,l -

4 .7 .1  Q uotient M ap File N am es

Quotient maps are stored in files whose names indicate the values of p and L, 
the radius RadiusMax of the subtree of Tp used for the domain, and the value for 
PowerMax, which indicates the group elements whose actions have already been in­
corporated into the quotient map.

For example, a file named “M-P3-R5-T0” contains a list of numbers representing a 
quotient map from the subtree of the (3+ l)-regular tree T  with RadiusMax =  5. No
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tuples have yet been applied to this map, as PowerMax = 0, so the file still contains 
an isomorphism.

A file named “M-G2-P3-L40-R13-T12” contains the current state of computation 
of the quotient map 7-j — ► XzjiQ with p =  3 and L =  40. A value of 13 was chosen 
for RadiusMax, and all tuples (n : a i , <2 2 ,<2 3 , 0 4 ) in the group r 3,40 with n <  12 have 
already been applied to the subtree, and the results reflected in the quotient map 
M-G2-P3-L40-R13-T12.

4.7.2 Q uotient M ap F iles and P rogram s

The files t r e e . h and t r e e . c allocate memory for the quotient map and provide 
functions to read and store the map to disk. The function LoadMap reads a quotient 
map from a file and loads it into the computer’s memory. SaveMap stores the current 
state of the quotient map into a file with an appropriate file name.

The program MapCreate generates an quotient map for given values of p and 
RadiusMax, initialized as an isomorphism.

The program MapPrint reads a map from an input file and displays a repre­
sentation of the quotient graph image. Each distinct vertex in the quotient graph 
is displayed, along with a list of adjacent vertices. If the quotient map does not 
correspond to a complete compact graph, then adjacent vertices that lie outside of 
RadiusMax are printed within brackets. Thus, MapPrint can be used to judge how 
close the computation of a quotient graph is to completion.

Once the computation of a quotient map is complete, the program Q uotien t- 
Graph reads the file containing the quotient map Tp — > XpL or Tp — > Xp L and 
creates a new file containing a representation of the quotient graph Xp<L or Xp L. 
The name of the new file indicates its contents. A file named “Q-G2-P3-L5-V30” 
contains a representation of the quotient graph ^ 3.5 , displayed in Figure 4.8. The 
“V30” indicates that the graph has 30 vertices.

The actual computation of the quotient graph is performed by the program Map- 
Smush. When provided with one input file containing a list of group elements rep­
resented as standard tuples and another input file containing a quotient map, Map- 
Smush applies each variant of each of the tuples to the vertices in the subtree of 
radius RadiusMax. The resulting information is incorporated into the quotient map, 
and a new file is created containing the updated quotient map. As an example, the 
execution of “MapSmush M-G2-P3-L40-R13-T4 TC-G2-P3-L40-T5-8” will store its 
output in “MapSmush M-G2-P3-L40-R13-T8”.

The program TupleSmush performs the same function as MapSmush, except that 
TupleSmush also creates a file listing only those tuples which provided useful infor­
mation during the computation of the quotient map. Many of the tuples generated
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by TupleCreate produce redundant information because they identify vertices that 
have already been identified by an earlier group element. This additional feature of 
TupleSmush is intended to permit quotient map files to be recomputed by MapSmush 
using only a fraction of the running time required during the initial computation. 
The full quotient map file can require much more disk space than the trimmed file 
of tuples required to  generate it. Tuples output from TupleSmush need to be sorted 
by TupleSort.

T u p leF ilte r  loads a quotient map from one input file and reads tuples from 
another. Most tuples with non-trivial action on the quotient tree are eliminated, and 
the remaining tuples are stored in a named “TF-G'/d-P'/.d-L’/.d-T'/.d-'/.d” . As currently 
implemented, some wrong tuples can slip into the output file, but no correct tuples 
will be omitted. If the radius is larger, then errors are less likely to occur.

TupleHunt is given a short list of vertex numbers and a file of standard tuples. 
TupleHunt identifies any tuple variant that maps one o f the given vertex numbers to 
a smaller numbered vertex. This program is intended to be used when a file of tuples 
is too large to be handled by TupleProduct plus TupleTrim and MapSmush. The 
optimization to MapSmush described in Section subsection:program-tree-optimization 
has largely rendered this use of TupleHunt obsolete.

The programs T u p le F ilte r  and TupleHunt proved useful during the debugging 
of MapSmush. When an obviously incorrect quotient graph was generated by Map­
Smush, these two programs could be used to identify which tuple was involved in the 
erroneous computation. Errors in the implementation were usually discovered when 
the computed quotient graph contained only one or two vertices.

4.8 Stopping Conditions and Program Correctness

Given values for p  and L, the computation of Xp^  or Xp L proceeds as follows:

(1) Select a value for RadiusMax, as discussed in Section 4.6.1.

(2) Invoke MapCreate to create a file “M-P(p)-R(RadiusMax)-TO” containing a map 
Tp — > Tp-, restricted to a subtree of radius RadiusMax, initialized as an isomor­
phism. Change the name of this file to “M-G(G)-P(p)-L{L)-R(RadiusMax)-TO” .

(3) Select a positive integer for PowerMax, at most RadiusMax. Set PowerMin =  1.

(4) Invoke T u p leC reatel (for Q l {Z[l /p])) ,  TupleC reate2 (for Xp,L) or T uple- 
Create3 (for X'pL) to generate the file “TC-G(G)-P(p)-L(L)-T(PowerMin)- 
(PowerMax)” .
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(5) Invoke MapSmush (or TupleSmush) to apply these tuples to update the quotient 
map Tp — > Tp. A new file “M-G(G)-P(p)-L{L)-R(RadiusMax)-T(PowerMax)" 
will be produced.

(6) Use MapPrint or QuotientGraph to determine if the resulting quotient map 
has a compact image. If so, then invoke QuotientGraph to produce XPyL.

(7) If the image is not compact, and if PowerMax < RadiusMax, then change 
PowerMin to PowerMin =  PowerMax +  1. Choose PowerMax with PowerMin <  
PowerMax <  RadiusMax. Go back to step (4).

(8) If PowerMax >  RadiusMax but the imap image is not yet compact, then Radius­
Max is too small. Increase RadiusMax, then return to step (2) and try again.

This procedure terminates when the image of Tp — > Tp given by Map [] is com­
pact. That is, when each of the outermost vertices in the radius RadiusMax subtree 
is identified with one of the inner vertices. There are two problems that could arise:

(1) The computed image never becomes compact; or

(2) The procedure terminates with a compact image, but the image is still larger 
than the actual quotient graph.

Both problems arise because two vertices in MapQ may not identified correctly, so 
that Map[vi] ±  Mapfi^] even though Vi and v2 are identified in the quotient graph.

For every choice of p  and L, Xp^  and X'v L are compact, so there must exist some 
value of RadiusMax so that the subtree of Tp covers XPtL and X  ̂L. Then, for every 
two vertices in this subtree whose images should be identified in the quotient graph, 
there exists some tuple (n : a \ ,a 2,a^ ,aA) in the relevant group, or T ^ ,  with 
n <  RadiusMax that maps one to the other.

The only remaining problem is that the computation of the tuple’s action on the 
vertex may not complete if the computation requires more than ExponentMax digits 
on accuracy.

In any case, it is always possible to detect whether or not the computed quotient 
graph is correct. Both MapPrint and QuotientGraph can determine whether the 
computed quotient map Map [] is compact and to count the number of vertices in its 
image. Then the computed quotient graph is correct if and only if it is compact and 
the number of vertices agrees with the formula in Corollary 3.31.
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4.9 Program Results

Table 4.4 lists all values p  and L for which quotient graphs XVil were computed. 
In each case, the number of vertices in the computed quotient graph agreed with 
the formulas derived in Chapter III and the values listed in Table 3.1. The p-adic 
numbers were represented using unsigned 64-bit integers. Also, columns R  and T  
give the values for RadiusMax and PowerMax required to produce the quotient graph.

Figures 4.3 through 4.11 illustrate some of the quotient graphs generated by these 
programs. In each graph, the vertices are arranged in a circle and labeled with the 
smallest nembers assigned to vertices in their inverse images in Tp. The numbering 
system is the same one described in Section 4.6.2.

p L R T P L R T P L R T
3 2 2 1 5 2 2 1 7 2 3 2

5 3 3 2 7 3 4 3
3 4 4 2 5 4 4 3 7 4 3 2
3 5 6 4 7 5 4 3

5 6 4 3 7 6 4 3
3 7 7 6 5 7 5 4
3 8 7 6 5 8 7 6 7 8 5 4

5 9 6 4 7 9 6 5
3 10 7 6 7 10 5 4
3 11 10 9 5 11 7 6 7 11 6 5

5 12 5 4 7 12 5 4
3 13 10 8 5 13 7 6 7 13 6 5
3 14 8 6 5 14 7 6

7 15 6 5
3 16 9 8 5 16 7 6 7 16 6 4
3 17 10 8

5 18 7 6 7 18 6 5
3 19 11 10
3 20 9 8
3 22 10 9
3 25 12 10
3 26 11 10
3 28 11 10
3 32 12 10
3 35 13 11
3 40 13 12

Table 4.4: Values for RadiusMax and PowerMax used to compute Xp>L
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4

Figure 4.3: The quotient graph * 5,3 =  r5,3\7i has 6  vertices and 18 edges.

R ep ro d u ced  with p erm issio n  o f  th e  copyrigh t ow n er. Further reproduction  prohibited w ithout p erm issio n .



68

3

Figure 4.4: The quotient graph X7,z =  V7̂ \T 7 has 6 vertices and 24 edges.
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Figure 4.5: The quotient graph Af3 4 =  r 3i4\73 has 8 vertices and 16 edges.
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Figure 4.6: The quotient graph =  r 5j4\75 has 8 vertices and 24 edges.
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Figure 4.7: The quotient graph /tV,4 =  r 7i4 \T 7 has 8 vertices and 32 edges.
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Figure 4.8: The quotient graph X3 5 =  r 3 5\73 has 30 vertices and 60 edges.
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Figure 4.9: The quotient graph X5# =  r 5>6\75  has 24 vertices and 72 edges.
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,194109162 I 4 io

Figure 4.10: The quotient graph X3J =  F3J\T 3 has 84 vertices and 168 edges.
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Figure 4.11: The quotient graph ;r3i8 =  r 3,8\7^ has 64 vertices and 128 edges.
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CHAPTER V

Lemmas

In how many ways can a positive integer n be represented as the sum of s squares? 
Let rs(n) be this number. In an 1828 paper [Jac28], Jacobi applied the theory of 
elliptic functions to obtain the definitive answer for s  =  4.

other small values of s. Many of these are derived in [Gro85].
An alternative approach produces an asymptotic formula for rs(n). This "circle 

m ethod” was developed by Hardy [Har20], with later contributions by Ramanujan, 
Littlewood, Rademacher, and others. A more modern proof by Estermann is given 
in [Est36].

T h e o r e m  (H ard y). For s > 5,

T h e o r e m  (J a co b i) . Let a '(n ) denote the sum of those divisors of n that are not 
divisible by 4■ Then r±{n) =  8 cr'(n).

Formulas for rs(ri) in terms of the divisors of n have also been obtained for certain

where V is the gamma function

S ( n ) is the singular series
OO

2-nihn
S{n)  =  ^  A (k , n), A(k, n) =  k 5 ^  exp

k
G( h , k )s ,

k=l

G( h , k )  is the Gaussian sum

and  £  denotes the sum over integers h with 1 <  h <  k and gcd(h, k) =  1.

76
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In his dissertation, Kloosterman applied the circle method to representations of 
integers in the form

C  lXj -F C2x  ̂ +  • • • +  Csx \ ,  

for positive integer constants C,, and obtained the formula

r- (n) =  r (s / 2 ) j rc 16 V - e ,  +  0  ("*/4+‘) +  0  (n>/2- 5/4+<> '

for all positive integers s and all real e >  0, where

S(n)  =  ^  A(k, n), A(k ,n) =  k 3 exp — “7r̂ n p jG (C jh ,fc),
Jfc=l h<k L -I :=I

and G (h , k) is the Gaussian sum.
Neither Hardy’s nor Kloosterman’s formulas are useful if s <  4, because the first 

error term overcomes the asymptotic term. In a later paper [Klo26], Kloosterman 
performed more careful analysis and produced an asym ptotic formula for r4(n) with 
a smaller error term:

r4 N  =  - i f ? *  fT- -r  nS(n)  +  0  (n 17/18+e) .

A result by Weil in [Wei48] and adapted by Estermann in [Est61] improves the 
error term to O (n7/,8+£).

This and the following two chapters apply Kloosterman’s method to representa­
tions of positive integers in the form C\,y\ +  C2y\ +  Cj,y\ + C 42/4 under the congruence 
restrictions y* =  a* (mod L{) for i =  1 ,2, 3.4. In Chapter VI, the following result is 
proved.

T h eo rem  6.2 (p. 9 3 ). For each i =  1,2, 3,4, let Ci, Li and ai be fixed integers 
with Ci and Li positive. For each non-negative integer n, let r(n) equal the number 
of integral solutions in the set

{ ( l / i>2/2 :2/3,2/4) n =  C i y % +  C2y \ +  C3y2 +  CAy2A and yt =  a, (mod Lf) for  each i j .  

Then,

r{n) =  l ~l  l  l  *f c f r r r r r nS(n) +  °  (nl5/16+£)

for  every positive e, where
OO

•S’(n) =  J \4 ( f c ,n ) ,
k=l
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A(k, n) =  k 4 exp
2irihn

h<k :=1

fc-l

Gc,L,a(h i k ) =  X]eXP
J—o

2irih
C (L j  +  a):

and  ̂ indicates the sum over integers h with 1 <  h <  k and gcd(h. k) =  1.

In order to make use of this result, Chapter VII evaluates S(n)  in the case of all 
Ci =  1 and Li =  L in order to verify that the asymptotic term grows significantly 
larger than the error term. The following result provides necessary and nearly suf­
ficient conditions for representing a number as a sum y \  -I- y\  -+- y\  +  y \  under the 
congruence restrictions yi =  a* (mod L).

T h eorem  7.9 (p. 128). Let p and L be positive integers with p prime and L not 
divisible by p. Let ai, a2, a3 and a4 be integers with a\ a\  +  a\ +  a\ =  1 (mod L). 
Let S  be the set of representable integers

S  =  { n | n =  y\ +  y \  +  y l  +  y\  for  some yi € Z with yi =  (mod L) } ,

and let C  be the set of positive integral candidates

{{ n | n =  1 (mod L) } if  L odd,

{ n | n =  1 (mod 2L)  } if L even and of +  a% +  a | -f a\  =  1 (mod 2L),

{ n | n =  I -f L (mod 2L) } if L even and a\ +  a% +  al +  ^  1 (mod 2L).

Also, for  each positive integer m, put

Mm =  { n J 2m divides n} .

Then S  C C. If L is even, then C  \  S  is finite. If L is odd, then (C  \  \ I m) \  S  is 
finite for  every positive integer m.

The remainder of this chapter performs computations and estimations in prepa­
ration for Chapters VI and VII.

5.1 Definitions and Chapter Goals

Throughout Chapters V, VI and VII, the letters C, L, a and C,, L, and (for 
i =  1 ,2 ,3 ,4 )  denote integer constants, with C, L and all of the C fs  and L f s  positive. 
Also, write e[x] as a shorthand notation for

e[x] =  exp[27nx].

Hence, e[x] =  1 if and only if x is an integer.
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D e fin it io n  5 .1 . For integers h, k and v  with gcd(h ,k)  =  1 and k positive, let 
Gc.L,a(h, k, v)  denote the sum

fc-i
G c ,L,a{h-,k,v) =  y ^ e  

j =  0

hG , r . >2 V / r • \— ( L j + a )  +  —  { L j + a )

The sum Gc,L,a(h, k, u) is a generalization of the Gaussian sum G{h,k)  and will 
play a major role in the proof of Theorem 6.2. Sections 5.2 and 5.3 of this chapter 
derive a set of formulas for evaluating Gc,L,a(h, k , v).  Section 5.4 uses these formulas 
to establish a bound on the sum

h"<n

hn
T

i=L

where ^  ̂ denotes the sum over all 1 <  h <  k such that gcd(A, k) =  1 and 

h" <  fx, where h" is the unique solution to h(h" +  N)  +  1 = 0  (mod k) in the domain 
1 <  h" <  k.

The proofs of these formulas are modified from lemmas appearing in Section 2 of 
Kloosterm an’s paper [Klo26].

5.2 Reduction of Gc,L,a(h, k,u) to a Gaussian Sum

The first step towards evaluating Gc,L,a(h. k, u) is to rewrite it in terms of a 
Gaussian sum.

L em m a  5 .2 . Given integers h. k , u with gcd(h, k) =  1 and k positive, put d =  
gcd { C L 2, k), and write C L 2 =  C'd  and k =  k'd.

(0) I f  d does not divide 2hCLa +  i>, then Gc,L,a{h. k,u)  = 0 .

Otherwise, d must also divide u2, so write v 2 =  u'd. Define

E c .L,a{h, h', m, k, u) =  e
hC a2 a u , , h'mv'
_ ( i _ C m ) + _ ( l - C ' m) +  —

(1) If k' is odd, then

Gc,L,a(h, k, u) =  d E c ,L,a{h,h',m,k,u) G{hC',k') ,  

where h' and m are any integers satisfying 

hh' +  1 =  0 (mod k) and C'm =  1 (mod k') and m  =  0 (mod 4).
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(2) If k' and w' are even, then

Gc,L,a{h, k ,u ) =  d Ec ,L,a{hi h', m , k , u) G{hC', k'), 

where h' and m are any integers satisfying

hh' +  1 = 0  (mod k) and C 'm  =  1 (mod k'). 

Also, v' is divisible by 4-

(3) If k' =  0 (mod 4), and w' is odd, then Gc,L,a(h.k,u) =  0.

(4) If k' =  2 (mod 4), and w' is odd, then

Gc,L,a{h, k, u) =  ^ Ec ,L,a{h, h', m , k, u) G(hC'. 4k'), 

where h! and m are any integers satisfying

hh' +  1 =  0 (mod 4k) and C 'm  =  1 (mod 4k'). 

Hence, h!, m  and v' are odd.

Furthermore, if  m can be chosen with C'm =  l(modA:), then the first term within 
Ec,L,a{h, h' ,m, k, u) vanishes. If m  can be chosen with C'm  =  1 (mod Lk),  then the 
first two terms vanish.

Proof. First, use the factorization k =  k'd to split the sum over j  =  0 , . . . .  k -  1 into 
the product of sums over j i  =  0 , . . . .  k' — 1 and j 2 =  0 , . . . ,  d — 1, with j  — j i  +  k'j2:

k - I

Gc,L,a(h, k, u) =  y ^ e  
j=o

Jfc' — L d - l

= EE«
i i=o j 2 =o
f c ' - i

j , = 0

d-l

h,C  / r - vO ^ / r ■ \—  (L j + a ) + —  (Lj +  a)

—̂ { L { j i  +  k'j2) +  a)2 +  +  k'j2) +  a)

hC  o v
— +  a) +  — (Ljt +  a)

y  e { l ? E 2j \  +  2L2k'j i j2 +  2Lak' j2) +  ~j^.(Lk'j2)
j 2=0 L

f c ' - l

=  £ *
j  1 = 0

hC f r . xO  ̂ / T ■ \i +  a) +  — {Lji +  a)
d- l

E e
72 —0

2hCLa  +  v
---------- j ----------32

R ep ro d u ced  with p erm issio n  o f  th e  copyrigh t ow n er. Further reproduction  prohibited w ithout p erm issio n .



81

Now, the inner sum over j2 equals zero unless d divides 2hCLa  -+- v. If d does divide 
2hC L a  4  v. then:

l
Gc,L,a{h’ k .v ) — d  ^  e 

j =o

Also, d also divides Lv  and v2 because

h G . , .9  v _
— (Lj +  a) + — (Lj +  a)

Lv  =  L(2hCLa  4- v) — 2ha(CL2) and v 2 =  v(2h.CLa +  v) — 2hCa(Lv ),

so write 2hCLa +  v  =  w'd, Lv  =  L'd , and v 2 =  i/d .
Next, replace j  by j  +  x in equation 5.2:

* ' - i

Gc,L,a(h"! k ,v )  =  d e 
j=0

4  x) +  a )2 4  ££ (-^0 + x ) +  a)

=  d e y ( (hC L2)x2 4  (2hCLa  4  v)x  4  /iCa2) 4  ~
/C LjrZ

k' - 1

j = 0

y  ((h C L 2) j 2 4  (2hCL2x  4  2/iCLa 4  */)./) 
/c

So

k,v ) =  d e — ((hC'x2 4  w'x)d  4  hCa2) 4
AC LjK

jt'-i

E«
j= 0

i  (hC'j2 4  (2hC'x  4  iv')j)

An ideal choice for x  would satisfy 2hC'x  4  w' =  0 (mod k') so that

k ' - l
GcxAk-.  k ,v )  =  d  e 

=  d e

— ((hC'x2 4  w'x)d  4  hCa2) 4 i/a
Z Z i=o

/iC' , 
J

— ((hC'x2 4  u/;r)d 4  hCa2) 4  y j
LdK

k'

G{hC',k') .

(5.1)

(5.2)

Case (1). If k' is odd, then gcd(2hC',k')  =  1, so 2hC'x  4 w ' =  0 (mod k1) has one 
solution. Let x be that solution, so equation 5.2 holds. Choose m' with (4C')m'  =  
1 (mod k')\ then set m  =  4m', so that C'm  =  1 (mod k') and 4 divides m. Also, 
choose h! with hh' 4 1  =  0 (mod k). Then,
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(hC') (h'm)w '2 =  —w '2 =  —w'(2 w' — w ')

=  (2hC'x){2w' +  2hC'x) =  4hC'(hC'x2 +  w'x) (mod k'),

so h'{m/4)w '2 =  hC'x2 +  w'x (mod k'). Also,

w'2d2 =  (2hCLa  +  is)2 =  4h2C a2(C L2) +  4 hCa(Lis) +  is2,

so w'2d  =  4h2C a 2C' +  AhCaL' +  is'. Hence,

(hC'x2 +  w'x)d  =  h'(m/4)w'2d =  h'(m/4)(4h2C a 2C' +  4hCaL' +  u')

=  —hCa2C'm — CaL'm  +  h'v ' {m /4 ) (mod k).

Also, CaL'm  =  CaL2u m /L d  =  C'avm /L .  Now, substitute the above into equa­
tion 5.2 to obtain

Gc.L,a{h->k,v) 

— d e

=  d e

h'v'm
— —hCa2C'm  — CaL'm +  
k V 4

ua
+  hCa2 +  —

hCa2 au h'mv'
-  ( i — C  m) +  — C m) H —

L

G(hC', k').

G {h C ', k')

Case (2). If k' and w' are even, then let x  be the solution to hC'x+ (w ' /2 ) =  0(modA:/). 
Also, choose h' and m with hh' +  1 =  0 (mod k) and C'm =  1 (mod k'). Then 
equation 5.2 holds, and

w '2 w'2 w
(hC')(h'm )—  =  =  _ — U ,' -

w
4 4 2 V 2

=  hC'x( w' +  hC'x)  =  hC'(hC'x2 +  w'x) (mod k'),

so (h'm)(w'2/ 4) =  hC'x2 +  w'x (mod k'). Also, w'2d =  4h2C a 2C' +  4hCaL' +  u' as 
before, and v' is divisible by 4, because w' is even. Hence.

(.hC'x2 +  w'x)d  =  (h' m ) (w '2 /  4)d =  (h'm)(h2C a 2C' +  hCaL'  +  is'/4)

=  —hCa2C'm  — CaL'm  +  h'{v'/4)m  (mod k).

Therefore, as in case (1),

hCa2
Gc,L,a(h, k, is) =  d e \ a u /, x h'mis'— (1 -  c  m) + — (1 -  C m) + - y - G(hC',k') .

Cases (3) and (4). If k' is even and w' is odd, then 2hC'x +  w' =  0 (mod k') has no 
solution. Instead, the equation hC'x' +  w' =  0(mod4A;/) has a solution for x', and w'
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odd implies that x' is odd, so let x be a solution to hC'(2x — 1) +  w f =  0 (mod 4A;'). 
Substitute 2hC'x +  w' =  hC'  (mod4A:') into equation 5.1 to obtain

p  ((hC'x2 +  w'x)d  +  hCa2) +  \ k CGc.L,a{h-. k.u) =  d e
j =o

- g r U ' + J )

(5.3)

Case (3). Since k' is even, write k' =  2k0. Also, h and L' are odd. Then,

T hC'
f c ' - i  

j= 0

h C ', -2  -x
— (J + 3 )

fco-1 1

=  £  £  exp
7 1 = 0  j 2 =0

2 kQ {ti l  +  ] 2ko)2 +  (jl  +  J2 &0 ))

ko — l

=  £ e
71= 0

to  —1

=  £ e
71=0

h C ' .  2 . .
“P"(Ji +  Ji)

rh c ' ,2
- g -  t i i  + J  i)

£ *
72=0

7iC'
—̂— (2j 1J2 ̂ o +  i f  +  J2 )

1 +  e
kg +  1

Now if A:' =  0(m od4), then kQ is even, e[(fc0 +  l)/2 ] =  —1. and G c ,L,a{h, k, u) =  0.

Case (4). The next goal is to rewrite the inner sum o f equation 5.3 in terms of 
G{hC'Ak').

i k ' - l

G{hC'Ak') =  e
7= 0  

2k' — I 

=  2 £ e
71=0

hC'  ,2 

4A: '3

hC' ,
I F *

2k' —l 1

= £ £ »
7 1 = 0  7 2 = 0

f c ' - i  

=  2 £ e
7= 0

k’ - l

+  2 £ «
7 = 0

Evaluate the first term.

f c ' - i

X>
7 = 0

hC'  
~TT J

;2
fco-1 1

= £ £ ■
71=0 j2=0

ko — l

=  £ e
71= 0

hC'
2k0

. C  
2 kQ

(j 1 +  koj2)'

hC'  .9 
Ji

jn =0

AC"/o- • -2 / \7rr~(2jij2 +  J2 0) 2k 0

fco-l

= £ *
71=0

This is zero, because C' and h and kQ =  k1/2  are all odd. Hence,

'hC'  ,2' 'hC'ka
W Q J\

f 1 +  e
2

Jt'-i
G(hC'Ak')  = 2 j ^ e  

7 = 0

=  2 e
hCL2 

4 k

k'-l

£ e
7 = 0

ac" ,2 
t t O  + j )

R ep ro d u ced  with p erm issio n  o f  th e  cop yrigh t ow ner. Further reproduction  prohibited w ithout p erm issio n .



84

Combine this formula with equation 5.3 to obtain 

Gc,L,a{hik,v) =  d e
LK

fc'~ l r h

i  ((hC'x2 +  w'x)d  +  hCa2) +
K LjK

>=o fkCL2 G(hC',  4&')

9 e ■jr ((4hC'x2 +  4w'x  — hC')d +  4hCa2) +  y y
^xrC J-jrZ

■ G{hC', Ah').

Now choose h! and m  with hh' +  1 = 0  (mod 4k) and C'm  =  1 (mod 4A:'). Then 
hC'(2x  — 1) =  —w' (mod 4k') implies

(hC'){h'm)w '2 =  - w '2 = —w'(2w' -  w') =  hC'{2x -  l){2w' +  hC'(2x  -  1))

=  hC'{4w'x -  2w' +  hC'(2x  -  l ) 2) =  hC'(4w'x  +  2hC'(2x  -  1) +  h C ’{2x  -  l ) 2)

=  hC'{4hC'x2 +  4w'x -  hC')  (mod 4k'),

so h'mw '2 =  4hC'x2 +  4w'x — h C ' (mod 4k'). Also, w'2d =  4h2Ca 2C' +  4hCaL'  +  u' 
as before. Hence

(4 hC'x2 +  4 w'x — hC')d  =  (h'm)w'2d =  (h'm)(4h2Ca2C' +  4 hCaL'  +  v')

=  —4 hCarC'm  — I CaL'm  +  h'l/'m (mod 4A;).

Therefore:

Gc,L,a(h, k , v)
d

~  2 6 
d

~  2  6

1
—  ( —4hCa C'm  — 4CaL'm  +  h'u’m +  4hCa2) +

ua
4k 
hCa2

Lk

G{hC'Ak').

G(hC',  4k')

This concludes the proof of Lemma 5.2. □

5.3 Evaluation of the sums G(h,k) and Gc,L,a{h,k,v)

The problem of computing Gc,L,a{h, k, u) has now been reduced to the computa­
tion o f G(h,k) .  The following approach for computing Gaussian sums follows from 
results on page 138 of [Gro85].
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L em m a 5 .3 . If  gcd(h, k) =  1 and k >  0 is factored as k =  2Kk" with k" odd, then

1 /or  k =  0,

0 for  k =  1.

1 +  exp[/iA:/'/4] for  even k >  0.

(2 /k")y/ 2  ef/iAr /̂S] for  odd k > 1.

where

e(k") =
1 if  k" =  l (m o d 4 ) ,  

i i f k" =  3 (mod 4).

Now combine Lemmas 5.2 and 5.3 to obtain a formula for Gc,L,a(h, k, u).

T h eorem  5 .4 . Let h, k and i/ be integers with gcd(h,k)  =  1 and k > 0. Write 
d =  gcd(CL2, k), C L 2 =  C'd, k =  k'd, and k1 =  2Kk" with k" odd. Also, put 
v' =  v 2 j d  6  Q. Then

Gc ,L,a(h, k, u) =  Ec ,L,a(h, h', m, k, u) e (k") OLC>{h, k') /?c,L,a(^, k, v )Vkd,

where

Ec,L,a(h. h', m, k, u) =  e
hCa2 h'mu'  1 av _  _  .

(1 -  C  m) H  —  +  T — (1 -  C m)

s(k") =

k 4k k L

1 if k" =  1 (mod 4), 

i if k" =  3 (mod 4);

1 if k =  0,

a c ( h ,  k') =   ̂ 1 -f e[hC'k"/4) for  even k >  0,

(2/k")V 2 e[hC’k"/8] for  odd k > 1;

0 i f2hCLa  +  u ^  0 (mod d),

0 if 2hCLa  +  v  =  0 (mod 2d) and k' =  2 (mod 4),

0 if 2hCLa 4- u =  d  (mod 2d) and k' =  0 (mod 4),

1 otherwise,\  3

and where h! and m  are any solutions to

Pc,L,a(h,k,u) =  <

hh + 1  =  0 (mod k) and C'm  =  1 (mod k') and 4 | m if k' is odd, and
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hh' +  1 = 0  (mod 4A;) and C'm  =  1 (mod 4A:') if  k' is even.

Note that if 3c,L,a(h-, k, v) ^  0, then d  | u2, so v' e  Z. Hence, either Gc,L,a(h, k, u) =  
0 for all h or v' € Z.

Proof If 2hCLa  +  u ^  0 (mod d) or if 2hCLa  +  u =  d  (mod 2d) and k' =  0 (mod 4). 
then Gc ,L,a{h,k. v) =  0 by Lemma 5.2 and 3c,L,a(h, k, u) =  0, so the left and right 
sides agree. Otherwise, Lemmas 5.2 and 5.3 together imply that

(2/k")\/2 e[hC'k”f  8] if k >  0 odd and 2hCLa  +  u =  0 (mod 2d),

{2/k")\/2 e[hC'k"f8] if k  =  1 and 2hCLa +  u =  d (mod 2d).

It only remains to verify that

Q c{h ,  k') 3c.L,a{hi k, v) =  7 .

If k =  1 and 2hCLa +  u =  0 (mod 2d), then 3c,L,a{h. k.u) =  0 and 7  =  0. In each of
the other four cases, 3 c,L,a(h. k. u) =  1 and the value of a c { h ,  k') equals 7 . □

C orollary  5 .5. For integers h, k and v  with gcd(/i. k) =  1 and k positive ,

Gc,L,a{h. k , u) =  E c ,L,a(h. h', m, k, u) —  J e(k") \Zkd~f

where

1

0

7 =  1 +  e[hC'k"/A)

if /c =  0 and 2hCLa  +  v  =  0 (mod d), 

if ac =  I and 2hCLa  +  v  =  0 (mod 2d), 

if ac >  0 even and 2hCLa  +  v  =  0 (mod 2d),

Proof. For all C, L, a, h', and k" with k" an odd divisor of k,

a C'{h,k')\ <  \ [ 2 , and \3c,L,a(h, k, u)\ <  1

so Theorem 5.4 implies

\Gc ,L,a{h,k,u)\ <  s / 2 - ^ ,

and d <  C L 2, which is constant. □
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5.4 Evaluation of the Sum a

D efin it io n  5 .6 . Let n, k, /z, i/\, u2 , ^3 and 1/4 be integers with 0 < ^ < f c < i V  =  
[ i /n j . Then let a  denote the sum

hn'  4

h " < n
<T=  e  ~ ~ r

1=1

rhere hll< denotes the sum over all 1 <  h <  k such that gcd(/i.A:) =  1 and

[ue solution to

h(h" +  N)  +  1 =  0 (mod k)

w h"<fi
h" <  (i. where h" is the unique solution to

in the domain 1 <  h" <  k.

The goal of the remainder of this chapter is to establish an upper bound on 
the sum a  analogous to the fundamental lemma in Kloosterman’s paper. Applying  
Corollary 5.5 to a  produces

<r=o ( n  ^ ) = ° ( ^ ) = °(k3)>
\  h " < / i  i= I  /

but a slightly better bound shall be required to prove Theorem 6.2.

L em m a 5 .7 . Let a c  and 3c,l,a be defined as in Theorem 5-4- Then for  all h, k and 
v with gcd (h, k) =  1 , k >  0 , di =  gcd(C,-£?, k), C t f  =  C[dt, k =  Jfcjd,- and k[ =  2r'k’/ :

a C't {h, k[) =  Qc[(h +  A. k'f) if  8 | A or rt =  0.

3 c l ,Lt ,at (h, k, Ui) =  3Cl,LiAi (h +  A, h, Ui) if dt | A,

n ( J )  = n  (n^r) if dt 1A for di l
Proof  The first two equalities follow from the definitions of a  and 3. For the third, 
write k =  2ck" and di =  2c' <  to match k[ =  2r'fc". Then k" =  k”d'f so

Then di | A for all i implies

□
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L em m a 5 .8 . Let n, N , k and n be integers with 0 <  fj. <  k. If k is even, then

h"<fi 1 = 1

Hn 4

i=l

where and denote the sums over all 1 <  h <  k and 1 <  H  <  Ak

such that gcd(/i, A:) =  gcd(H,4k)  =  1 and h",H" <  where h" and H" are the 
unique solutions to

h(h" +  N )  +  1 =  0 (mod k) and H(H" +  N) +  1 =  0 (mod 46) (5.4)

in the domains 1 <  h" <  k and 1 <  H" <  4k.

Proof. The equations 5.4 establish two bijections h <— > h" and H  <— y H" between 
h and h", and H  and H" satisfying 1 <  h, h" <  k, 1 <  H , H" <  4k, and

gcd(h, k ) =  gcd(/i" +  N, k ) =  gcd(H. 4k) =  gcd(H" +  N, Ak) =  1.

Since k is even.

and

gcd(H, Ak) =  1 <=>■ gcd (# , k) =  1

gcd(H" +  N, Ak) =  l  «=► gcd{H" +  N, k) =  1.

So Y  and sum over the same set of h" and H". When h" =  H" andh"<n H"<p
gcd{h" +  N ,k )  =  1,

h(h" +  N) +  1 =  H(H" +  N)  +  1 (mod k) h =  H  (mod k).

So,

hn
T

-i 4

i=l
I I G c „L,M( h ,k ,v i) = e  ~  n

1 = 1

□
The heart of the computation of cr is accomplished using a pair of lemmas from 

Kloosterman’s paper [Klo26].

L em m a 5 .9  (K lo o ste r m a n ). Ifu,  v, A, A, k , N  e  Z with 0 <  A <  k and A | k then

uh +  vhr
S '

/ i= A m o d A

=  0(A:3/4+£gcd(u,A;)1/4)
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where 1 -+- hh' =  0 (mod k). Consequently, i f Q < p < k  then

h /̂X

where 1 +  hh' =  0 (mod k), and h' =  h" +  N  (mod k).

Proof. See Lemmas 4 and 5 o f [Klo26]. □

In [Wei48], VVeil invoked the Riemann hypothesis in function-fields to prove a 
tighter bound on the Kloosterman sum:

for k prime and u and v not divisible by k. Estermann, in [Est61], applied this sum 
to improve the error bound in Kloosterman's method.

Now we are ready to analyze the sum a.

T h eo rem  5 .10 . Given integers n, k and p. with 0 < p . < k < N  =  \_\fn\, and 
integers V\_, Uo, and uA, then for  any positive real e:

domain 1 <  h" < k.

Proof. First, recall some notation from Theorem 5.4. For i =  1,2, 3, 4, write di =

u2/di.  If dt \  v 2 for any z, then G c t,L„a,(h, k, i/{) =  0 for all h, so o  =  0. Hence, 
assume that all v[ are integers.

Let Ec ,LJ h ,  h', m , k , u), e{k"), a c { h , k') and &c,L,a{h. k , u) be defined as in The­
orem 5.4. For each i, choose 0 <  mj <  4A;( such that

h 1=1

where u =  0 {n), and ^  ̂ denotes the sum over all 1 <  h <  k with gcd(h, k) =  1 

and h" < p, where h" is the unique solution to h(h" +  N) +  1 = 0  (mod k) in the

C[mi =  1 (mod k[) and 4 | m, if k[ is odd, and

C\mi  =  1 (mod 4fc') if k'i is even.

Now, there are two cases to consider:

(1) If all of the k[ are odd, then set A =  lcm(dl5 d2, d3, dA), so that A | k.
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(2) If instead at least one of the k[ is even, then put G  =  lcm (di,d2 ,d 3 ,d 4) and

A =

G  if 8  | G,

2 G  if G  =  4 (mod 8 ), 

4G  if G  =  2  (mod 4), 

8 G if G  is odd.

Then A | 4A: because k' even implies that k is even.

In both cases, each di divides A, and either r, =  0 for all i, or 8  | A. Hence, A sat­
isfies the conditions for the three equalities of Lemma 5.7. Furthermore, A is bounded 
above by a constant independent of k and n, namely 8  \cm(C\L\ , C2L2, C3 L3 , C4 L4 ).

In case (1), A | k , so the domain of the sum a  can be separated into equivalence 
classes modulo A. In case (2), first invoke Lemma 5.8 (as k is even) to rewrite cr as a 
sum over 1 <  h, h" <  Ak with gcd(h, 4A:) =  1 and h(h" +  N) +  1 = 0  (mod Ak). Then 
A | 4&, so the domain of a  can be separated into equivalence classes modulo A.

In either case,

-t  £ '
A=L h " < f i  

/ i=A m odA

hn
~k

Y [ G Cl,Lt,at {h, k, l/i).
1 = 1

where h can range up to k in case (1) and up to Ak in case (2). Substitute the 
formulas from Theorem 5.4 for G Cl,Lt,a,(h, k, ):

=  £  £ '  ■ 
A = 1  h " <f i  

h = A m o d A

hn
k

■ n  ^c„L„a,(h, h', m „  k, Ui) £ ( k " )  K) Pc„Lt,at {h, k, u jy /k d l .

Use Lemma 5.7 to extract terms from the inside of the summation over h:

a  = n  ( § ) * « >kLi=i N *
k2 y /d id2d3d4 ^ 2

A = l , i = l
I I  (m . * )

• £ '  ■ 
h"<ii 

/ i= A m o d A

hn
T t=l
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Rewrite the innermost sum over h:
4

a  =
i = l  

• e It] E'
A = l i = l  '  1 '

h"<n
/ i=A m odA

uh vh'
~ k + l k

where u, u € % and w E Q  are

U -  — Tl +  C i < 2 j ( l  — C j 7 7 l i )  +  C 2<Z2 ( 1  —

+  C ^a^l — C3 /7T3 ) -f C4at[(l — C\m±).

V  =  m i i / j  +  m 2 ^2  +  m 3 ^ 3  +  ^ 4 ^ 4 ,

w _  Oil/1_^ _  C[mi)  4 - ^ p - { l  -  C'2m 2) +  ^ - ^ ( 1  -  C'3m 3) +  7 7 ^ ( 1  -  C'4m 4). 
L 1 L2 L3 L4

Then y/dxd2d3d± <  L\_L2L3L^\/C^C2C 3C l  implies that
A

|cr| <  K  k2 ^
A=1

E'
h"</x

/ i= A m o d A

u/i u/i'
A: +  4A:

(5.5)

where A” is some positive constant independent of k and n.
In case (1 ), all of the A;' are odd, so then all of the ra* are divisible by 4. Hence, 

v =  mxv'y +  m2u'2 +  m3u3 +  mAv\ is divisible by 4. Apply Kloosterm ans Lemma to 
equation 5.5 to obtain a bound for a:

A

< * * 2E
A=1

A

E  ■
h"<ii

/ i= A m odA

uh  +  (v/A)h'

< K k 2 J 2  fc?/8+£ Sc d ( “ 5 k ) UA =  A:2+7/8+e gcd(u. k ) 1/4
A=rl

Since A is bounded above by a constant,

a  =  0  (A:23/ 8+£gcd(u,A;)1/4) .

In case (2), the sum hN< in equation 5.5 is taken over 1 <  h <  Ak instead,
A =Am odA

so apply Kloosterman’s Lemma to 5.5 using 4A; instead of k:
A

|cr| < K  k2 ^
A = l

A

E' -
h"<n

/ i= A m odA

(4 u)h  +  vh' 
Ak

< K k 2 ^  A:7/8+£ gcd(4u, k ) 1/4 =  A'AA:2+7/8+£gcd(4u, A;)1/4.
A = l
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Since gcd(4u, k) <  4gcd(u,Ar),

a  =  O  (fc23/8+e gcd(u, A:)1/4) 

Finally, note that 0 <  mi <  4k[ <  Ak <  An for all i, so 

u =  —n +  Cta2( l  -  C[m \)  +  C2a2( l  — C'2m 2) +  C3a2(l

is a function of k and n, and u =  O (n ).
This completes the proof of Theorem 5.10.

C'3m3) +  C.ia2( l  — C\m\)

□
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CHAPTER VI

E xtending K loosterm an’s P roof

D efin itio n  6 .1 . For i =  1 ,2 ,3 .4 , let C,, L, and a* be fixed integers with C, and 
Li positive. For each non-negative integer n, let r(n) equal the number of integer 
solutions in the set

{ (2/1, 1/2,2/3,2/4 ) ti =  C 12/1 +  C22/I +  C3yf +  C.i?/| and y{ =  a* (mod I ,)  for each i j .

This is equivalent to counting the number of integer solutions in the set

( x i . x 2, x 3, x 4) n =  Y 2 Ci(Lix i +  ai f  }•
i = l  '

The goal of this chapter is to prove the following asymptotic formula for r(n): 

T h eo rem  6.2 .

r(n) =
7T

L\L ‘iL%L\\/C\C-iCjlC\  

for  every positive real e, where

nS(n)  + 0  (n 15/I6+f)

S (n) =  y^.4(Ar,n),

.4(Ar, n) =  k 4 ^  exp
h<k

27rihn
k),

t=i
fc-i

Gc,L,a{h-> k) =  exp
2ttz7i

C ( L j  +  a)2

and indicates the sum over integers h with 1 <  h <  k and gcd(h, k) =  1.

93
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The proof uses Corollary 5.5 and Theorem 5.10 from the previous chapter, and it 
follows Kloosterman’s proof closely. First, Cauchy’s theorem is applied to a represen-

over a small circle around the origin in C2. Next, the integral is rewritten as a sum  
of integers. The remainder of the proof consists of the evaluation and estimation of 
these integrals. One integral eventually yields the asymptotic term in the formula 
6.1, and all the other integrals are subsumed into the error term.

As in Chapter V, C , L , a, C ix Li and a, denote integer constants, with C, L , C* 
and Li positive. Also, e[x] =  exp[27rix].

6.1 Step 1: Express r(n) as a Complex Path Integral

In the language of generating functions,

30 4 DC

Now, recall some useful facts from complex analysis. If f ( z )  is analytic in the 
region R \  {ct}, then the Laurent series for f ( z )

converges uniformly to f { z ) within any closed annulus contained in R  and centered 
at a.  If T is a counterclockwise circle around a  within R , then

where T is a sufficiently small circle about the origin.
It can be shown that the Taylor series for dc,L,a(x) and hence for 9c„L„a,(x) 

converges when |x| <  1, and that the unit circle is a natural boundary for 9c,L,a(x).

tation of the generating function of r ( n ) in order to express r(n) by a path integral

,C (Lm+a)2where 9c ,lA x ) =

r  C n { z  -  a ) n = ----- 1- C - \ { z  — a)  1 -i- c0 -I- C i { z  -  a ) 1 +  c2{z -  a )2 -1-----

In particular,

and c_i is called the residue of f ( z )  at a.
Applying these facts to the generating function for r(n),  produces

Choose T to be a circle of radius e 1>/n. As n —>■ oo, the radius of T approaches 1 
from below.
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6.2 Step 2: Break the Circle T Up into Farey-Arcs

As |xj —> 1 from below, it can be shown that |0c,L,a(z)| grows large particularly 
quickly when x  approaches a root of unity exp [Ini (h/k)]  with a small denominator k. 
Consequently, the evaluation of the integral in equation 6 . 1  should focus on intervals 
around these roots of unity.

Let N  =  |_\/nj. The Farey series of order N  is the set of fractions h /k  with 
0 <  h <  k <  N  and gcd(/i, k) =  1 , ordered by size. For example, the Farey series of 
order 7 is

0 1 1 1 1 2 1 2 3 1 4 3 2 3 4 5 6 1  
1 ( 6 o 4  i 3 o 7 2 r o 3 4 o 6  7 1

If h i / k i  <  h / k  <  h2/ k 2 are three consecutive terms in a Farey series, then:

(1 ) kyh — khi  =  kh2 — k2h =  1 ,

(2) N  < k i + k <  2 'V and N  < k +  k2 <  2 N,

h-i h\ +  h h h +  h2 h2 ,
(3) —  <  ■;------   <  — <  <  7 —, and

k\ ki +  k k k +  k2 k2

. . hi h h 1 , h h2 h ^
(4)  ------ - -  -  -  — ------ — and   — =  -  +

ki +  k k k(ki +  k) k +  k2 k k(k +  k2)'

The fractions 1 — and - -+  are the mediants between h i / k i  and h/k ,  and 
ki -k k k +  k2 

h/k  and h2/ k 2, respectively.
We use the mediants to break the circle T up into Farey-arcs dh,k- where the

Farey-arc <bh,k is described by

w =  exp
1 2nih  

—  +  ——  +  id 
n k

. - 2 tt 2tt
where  ------ — <  9 <

k(ki  +  k ) k(k  +  k2)

Here, 0 i t1 denotes the union of the two extreme intervals, so 0 ^ 1  corresponds to

w =  exp
1

 1- i9
n

, — 2?r 2tt
where —— -----   <  9 <

l(iV  +  l )  -  - l ( l  +  jV)'

Let E '  , denote a summation over integers h with 1 <  h < k and gcd{h, k) =  1.h<k
Then

1 N

r (n ) =  ^—  /  eCl,LlAi {w )0 c 3lL2,a2{ w )d c 3,L3^3{w)9c4, L ^ ( w ) - ^ i -
k= 1 h<k W
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6.3 Step 3: Rewrite 0 c , L . a ( w ) for the Farey-arc (f>k,k 

On the arc

oc,lA u>) = Y  ™C{Lm+a)2 = Y exp 1 2/i ih \  2
 1-----;----- b id ) C(Lm  +  a)

n k )

Some of the terms inside the exponent depend only on the congruence class of m 
modulo k. Rewrite m  as m  =  vk +  j ,  where v . j  €  Z and 0 <  j  <  k. Then 
Lm +  a =  Lvk  +  (L j  +  a) and

k — 1 oc

C,L,a m = Y  Y  exp
j =  0 u = —oo 

k - 1

e

^------ — +  id ĵ C (L vk  +  (L j  -b a ))2

J=  0

- C ( L j  +  a )2
00

J ]  exp
t/=-00 - ( H C ( L k )2 [ v  +

L j  -b a 
Lk

Theorem 8.1 in [Gro85j implies that for any a  and t with Re t >  0.

5 3  exp \—n t ( v + a )2] =  t 1/2 5 3  exp 2x i v a  —
XV.21

Applying this formula to 9c,L,a(w) using

C ( L k )2 ( \
t =

produces

Qc ,lA w ) =

k - 1

£ e
j = 0

L k i l n - 9

-  C ( L j  +  a )2

- - i d )  and a =  L-  j  °  
n J Lk

- 1/2

5 3  exp
2x iv
~Lk

(L j  +  a) -
x 2v2

C ( L k ) 2 \ n
-  -  id

-L

Separate the inner sum into three cases: v  =  0, v  >  0 and v <  0. For v  <  0, 
replace j  by —j  mod k and v  by — v. Then we obtain

dc,L,a(W) =

k— I

j = 0
k-1

j = 0

L2C  k \  n

j - C ( L j  +  a )2 

j C ( L j - a f

£ > P

oo

5 3 exp
v=i

k - 1

£ '
j= 0

2x iv
~Lk

2iriv 
~Lk~

-  C ( L j  +  a )2

(L j  +  a) -

(L j  - a )  -

7r V
C ( L k )2 \ n

- - i d

2 . . 2  nx v
C ( L k )2 \ n

-  -  id

- i

- l
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As in Definition 5.1, put

Gc,L,a(^ k , V) =  y %
j= 0

— C {L j  +  a )2 +  +  a )

and

Jk-l
Gc,L,a(h-i k) =  Gc,L,a(h. k, 0) — y   ̂e

J = Q

- C ( L j  +  a )2

Then

7T 1 / 1
L2C  k \ n

-  \ -  - i d
- 1/2

Gc,L,a(^ A:)

OO

+  A, u) +  GC,L,-a(h. k, u)^ exp
u= 1

7T2u2 ( \
C (L k )2 \ n

- i
-  -  id

Finally, write

1 / 1  . \ ' l/2 
/?C,Z.,a( ’̂) =  £  I — — id 1 Gc,L,a(h- k)

and

$C,L,a(w ) =  T ( “  ~  i d ) 5 Z  Gc^a{h. k, u) expk \ n

- 1 / 2  oo

j/=1

7T2U2 ( I
C (Lk )2 \ n

-  -  id
- i

so that

7T
0c ,l A w ) =  \J  J 2 £  \VC,l A w ) +  $ C , l A w ) +  $C.L ,-a(w)

In this last formula, $ c ,lA w ) is ^ e  most important term, while the $c,L,±a(w) 
terms will be subsumed into the error term.

Now, recall the integral formula for r{n):

1 n ^

r (n ) 2ttI ^  ^  ' I  @Ci,Li,ai (w ) dc2,L2,a.2 (w ) ®C3,L3,az (w ) $C*,£,.|,a.i (m)
Jfc=l h<k J^,k W

Substitute for dc,LAw ) and distribute terms to obtain

r2
r(n) =

7T

L i L2 Ls L\ yCiC^C^Cl [ j 0 +  (Jl +  J"i +  Jz +  J4 )
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where

.v

5 3  f  P̂Ci,Li,ai P̂Cz,Li,ai P̂Cz,Lz,az >?C.j,£4,(14 iw ) ^

1 N  r
'f'CiyLiAi 'PCzyLzAz P̂Cz,Lzaz ^ 0 4 ,1.4,

-7rZ fc=1 fcOfc
(u/)

 ,    xa-*y ' Wn+1
Jfc=l /i<fc

:V " dw1 1 f
n ■ ^  1 ^   ̂ I ^  ̂'PC\,L\A\ <'PCz,l,2A2 *̂ Cz,Lz,±.az (̂ C4,Z.4,±a4 ( ̂ )
~ 1  ̂ t—  1 J  <t>h.k

- _  .  —  ?/;n+  ̂
*=1 A<A:

*  dw1  ̂ /*
9  • ^   ̂ ^   ̂ I ^   ̂^Q.ti.ai *̂ C2, i2,±a2 ^C3 ,L3 ,±a3 <̂C4,£,4,±a4 (^)
“ i—1 J <t>h.k—  —  />, —  lUrl+l<fc=l /l<* ’/<*fc.*

— oZy 5 3  [  ^ ^ ® C i , L i , ± a i $ C z , L z , ± a . 2 Q c z , L z . ± a z ^ C i , L 4 , ± ( n { w ) ~ T ~ J-
^  *=1 *<* *V* ^

In the formulas for J l? J2, J3 and J\, the innermost sums represent sums over permu­
tations of (Ci, Li, ai), (C2, -£<2 ) n2), (C3 ,L 3 ,a.3 ) and (C4 , £ 4 , a4), and alternative sign 
choices for ±a,-. For example, in Ji,

PCz,Lz $ C 4,L4,±aA( W )

represents the sum

^Cz,L2A2 ĈziLziQ-z ^C*4,t.4,a4 (^ ) 4“ WCi,X»i,ai ^CzyLzAz 'r/Oz1Lzy(iz ^CjyLj,—az (^)

”F  '^C 'i , t . i ,a i  V/ C2 ,£-2 j<12 ^ C 3 ,r ,3 .“ 3 ^ C 4 ,r.4 ,Q4  (n^)  4" ^C i.£ , i ,O i V'C2 ,X-2,<12 ^ C 3 ,£,3 , —0 3  Y' C 4 , £ 4  ,a4 ( )

”t" ^ C i , L i , a i  ^ C 2 , i .2 i<i2 ^CzyLzyO-z V^C,4,Z/4,a4 ( ^ )  4- y^Ci,£,i ,ai <̂ C 2 ,t-2 , — a 2 't’Cz.LzAz V^C4,£,4,a4 (^0  

""̂  ^ C i . i i . a t  4/ C2,r.2,fl2 ^PCz,Lz,az ^ C z y L i y a i i ^ )  4- $ C i , L i , —ai 'PCiyLzAz ^CzyLzAi  'PC z .L ^Az i^ ) -

In the formula for r(n) given above, the first sum of integrals J0 will (eventually) 
produce the asymptotic estim ate for r(n).  The other sums are error terms, so we 
will need to demonstrate that they are all of order O  (n 15/ l6+e).

6.4 Intermission: Many Useful Lemmas

The rest of this chapter is devoted to the evaluation of the sums J0, J\,  J2, J3 
and J4. Each evaluation will require breaking up the summation over k and the 
integral over 0 into a sum of sums and integrals. All but one of the resulting terms 
will then be estimated using the steps below. The remaining term, obtained from 
Jo, will become the asymptotic estimate.
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This section presents the general approach that will be used to evaluate each 
term. The lemmas in this section contain calculations invoked repeatedly in the rest 
of the chapter.

S te p  1 . Substitute B for w  using 

w =  exp
1 2irih

—  +  — —  +  18 
n k w

dw
—— =  i e expn+ L  c

2 irih
n — nid dB.

then rearrange the sums and integrals so that the summation over h is innermost, 
and apply Theorem 5.10 to obtain an upper bound. In a few cases, apply Corollary 
5.5 instead; then replace the summation over h by <f>(k).

C o ro lla ry  5.5 (p . 8 6 ) .  For gcd(h, k) =  1 and any u,

Gc,L,a(h, k, u) =  O (y /k  j  .

T h e o re m  5 .10  (p . 8 9 ) .  Given integers n, k and \i with 0 < p < k < N =  [>/nJ, 
and integers V\, u2, i/3 and v±, then for  any positive real e:

E'
h"<n

hn
~k

k, =  O (k23/8+e gcd(u, A;)1/4) .
i=l

where u =  0 (n), and e ;,<, denotes the sum over all 1 <  h <  k with gcd(h, k) =  1 

and h" <  p., where h" is the unique solution to h(h!' + N )  + 1 =  0 mod k in the domain 
1 <  h" <  k.

S tep  2. If the term contains summations over i/, resulting from some of the error 
terms $£,.,±0, (w), then apply Corollary 6.5 (either part (a) or (b)) to remove the 
sums.

L em m a  6 .3 . Let n be a positive integer.
(a) If N  =  Lv^J then 1 <  <  3.

(b) If 1 <  k <  N  =  [ \ / ” J a n d 0 < e < f f j ,  then ^  ^

(c) If  1 <  k <  n l / 2 1 and 0  <  8 <  k ln 1/21 then
n

k2{ l  +  n2d2)
>

n2 e

Proof of (a). N  =  \_yfh\ implies that N 2 <  n <  (N +  l ) 2. Then n / N 2 >  N 2/ N 2 
for all n. If N  =  1, then n <  3 so n / N 2 <  3 /1 2 =  3. For N  >  2.

n ( N + l )2 i 2 1 , 2 1 n
N 2 <  N 2 ~  N  +  N* ~  2 +  4 <

=  1
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Proof of (b) Use the given bounds and part (a).

n
> n 1

fc2( l  +  n2d2) ~  k2{ 1 +  n2{2-K/kN)2) (k2/ n ) +  n{4Tr2/ N 2)
1> > — L _ >  1

(N 2/n )  +  Ak2( t i /N 2) ~  1 +  12tt2 120

Proof of (c) Use the given bounds.

nn
> n

>
n n21

k2( 1 +  n262) ~  k2{ 1 +  n2( k - ln - 1/2- ' ) 2) k2 +  n 1' 2* ~  (n 1/2^ ) 2 +  nl~2t 2

□

L em m a  6 .4 . If k >  0 then exp[—ku2] <   ̂y/ir /4k  +  l j  exp[—k / 2\.

Proof.

u-l

°°   ̂ roc

V''exp[-A:z/2] =  exp[-fc] +  V ^ exp [-fci/2] <  exp(-fc) +  /  exp[-fci/2] du.
U—1 u —2 Ju = l

poo

I  =  exp[—ku2} du. Then:
J i/=i

=  \ f  e x p [ - k x 2}dx\ \ f  exp[~ky2}dy  = [  [  exp [ - k ( x 2 +  y2)]dy dx  
Ux=l J U  y— 1 . «/l—1 J y—1

Put /

r°° r /2 7r i
<  /  /  exp[-A;r2] r d#dr =  — ——  exp[—At 2

ir=L J0-O 2 —2k
7r

r=l

So I <  i l —  exp and

^ e x p [ - A i /2] < exp [—A:] +  J  j r  exp
i/=i

7T
4A <  1 x /4 k + 1  * 6XP

C o ro lla ry  6 .5 . Let n and L be positive integers with L a constant, 
(a) If  1 <  k <  N  =  [>/nJ and  0 <  9 <  2ir fkN, then

v = l

2 2 TT U n
L2k2 1 +  n292

< K ,
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(b) If  1 <  k <  n 1/ 2 1 and 0 <  9 <  k ln 1(/2 1 with I >  0, then

£ % x p
i/=L

ttV 2 n
< K  exp [—K n 2l~\ ,

L2k2 1 +  n292

where each instance of K  denotes some positive constant depending only upon L. 

Proof. Apply Lemmas 6.3 then 6.4.

E exP
i/=i

2 2 TX£V n
L2A:2 1 +  n292

00

<  5 Z exp
v = l

7r2i/2
120L2

, r / 3 0  i I< ( L J  h i )  exp
7r

240L2

and
OO

exp
i/=i

ix2 v 2 n
L2k2 1 +  n292

< £ % x p
i/=L

7T2n2t U2 
2L2

<
r

+  1 ) exp
7X2n21 
41 2

and n* > 1. □

Step  3. Evaluate the integral over 0 by using either the first or second equation 
from Lemma 6.6.

L em m a 6 .6 . If A >  0, then

(a) J  +  d9 =  narctan(nd)

ib ) £ 0
- i

0=0

+  92 ) d 9 <  [  9~2d9 =  ~J 6=A

=  —72; and

0 = .-i

1_
A'

S tep  4. Remove the summation over k by applying one of the formulas from Lemma 
6.9.

L em m a 6 .7 . Let d(u) be the number of divisors of u. Then d(u) =  0 (u £) for any 
e >  0 .

Proof. This is based on a proof from p. 69 of [Nar83]. Put

5< = {p° I W  >'} '

Now, fix p and consider the graph of f (a )  =  (a +  l ) / (p £)a. The equation /(a )  =  1 
has solutions at a =  0 and a =  aPi£ (>  0), and f{a)  >  1 <*=>• 0 < a <  aPi£. Moreover,
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ap>£ decreases as p  increases. If pe >  2, then ap e <  1. Consequently, pa €  S£ 
only if p <  2 l/e and a <  aPi£. Hence, 5 £ is a finite set, so we can define

V/ =  nI I  (pe)«
pae s t '

Now, for any u =  J"Jp®\

d(u) _  I I i ( a t +  1) _  T T  +  1 ^  t t  a +  1 _

[ n tp“T  ~  v  (pf)a- -  (Per  ~  c'

So, d(u) < M eue for all u.

C o ro llary  6*8* If k ^  0, thcTi E =  0 {ue) for  any e >  0.
<5|u

Proof. ^ 2 d k <  1 =  d(u) <  M (uc.
d\u  d |u

L em m a  6.9 . Let u £  Z and Nq, e E R all be positive. Then
N,o

(a) ^ A T l/8 gcd(u,A:)I/4 =  O ^V0'/8ufj ;  and
J t = i

(b) k ~g/8 gcd(u, k ) l/4 =  O ( ' V ' V ) .
fc>Wo

Proof of (a).

•Vo W0
^  A:_l/8 gcd(u, k ) l,A =  ^  ^  k ~ l/8d l/4 < ^  ^  (M )-1/8dl/4
fc= l  (S|u fc=l <5|u k S < N 0

(k ,u )= S

'vo/<5   i.T/8. _i /a .. -i/g ^ _______  __  r i 'o /o __
= E 5‘/S E *-1/,<E5,/8 / k-,/sdk = Y l 6

X I , .  t - X < ?  X I . .  • ' 0  r .<J|u faKWo <5|u •/U (5|u 7//§

.Vo/tf

8

S\u s\u
= ?'vo7/a E 51/85-7/8 = fiVo7/8 E 5-3/4 = °  0v»/8t

Proof of (b)

'-AJ

^  £_9/8 gcd(u, A:)1/4 =  ^  ^  /:_9/851/4 < ^  ^  (M )-9/86I/4
fc>No <5|u k>No  <5|u k S > N 0

(k,u)=S

=  E 5-7/8 E  <:-9/8 <  E 5-7/8 r  k - ’i / a dk =  y i s - 7>a- u>
X I . .  ^  n r .  / X  r , _  V W n / < 5  „  _S\u k > N 0/6  i | u J ^ / S  i iu 1 /8 N q / 6
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=  8N ~ l/s J 2  5 - 7 / 8 5 1 / 8  =  8 'V“ 1/8 ^  5 - 3 / 4  =  0  (-v o"l/8^ )  •
<5|u S\u

□

6.5 Step 4: Split J o  into J o , i  + J o , 2  +  J o , 3

D e fin it io n  6 .10 (N o ta t io n ) . Throughout the rest of the chapter, the letter K  
represents some constant positive number, depending only on the values of C,, Li 
and a, for i =  1 , 2 , 3 ,4. Different instances of K  may represent different constant 
values, even within the same formula.

Sections 6 . 6  though 6.9 are dedicated to the evaluation of the sum

N
J* 9-rrV ^  ^ > f  F C \ , L i , a \  ^ P C 2 , L - 2 , a 2 ^ 0 3 , 1. 3,113  lr ' C 4 , L ^ , a A  (^ )

k= I h<k J

dw
w n + l

where ifc,L,a(w) =  (1 /A:)( 1 /n  — id) 1/2 Gc,L.a{h, k ), so that

*  -  a s  £  f  s ' [ n ® ^ - (*•*>]/ f t - " )k=l h<k J<t>hk v '

2 dw

-i=i

Begin by breaking up the interval of integration <ph>k into three subintervals:

/ 2i r / k ( k + k 2 ) r - 2 i r / k ( k + . V )  r 2 * / k { k + N )  r 2x / k ( k + k 2 )

=  /  +  +2i r / k ( k+k i )  J - 2 x / k ( k + k x) J - 2 i r / k ( k + N )  J2 n / k (Lk + N)

and write J0 =  Jo.i +  Jo,2 +  Jo,3 - The asymptotic estimate for r(n) will be obtained 
from the sum J0,2 , while Jo,[ and J0,3 will be subsumed within the error term.

6.6 Step 5: Further Split Jo,2

In preparation for the evaluation of Jo,2 , define

0 0  O C  -

F ( x )  =  H  a;rQ =  n ~  x2 so that F(e-) =  neQ: =  — ^( l - x )2 ^  ( 1  — ez ) 2
0 = 0  V 7 Q = 0

The function F(ez) has Laurent series

1 1 , 1 2 1 4 1  6=  T  ~  +  — r2  -  — 7- z  +  z b +(1 — ezY z 2 12 240 6048 172800

converging for all 2 ^ 0 . Put 2 =  - 1 / n  +  id. If \d\ <  2ir /N  and N  =  \_\/n\, then
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So,

w  = AW = ? + 0(1)
Then

and =  F (e2) + ° (1 )-

,2 »/*(*+*) i '2ir /k(k+N) dw r x / k N dw
/  A < K < K

j 0 = - 2 i r / k ( k + N )  wU J  8 = —2 n /k (k +N )
w n + i

J 0 ——Tt/kN W n+1

Therefore

F ,kS 27re
=  K  edd  =  K  =  O

J e = - i r / k i \  k N
27re _  ^  f _ L

. k N .

•2 x / k ( k + N ) /  !

f -  -  70
r2*/ k(

J0=-2n

■2x/*(*+iV) /  1 '

. ......... F(e')^ '  + °(fcV
A _ 2 _ d w _ _  /-2,r/;

/ n̂+l ~ Je=-2=—2?r/k(,k+N) \ n J Wn̂ L JQ=-2n/k(k+N)

This fact, combined with Corollary 5.5 produces:

i J L  i / T 4 1 r2,r/fc(*+jV) / i

fc=l ACir 2=1 J V — m

- 2

- 2 : r / f c ( A : + jV )

<fc=l /l<fc

- 2 j r / f c ( * + 2V ) 

' 6 = - 2 - / k ( k +

Simplify the error term:

I

1 2\  ̂  ̂ \  1 <P(̂ ) 1 V"' 1- 1 TT2 . _ ,;2s
_  <  jfc2 =  ]v IF =  (n ) ’

fc=l h < k  N '  fc=l fc=l

Let T denote the circle of radius e~l/n, and C be the complement of the arc 
—2iv/k{k +  N)  <  0 <  2ir/k(k +  N).  To evaluate the rest of J2tl, we split the interval 
of integration in terms of T and C, and then we rewrite the sum over k as a difference 
of two sums:

'  4

k = l  h < k

i N i
- - Y - Y '2txi ' k4 '

k = 1 h < k

i 00 i
Y  - Y9tT7 A*4 '

LF (e z)
dw

w n-f 1

27rz ' A:4
*=./V+l /i<A :

i
4

, 2 = 1

[  w  AJ q W n + l

So </q,2 — 0̂,2,1 — <A),2,2 — Jq,2,3 4" C(n b2)
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6.7 Step 6: Evaluate Jo,2,2 and Jo,2,3

One additional lemma is required to evaluate the error terms JQ 2.2 and Jo,2,3 -

e ~  tj-2
L em m a 6 .11 . If z ^  0 and \ lm{z) \  <  tt, then ----------— <  x.

1 1 "  (1  — ez )2 4  \z\

Proof. If z =  x +  i y , then sinh 2  =  (sinh :r)(cos y) +  i(coshx)(sin  y)  so 

|sinh z\~ =  (sinh2 x ) ( l  — sin2 y) +  (1  +  sinh2 x) (sin2 y) =  (sinh x ) 2 +  (sin y )2.

Now, |sinha:| >  |x| for all real x, and |siny| > (2fir) \y\ for all |y| < tt/2. Therefore

|sinh z |2 =  (sin h x ) 2 +  (sinr/ ) 2 >  x 2 +  \  y2 >  4 j x 2 +  y2) =  \z \2 .
7T 7T

Then \ lm (z /2 ) \  <  n /2  implies

( 1 - e - J 2
<

_ 2/I

4 | s i n h ( z / 2 ) |  (4 )(4 / 7r2) ( | 2 | / 2 )2 4 \ z
2 •

□

Estimate the second term first. Substitute for w  and move the summation over 
h to the inside:

■Zo.2,2 =  f  TTS 7z\2 exP (~*ng) d 0 Y l ' e ~ T
k = l  h<k I  \  l=l

Apply Lemma 6.9 and Theorem 5.10 (with y  =  k):

N  1 r
IJ0,2,21 =  K ^ Z - n 2

k= 1 Je=- 2 ^ / k ( k + N ) E'
N

h<k

K

hn
T(1 — ez )2 

< K  t j ^ 23/8+£ gcd(u, k)1/4 f
k=  1 k  J s =

k  V  k~9/8+c gcd(u, k)1/4 r  ( \  +  e2)  do
J e = * / k N  W  /

=2 tt/Jfc(Jfc+V)
—  +  iO 

n

i— L

- 2

do

Apply Lemma 6.5(b):

N
|Jo,2t2| < #  Y > - 9/8+£gcd(u,A;)1/4 —  =  K N Y  k - l/s+egcd(u ,k ) l/4.

t=i fc=i
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Use Lemma 6.8(a) and the fact that u =  0 ( n )  and N  =  \_\/n\ to finish the compu­
tation:

^0,2,2 =  O  (.V;V7/ V )  =  O  (n 15/16+e) .

Next, use the same approach to estimate the sum Jo,2,3 :

< / o , 2 . 3 = A '  £  A  /  — ^ — 2 exp ( - i n e ) d d j ^ e  ~  G c „ L „ a t ( A  k). 
k=M+l Jr  ^  6 ' h<k J t=l

Apply Lemma 6.9 and Theorem 5.10 (with // =  k ):

00 i r*
l-Vwl =  *  £  M 2 /

k = N + 1 *  ■/ «=0

d0 £ '
/i<;t

—hn
“ aT

 -F i0
n

- l

j=i
- 2

9=0 I (1 — ez)2

< K  f 2  rr^ 2378̂  ecd(u,fc)l/4 T  k
k = N + 1 *

< K  V '  AT9/8+£gcd(u,A:)1/4 ( \  +  &A d9
k = N + 1 J «=0 \ n  '

Next, apply Lemma 6.5(a):

I'-A),2,3 1 <  A" ^  k~9/8+€ gcd(u, h)1/4 n =  K n l+C ^  AT9/8 gcd(u, h)1/4.
f c = j V + l  f c = j V + I

Finish by applying Lemma 6.8(b) and recalling that u =  O(n):

«/o,2,3 =  O (n 1+£iV -l/ V )  =  O (n 15/16+£) .

6.8 Step 7: Complete the Evaluation of Jo,2

Combining the results from Section 6.8 and 6.9 produces 

J0.2 =  Jo.2,1 -  O  (n 15A6+£) _  O (n 15A6+£) +  Q („ -!/* )
1 00 1 

= — r - T27n  ' k4 ' 
k =  1 h < k

IT G c .j . * (/> ,* )
1= 1

f  F (e : ) +  O (n 15/16+£) .
y r tu,i+i v ’

To evaluate the remaining integral, substitute for F (e z)

dwha
k wn + 1
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- T ^ l
j  w <* (n+i) _  2 Ki n e hn

.  k J Jr k

because the integrand u;Q-(n+1) is analytic if a  > n -F l, and the integrand has residue 
zero unless a  — (n +  1 ) =  — 1 <=> a  =  n.

Therefore:

hn
k n Gc „ t . , . , ( ^ ) + o ( " i! / '6+e)

i = l
•/o.2 =  n E ; ^ ^ E ,,

k = 1 h < k

— n S (n )  +  O  (n 15/16+e) , 

where S{n) is the singular series defined in the statement of Theorem 6 .1 .

6.9 Step 8 : Evaluate Jo,i and Jo,3? Then J0

In contrast to that of Jo,2 , the evaluation of the sums Jo,i and Jo,3 is relatively 
straightforward, although it does require the full power of Theorem 5.10.

To estimate J0,3 , break up the integral into a sum of integrals

/ k ( k + k 2 ) * - 1  r 2n / k ( N + n )

J 0 = 2 t z  /  k ( k + A  )  , ,  1 1 f .  \ r  J  0 — 2-2  n / k ( k + N )  ^ = k2 + k_ N J0 =2TT /k (N+n~ l )

so that

^ = « t h Y :
k = 1 h< k

= * E ^ E
k = 1 h<k

*-1 r2i

■ J 5 1

II G Cl,t „a,(h,k)  
. 1 = 1  

’ 4

Y [ G c„l,a , (h ,k)

r 2 - / k ( k + k 2) /  1

J0=2 ir / k ( k+ . \ r) \ n

- 2

-  id
dw

wn + i

p 2 * / k ( N + n )  /  ^  \  - 2

I  id)  exp
H=k2+k-NJe=2*/k(N+H+l) '

1 — nid —
2-Rihn

dd.

Then move the sum over h to  the inside, past the sum over /x, taking care to fix the 
indices:

Jr
^  1 k 1 f 21 ^  f 2 * / k { N + n )

'  ' I ------id I exp ( —nid) dd
' = 2 n /k (N + v i + l )  \ n

r  e —y  n Gc l,L1,at(/i, A:).
h< k  t = lh<k  

k2+k—N</j.
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In a Farey series, (k2 +  k)h +  1 = 0  (mod k) because h2k — k2h =  1. Also, 
0 <  A:2 +  A; — iV <  A;, so A:2 +  A: — iV is exactly the number h" in the statem ent of 
Theorem 5.10.

N  Jfc— 1

k=  1 u=  I • '6~

r2 n/k(N+n)
-^ +  ez \ dB

JB=2Tr/k(N+fi+l) \ n

1

Apply Theorem 5.10:

iV

E'e
h"<fi

-2 TT/kiX+tl)

hn
T U G C ^ a , ( h . k )

1 = 1

—  +  9Z \ dB
= 2n /k ( N + f i+ l )  \ n

_ _ i 2 : rZ7i
UojI < K^2-r;e^gcd{u,h)^Yi I

k= i „=i Jo=-

Recombine the sum of integrals:

'v r v.
I^0,3 1 <  K  y  AT9/8+£gcd(u, A:)1/4 /

t=i •'«-

<  AT9/8+£ gcd(u. A:)1/4 [  ( +  92 ]̂ dB
JB=Tz/kN W  J

-1

2 n / k ( N + l )  /  i

— +  92 ) dB
-2x / k ( N + k )  \ n

Apply Lemma 6.5(b):

.v

| J0,3 | < K  k 9/8+c gcd(u, A:)1/4 —  < K N n c ^  k 1/8 gcd(u. k)
N

1 / 4

fc=l fc=l

Apply Lemma 6.8(a):

|./0,3| <  K n eN N 7/sue <  A V 5/16+£

so J0,3 =  0 ( n l5/ 16+t).
Exactly the same argument obtains J0il =  O (n l5/16+£). Therefore, combine the 

results from this and the previous section to obtain

Jo — Jo,i +  Jo , 2  +  Jo,3  =  n S(n)  +  O ( n 15, l6+£) .
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6 . 1 0  Step 9: Begin to Evaluate One of the Remaining Terms

It still remains to evaluate each term making up the sums J x, J2, J3 and J4. The 
following sections evaluate one term of J2, namely:

tV
L 2 > 0 2  C 3  ,L z  , 0 3  ^ C 4 ,L i ,a .4

dw

k=  I h < k  J ^ . k  

N  ,  oc 0 0

n + 1

^ E ? E E E '
f c = l  1/3 =  1 1/^ =  1 /i< A :

X , ( H "

hn
e

7 ~ k .

4

i=l

enie exp +
k2 \ C 3T3 c 4 l 2 ;  Vn

-  -

- 1

dd.

where v\ =  0 and u2 =  0. Other terms within J x, J2, J3 and J4 differ only in the 
number of summations over and in the choice of i €  {1 ,2 .3 .4 } . The procedure 
for evaluating these other terms is identical to the procedure given below.

As before, in the case of JQ, break up the interval o f integration <?/,,* into three 
subintervals:

/ 2 i r / k ( k + k 2 ) n - 2 T T / k ( k + N )  r 2 - x / k ( k + N )  r 2 x / k ( k + k 2 )

=  /  +  +
■ 2 T r / k ( k + k i )  J  —2 n  /  k ( k + k \ )  J - 2 i z / k ( k + X )  J 2 T t / k ( k + N )

so that I  =  11 +  / 2 -F I3.
First evaluate / 2. The real part of ( 1 /n  — id)~l is n / ( l  +  ri292), so

\ h \ <

N  00 oc „ 2 :

« E f E E / _
fc=i 1/3=1 1/4=1 J0-

»2jT/k( k+N)

— +  9"
2 * / k ( k+ N )  \ n

1 -1

• exp
7r / v-

+
n

fc2 \ C 3Ll  C4L2J  l  +  n29 \  

Apply Theorem 5.10:

dd E'
h<k

hn
k Jj[ (fi, k,

1=1

v

fc=i

Jg= 0

27r//k(fc+iV) f  .

7 + d 2
- 1

n f > p ( - £ c i i T ^
.1 = 3 ,4  i / i = i  x  *

dd.

Next, fix a small positive number t  and split the sum over k and the integral over 
d into three separate sums:

n r 2 n / k ( k + N )•- nZ 7T
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r k - l n - l ' 2~ e r2 i t t k ( k + N )  p 2 n / k ( k + N )

=  X ,  /  + z 2  + 5 3 /
0< k < n l / 2~ e 9~ °  0 < k < n l ' 2- t  ° ~ k  ‘n  1/2 1 n l / 2~ e< k < n  6=0

so that \I2\ <  I2ji +  / 2,2 -F 2̂,3 - 
Evaluate / 2,i:

h, i  =  K  5 3  k~9/s+t gcd(u, A:)1/4
0 < k < n l / 2~ e

r k - l n - l ' 2-< / , \ - 1

d0.

Apply Corollary 6.4(b):

/ 2,i <  iA[exp ( - A 'n ^ ) ]2 5 3  k~9/8+e gcd(u, A;)1/4 f  ( ^
n̂ t.̂ -r.1 /2-< ^0=0 V72 /

Apply Lemma 6.5(a):

I2,i <  K n e x p  ( - K n 21) 5 3  A;_9/8+£ gcd(u. A;)l/4.
0 < f c < n l / 2-<

Now, gcd(u,A;)1/4 <  A:1/4 so

5 3  AT9/8+£gcd(u,fc)1/4 <  5 3  k~7/8+t <  (n l/2)~7/8+e
0 < k < n l /2~ l 0 < A :< n I / 2- < 0 < k < n 1!2

<  (rc1/2)(n 1/2) - 7/8+£ =  n1/ 16+£/2.

So

2̂,1 <  /O iexp  ( - K n 2e) n l/ l6+t/ 2 =  K n l7/l6+t exp { - K n 21) =  0 (1 ) .

Next, evaluate I2y2.

I2,2 =  K  5 3  A:-9/8+£ gcd(u, A;)1/4
0 < * < n 1/ 2- <

-2 jr/A :(A :+A f) /  •, \  - 1r 2ir k(k+N) /  \ -1 oo /  2 2

I  n E - K - p i j  •+  n202 d0.

Apply Corollary 6.4(a):

E r 27T/k(k+N) / , N -1
A: 9/8+6 gcd(u, A;)1/4 /  ( —  -(- J dd

0<k<nV2-t Je=k- i n- i ,2-t \ n 2 J
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Apply Lemma 6.5(b):

!%2< K  Y .
k ~ l T l ~ l / 2 '  Q<k<n1/2- {

=  K n l/2+t ^ 2  k l/8+e gcd(u, A; ) 1

0 <k<n1/2- 1

,/4

Apply Lemma 6 .8 (a):

I2,2 <  K n l/2+t+<(nl/2- l )r'*u< =  K n W l6+l'*+2t.

So / 2,2 =  0 ( n 15/ 16+̂ 8).
Next, evaluate / 2,3 .

h,z =  K  ^ 2  k~9/8+i gcd(u, A:)1/4
n‘/2-'<Jk<jV

r 2 i r / k ( k +i V )  /  n \  ~ l T 0 0  /  _2 2
L  ( » * ' )  [ f f i S * > ( - ! . 4 l 5 W

Apply Corollary 6.4(a):

E r 2 i z / k ( k + N )  /  1 \  - 1

Ar9/8+t gcd(w. A: )1/4 /  ( - T +  ^2 ) ^

Apply Lemma 6.5(a):

/ 2i3 <  A' ^  k~9 8̂+f gcd(u. A: )1/4 n =  A'n1_r£ ^  A:_9//8 gcd(u. A:)1/4.
nl'2-t<k<y ~ n^2- e<k<y

dd.

Apply Lemma 6 .8 (b):

h ,3 <  ^ ‘^ ( n 1̂ ) - 1/8^  =  R'n15/16+£- ' /8.

Hence, / 2 3  =  O (n 15/ l6+e+*/8).

Since i  can be arbitrarily small,

h  =  0 ( 1 )  +  0 ( n 15/16+f/8) +  0 ( n 15/16+'/8) =  0 ( n 15/16+e).

6 . 1 1  Step 10: Evaluate I\ and 13, Then I

The evaluation of / 3 follows the same approach as the evaluation of J0 ,3 , with one 
additional step. First, break the integral up into a sum of integrals:

r 2 T T / k ( k + k 2 ) fc- l  p 2 i r f k ( N + n )

J 6 =z2 i r / k ( k + y )  n = k 2+ k —N  ' ' & = 2n / k ( N + f i + 1)
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so that

h ^ E f E e [ e '= [ - t ] n < w * .  *. *>"
k=  1 1/3=1. 1/4 =  1 .  h < k  -* 1=1

r 2* / k ( N + n )  /  ,  X - 2

. Y  I ( - - a )  e-
. . — 1— i_x-_ v  J 0 —2 7 r /A :( iV + f i - i - l )  \  ^  JLL=zk2 + k-lV

exp ( c ^ 4  +  c J 4 J  Vn

Switch the order of the summation over /i with the sum over u. 

iV 1 fc_1 r2’
Vnt=l K #1=1 y«=2jr/*(iV+/1+l) \ «

- 1

d0.

-  - 1 0 ntfl

00 00

H  H  exP
1/3=11/4=1

7T *
*2 \ C ZL\ +  C^L\)  U

•  r

-  -  is
- 1

dd

k<k 
k2+k—

4

t=i

Apply Theorem 5.10:

JE  k~l r2-K/k(N+n) /  , x
W  < A r ^ f c - g/8+<gcd(«.A:)I'4 y '  /  ( =  + « 2 )

fc=l „=I  J e = 2 n / k ( N + i t + l )  \ n ~  )

-1

fi= I

■ f ' f ' e x p  +  n
L k 2 \  C*L* C41? J l  + n*e\

dd.

12  ̂ dd.

Recombine the sum of integrals and apply Corollary 6.4(a):

*  , r 2*/k(N+l)
| / 3|< A : J ] f c - 9'8+‘ gcd(«,A:)1/4 /

k= 1 Je=2v/k(N+k) \  ~ /

Finish with Lemmas 6.5(b) and 6.8(a):

N
| /31 <  ATrT'V AT1/8 gcd(u,fc)1/4 <  K n (N N 7/ sue <  K n l5/l6+\

k= I

so / 3 =  O  (n l5/,16+f).
Exactly the same argument obtains I x =  O  (n 15/l6+£) . Therefore,

r =  h +  i2 +  i3 =  o  (n 15/ l6+f) .
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6 . 1 2  Conclusion

Each of the terms in Jx, J2, J3 and J4 can be evaluated using the exact same 
approach used for I. The only differences are in the number and choice of summations 
over Vi. Consequently,

Ji =  O (n lo/16+£) for each i =  1,2. 3,4.

Therefore:

r ( n ) =  T T T T n S { n ) +  0 ( n 15/16+£).
L i \Lj  2 ^ 3 1 ^ 4

The proof of Theorem 6.2 is now complete.
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CHAPTER VII

Evaluation o f th e Singular Series

For i =  1,2, 3, 4, let a*, Li and C, be fixed integers with Lt and Ci positive. For 
each non-negative integer n, let r(n)  equal the number distinct representations of n 
in the form

n =  CiUi C2 1/2 +  CiVz

such that (/, =  a.i (mod L,) for each i.
Chapter VI established an asym ptotic formula for r(n).

T h eo rem  6 .2  (p . 9 3 ). For each i =  1 ,2 ,3 ,4 , let Ci, Li and ai be fixed integers 
with Ci and Li positive. For each non-negative integer n, let r(n) equal the number 
of integral solutions in the set

{ (2/1T 2/2 , 2/3 : 2/4 ) n =  C iy \  +  c2y \ +  C^y\ -I- C±y\ and y t =  a, (mod Lt) for  each i j .

Then:

r(n)  =
7T

L 1L2L2L4 y /C fCfCfCl  

fo r  every positive e, where
00

S{n) =  ^ A { k , n ) ,

nS(n)  +  O  (n 17/I8+t)

k= 1

A(k, n) =  k 4 exp
h<k

27x i h n  

k
J\GCl,Lt,ai{h,k),
:=i

Jfc-1
Gc,L,a(h, k ) =  y ^ e x p

7=0

2?r ih
C {L j  -f a f

and  ^  indicates the sum over integers h with 1 <  h <  k and gcd(h, k) =  1.

114
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This theorem is only useful when the asymptotic term is known to be larger than 
the error term. If the singular series S(n) can be bounded below by a constant or 
by a function that decays slower than the function n ~ l/l6, then r(n) is guaranteed 
to grow arbitrarily large, for arbitrarily many n.

The goal of this chapter is to establish enough information about the singular 
series S(n) to prove the following theorem.

T h eo rem  7.9 (p . 1 2 8 ). Let p and L be positive integers with p prime and L not 
divisible by p. Let a x, 0 2 , a3 and 04 be integers with af  +  a3 +  a\  =  1 (mod L).  
Let S  be the set of representable integers

S  =  { n | n =  y \  +  y\  +  y\  +  y \  for  some  y, €  Z with yt =  a* (mod L) } ,

and let C  be the set  of positive integral candidates

{{ n | n =  1 (mod L) } if L odd,

{ n | n =  1 (mod 2L) } if  L even and a\ +  a\ +  a3 +  a  ̂ =  1 (mod 2L),

{ n | n =  1 +  L (mod 2L) } if  L even and a\  +  a? +  a3 +  a\ £  1 (mod 2L).

Also, for  each positive integer m, put

Mm =  { n €  Z | 2m divides n }  .

Then S  C C . If  L is even, then C  \  S  is finite. If L is odd, then (C  \  AIm) \  S  is 
finite for  every positive integer m.

The approach taken here to compute S(n)  relies upon the fact that

A (k l k2,n)  =  A(ki,  n)A(k2,n)  when g c d ^ , ^ )  =  1

to rewrite S (n ) as

’ OO
S(n) =  ^ A { p e,n) .

prim es p  L e= 0

Section 7.1 derives formulas for Gc,L,a{h,k) in the case when k =  pe is a prime 
power. Section 7.2 obtains formulas for A(pe, n) under the restriction that C, =  1 
and Li =  L for each i, and gcd(L, aj, a2, a3, a4) =  1. Finally, Section 7.3 obtains a 
lower bound for S(n)  and proves Theorem 7.9.
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7.1 Evaluation of Gc,L ,a{h ,  k)

The first goal is to evaluate Gc.L,a(h, k). Recall the formulas obtained in Chapter 
V for the sum Gc,L,a{h, k, u), and substitute u =  0.

T h e o re m  7.9 (p. 128) (w ith  v  =  0 ). For h ,k  G Z with gcd(h, k) =  1 and k >  0. 
put d =  gcd(CL2,k).  Write C L 2 =  C'd, k =  k'd and k' =  2Kk" with k" odd. Then

The goal of this chapter, the evaluation of S(n),  only requires formulas for
Gc,L,a(h, k ) when k =  pe is a power of a prime. In this case, the formulas from
Theorem 7.9 can be simplified.

C oro llary  7 .1. Let k =  pe where p and e are positive integers, with p prime. Write 
C' =  C L 21 gcd(CL2, k), C  =  CqPc, L =  Lqp1 and a =  a0p“ , where Co, Lq and a0 are 
not divisible by p. Then if p is odd:

(1) If e <  c 4-21 and e > c +  I +  a , then Gc,L,a{h.pe) =  0.

(2) If e <  c +  2I and e <  c +  i  +  a , then Gc,L,a(h, pe) =  exp[27rzTiCa2/p e] pe.

G c ,L,a(h, k) =  Ec<L,a(h, t u , k) e{k") a C'(h , k') 0 c , L , a ( h .  k)y/kd,

where

z7T2
E c ,l a { h .  m, k) =  exp —— h{Ca2)( l  — C'm)  :

k

1 if k" =  1 (mod 4), 

i i f k" =  3 (mod 4);

1 if k  =  0.

1 4- exp[irihC'k"/2] for  even k >  0,

(2/k")\/2 exp["ihC'k"/4] for  odd k >  1;y{2 /k")\ /2  exp["ihC'k"/4] for  odd k >  1;

0 i f 2hCLa  ^  0 (mod d),

0 if 2hCLa =  0 (mod 2d) and k' =  2 (mod 4),
3 c . L , a { h . k )  =

0 if 2hCLa  =  d  (mod 2d) and k' =  0 (mod 4),
3 C . L , a { h . k )  =  <

1 otherwise:

and where m is any integer satisfying

C'm =  1 (mod k1) and 4 | m if  k' is odd, and

C'm =  1 (mod 4/:') if  k' is even.
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(3) If e >  c +  21 and t  >  a ,  then Gc,L,a{h,pe) =  0.

(4) If e >  c +  21 and I <  a  and e +  c is even, then Gc,L.a{h‘,p e) =  p ê+c^2+t.

(5) If e >  c +  2£, £ < a,  e +  c is odd, and p =  1 (mod 4), then

G c . U h , p e) =  (hC'/p)  p(e+c)/2+f.

(6) If e >  c +  2£, £ <  a,  e +  c is odd, and p =  3 (mod 4), then

Gc.L,a(h,pe) =  i (h C ,/ p ) p ^ 2+e.

If p =  2, then:

(7) If e ^  c +  2£ and e > c  +   ̂+  o:4"l, then Gc.L,a{h, 2e) =  0.

(8) If e <  c +  2 l  and e < c  +  £ +  a +  1, then Gc,L.a{h, 2e) =  exp[27rzTiCa2/2 e] 2e.

(9) If e >  c +  2£ and £ > a  +  1, then Gc,L,a(h, 2e) =  0.

(10) If e >  c +  2£ +  I and £ <  a  +  1 and e +  c is even, then

Gc.L.a(h, 2e) =  (1 +  exp[7rz7 zC7 2 ]) 2^ / 2+l.

(11) If e >  c +  2£ +  I and £ <  a  +  1 and e +  c is odd, then

Gc,L,a(h. 2e) =  s/ 2  exp[Trz7iC74]2(e-fc)/2+'.

(12) If e >  c +  2£ +  1 and £ =  a  +  1, then Gc,L,a(h, 2C) =  0.

(13) If e =  c +  2£ +  1 and £ <  a  +  1, then Gc,L,a(h, 2e) =  0.

(14) If e =  c +  2£ +  1 and £ =  a  +  1, then Gc,L.a{h, 2e) =  exp[/rz7iC7d] 2e.

>1/5 0 :

(15) Gc,L.a{h, 1) =  1.

In cases (5), (6), (10), (11) and (14), C' =  CqLq.

Proof Use the same notation as in Theorem 5.4. For each of the 15 cases, the first 
and second conditions are listed in columns A  and B  of Table 7.1, along with the 
values for d, k' and 0c,L.a{h-, k)- The value of d =  gcd {CL2, k) is either pe or pc+2t, 
depending upon condition A.  Likewise, k' =  k / d  =  pe/ d  is either 1 or pe~c~2t. The 
value for f3c,L,a{h, k) is then computed from k' and from condition B,  which indicates
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Case .4 d k1 B 0 C,L,a{hi k )

(1 ) e <  c-F 21 p e 1 e >  c +  £ +  a 0

(2 ) e <  c +  2i Pe 1 e <  c +  £ +  a 1

( 3 ) e IV o + to p c+2l p e - c - 2 t £ >  a 0

(4) e >  c +  2£ p c+2i p e - c -2 1 £ <  a 1

(5 ) e > c  +  21 p c+2l p e~ c - 2 l £ <  a 1

(6) e > c  +  2 i pC+2l p t - c - 2 t £ <  a 1

(7) e < c  +  2£ 2e 1 e > c + £ + q + 1 0

( 8) e < c  +  2£ 2e 1 e < c + f + Q + l 1

(9) e >  c +  2£ 2 c+ 2  e 9 e—c—21 £ >  a  +  1 0

(1 0 ) e >  c +  2£ +  1 2c+2 1 >  2 Qe—c—21 £ <  a  +  1 1

(1 1 ) e >  c +  2 £ + l ‘2C+21 ^  9 Qe—c—2i £ <  a  +  1 1

(1 2 ) e >  c +  21 +  1 2 c+ it >  2 ^ —c—2i £ =  a  +  1 0

(13) e = c +  2 £ + l 2 c+2t =  2 2 e—c—21 £ <  a  +  1 0

(14) e - c +  2 £ + l 2c+2t —  9 Qe—c—2l £ =  a + l 1

(15) 1 1 1

Table 7.1: Computation of flc,L.a(h, k).

whether the value of 2hCLa  =  2hCQL QaQpcJrt+a (or 2hC La  =  hCoL0aQ2c+e+Q+l if 
p =  2) is not divisible by d, divisible by d  but not by 2d, or divisible by 2d. If 

3c,L,a(h'. fc) =  0 then G c ,L,a{h-. k) =  0.
For those cases in which 0c,L,a{h, k) =  1, the parity of e +  c and the values for 

(hC 1 / k "), e(k"), a c ( h ,  k1), \ /k d  and Ec,L,a{h. m , k) are evaluated and listed in Table
7.2.

Case e +  c 0h c / k ") e(k") a C’(h , k') \Jkd Ec,LA{h, m, k)
(2) 1 1 1 Pe exp [2/rz7iC7a2/p e]
(4 ) even 1 1 1 p (e+ c)/2+ l 1
(5 ) odd (■hC ' /p ) 1 1 p (e+ c)/2+ l 1
(6) odd (hC ' /p ) i 1 p (e+ c)/2+ l 1
(8) 1 1 1 2 e exp[27rihCa2/2 e]

(10) even 1 1 1 +  e[hC'/4] 2 (e+ c)/2 +e 1
(11) odd 1 1 \Pl e[hC / 8] 9 (e+c)/2+£ 1
(14) odd 1 1 y/2e[hC'/8] 2 ( 2 e - l ) /2 1
(15) 1 1 1 1 1

Table 7.2: Computation of Gc,L,a(h, k).

If p  =  2 or k’ =  1, then k" =  1 so (h C / k ") =  1 and e{k") =  1. If k’ =  pe- c~2e 
with p  odd but e 4- c even, then k" =  (p(e-c)/2 -*)2 is a square, so (hC'/k")  =  1 and
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s(k") =  1 since k" =  1 (mod 4). In the remaining cases (5) and (6), k" is a square 
times p, so (hC ' /k ") =  (hC'/p)  and k" =  pe~c~2t =  p  (mod 4). Only in case (6), 
when p =  3 (mod 4), is e(k") =  i.

If p  is odd or k' =  1, then r =  0 so a c ( h .k ' )  =  1. In the remaining cases (9) 
through (14), r =  e — c — 2£ is even or odd according to whether e +  c is even or odd. 
The parity of r then determines a c { h ,  k1).

Regarding y/kd , note that in cases (13) and (14), e —c —21 =  1 so e + c + 2 £  =  2e—l.
It remains to determine the value of Ec,L,a(h. m, k). In cases (3) through (6), 

k =  pe and p \  4C'  so m  can be chosen such that 4 | m  and 1 — C'm  =  0 (mod k). 
Then Ec ,L,a{h, m, k ) =  0.

Similarly, in cases (9) through (14), k =  2e and 2 \  C' , so choose m  such that 
1 — C'm =  0 (mod 4A;). Then Ec,L,a(h. m, k) =  0.

Finally, k' =  1 in cases (2) and (8), so choose m  =  0. Then Ec,L.a{h,m,k) =  
exp[2TrihCa2/k].  □

For the remainder of Chapter VII, computations are restricted to the case with 
Ci =  1 and L i  =  L  for i =  1 ,2 ,3 ,4 , and gcd(L, a 1? a2 , 0 3 , a4) =  1 . This section 
evaluates

for k a prime power.

L em m a 7 .2 . For any prime p and positive integers e and n. write n =  nopm. Then

—p- ' +  pe if e <  m.

Let if(pe,n) denote this sum, and put xp{\,n) =  .4(1, n) =  1 . Then for  any non­
negative integer £,

7.2 Evaluation of A(pe, n)

2 ~ihn

0 if e > m +  1 ; 

if e =  m +  1 ;
2‘Kihn

and
OO

^ p  2etf{pe, n) =  ( 1  +  p ‘) ( l - p  m l ).
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Proof. Write 

5 ^ ' exp
h<pc

2-Kihn
p ' - i

=  Y  exp
h=0

2irihn
n

P

pe—1 — i

Y  exp
h ’ =  0

2-Kih’
pn

The first sum is zero unless pe divides n, in which case the sum is pe. The second 
sum is zero unless pe_1 divides n, in which case the sum is pe_l.

Now, if £ >  m, then

i
Y ^ { p e-n) = i + ( - i +p)  + ( - p + p 2) +  --- +  { - p m~l + p m) +  ( - p m) = o.
e = 0

If 0 <  t  <  m, then

i
Y  vip*’n) =  i  +  ( - i + p) + ( - p + p2) + ■ • •  +  i - p l~l + pi) =  p * .
e = 0

If t  =  0, then the sum totals to t/?(l, n) =  1.
Finally, if m  >  0 then

2e0 (p e ,n )  =  1 +
e = 0

5 2 p - 2e(pe - p e- ‘)
e= I
.-1

+  p
—2 m —2 ( _ m

(-P " 1)

=  1 +  (p~l -  p"') +  (p -2 -  p -3) +  • - • +  ( p -  -  p— l) -  p - m —2

=  l +  p"1 -  p-"1-1 -  p - m- 2 =  (i +  p ~ 1)( i  -  P- m' 1)m—2 ,- h

If m =  0, then

CO

Y p ~ 2e^(Pe-n ) =  1 - P -2 =  (1 + P _I)(1 - p -1)-
e = 0

□

T h eo rem  7 .3 . Let p, e, n, L, a\ ,  a3 and a4 6e integers with p, e, n and L
positive and p prime such that gcd(L, a\,  a2, a3, a4) =  1. Put k =  pe and A  =
n — { a \ a 2 +  a\ +  a2). Write L =  LoP*- Then if p is odd:

(1) If e > £ >  0 then A(pe,n)  =  0.

^  If e < I then A(pe,n) =  ip(pe, A ).

(3) If  i  — 0 t/ien T(pe, n) =  p~2e rp(pe, n).

If p =  2, then:
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(4) If  i  >  1 and e >  I +  1 then .4(2e, n) =  0.

(5) If I =  1 and e >  3 /hen .4(2e, n) =  0.

(7?) If I >  0 and e <  I +  1 then A(2e, n) =  0(26. A).

fT) If I =  0 and e > 1 //ien .4(2e, n) =  —2-2e+2 t/>(2e, n).

fd,) / /  i  =  0 and e =  1 f/ien .4(2. n) =  0.

(9) If I =  1 and e =  3 and any of the a, are even, f/ien .4(8, n) =  0.

(10) If £ =  1 and e =  3 and a// o / f/ie a* are odd, then .4(8, n) =  — fp(8, n).

.4/so, /o r  any prime p and e =  0:

(11)  .4(1, n) =  i/>( 1, n) =  t/>(l, A) =  p -2e^ ( l, n) =  1.

Proof. It is safe to assume that at least one of the a; is not divisible by p, because 
if p divides all of the a,, then p \ L  because gcd(L, a y ,  a2, a3, a4) =  1. In this case, 
replace a y  by a t 4- L .  Then ay is no longer divisible by p, and the value of A(pe, n) 
is unchanged, because a =  a' (mod L ) implies G cp,a{h ,k ) =  Gcp,a'{h,k).

Since each Cy =  1 and each Ly — L ,

(12) and (13) of Corollary 7.1 list conditions which imply G i,/,,a.(^Pe) =  0 for all h. 
Since one of the ay is not divisible by p , .4(pe, n) =  0 for all h if any of these "zero” 
conditions are fulfilled when a  =  0.

Proof of (1). By part (1) of Corollary 7.1, .4(pe,n) =  0 whenever 2i  >  e >  I. Part
(3) implies that A(pe, n) =  0 when e > 2 1  and I > 0.

Proof of (2). Case (2) follows from part (2) of Corollary 7.1:

2nihn

h < p c L J t = l

If, for any i, Gi,z.,at(fi,pe) =  0 for all h , then A(pe, n ) =  0. Cases (1), (3), (7), (9),

2nihn
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Proof of (3). If £ =  0, then by parts (4), (5) and (6),

1 4
M p e.n)  =  p  46 exp

h < p c

2r:ihn
n  £ Pe,2+Q = P  2e ^ 2  exp

h < p et = l

2r:ihn

I
where

1 if e is even.

(hC'/p)  if e is odd and p =  1 (mod 4),

i (h C ' /p ) if e is odd and p =  3 (mod 4).

In each case, e4 =  1, so A(pc, n) =  p~2eu>(pe, n).

Proof of (4). Part (7) implies that .4(2e,n ) =  0 whenever 2£ >  e >  £ +  \. 
implies that -4(2e, n) =  0 when e >  2£ and £ >  1.

Proof of (5). This follows from part (12), with £ =  1.

Proof of (6). This follows from part (8):

2 -J' £ ' e x p
h<2c

2-Kihn
2e

Y 1 exp
h<2e

27tzTz
----- r— n

2e
exp

I Z eXp
h<2c

2 irih .

-I 4

n « p
i=l

2-irih
0e a.

2lTlh . 9  9 9  2 \

~b'e~ (ai +  a 2  +  a 3  +  ° 4 )

Proof of (7). If £ =  0 and e >  1, then by parts (10) and (11),

.4(2e, n) =  2 - 4e^ ' e x p  

where

h< 2e

2%ihn
J | c-2«/2+« =  2- 2' ^ ' e Xp
i = l h < 2 e

1 +  exp[7rz/iC'/2] if e is even, 

y/2 exp[7rzTzC//4] if e is odd.

In each case, c4 =  - 4 ,  so .4(2e,n ) =  - 2 _2e+2'0(2e, n).

Proof of (8). This case follows from part (13).

2 itihn
2e

C

Part (9)
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Proof of (9) and (10). Let I =  1 and e =  3. If 2 | ait then part (13) implies 
-4(23, n) =  0. If all the a* are odd, then part (14) implies

.4(23. n) = 2 " 12 ^2 ' exp
h < 2 3

2nihn
n « p
i = l

7r ihC'
23 =  - ^ ' e x p

h <  2 3

2~ihn 
23

=  — iy(23, n).

Proof of (11). If A: =  1, then part (15) implies that

-4(23, n) =  1 4 exP
/ i< l

2%ihn
1

4

i = l

Also, ip( 1, n) =  L>(1, A) =  1 by the definition of ip. □

7.3 Computation of S(n)

It remains to combine the formulas for -4(pe, n) to obtain a lower bound on S(n). 
This is accomplished by rewriting S ( n ) as a product

s (n ) =  n  Sp(n) =  Sz(n) '
p  prim e

n*<">
P\L

f j  S’p(n)

where

Sp(n ) =
e= 0

After each Sp(n) is evaluated, each of the three factors in this expression for S(n)  is 
evaluated separately, and then the results are combined.

Gaussian sums G (h , k ) satisfy the multiplicative property

G ( h ,k i k 2) =  G(hk2, ki) G(hki,  k2) when gcd(Ar1, A:2) =  1.

The sums Gc,L,a(h, k) satisfy a similar property:

Gc.L,a(h, kik2) =  G c<L.a{hk'2, k i ) G c ,L,a(hk[, k2) when gcd(/ri, k2) =  1

where

kik[  =  1 (mod k2) and k2k'2 =  1 (mod k i).

This is enough to establish:
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Lem m a 7.4. For positive integers n, k lt k2 with gcd(ki,  k2) =  1.

Gc,L,a{hik2 +  h2ki, kik2) =  Gc,L.a{hi,k]) Gc,L.a{hi, k2)

and hence

A(kik2, n) =  A (k i , n) A(k2, n).

Proof. Write h =  hxk2 +  h2ki and k =  k\k2. Break the summation over j  
0, . . .  kik2 — 1 into sums over j \  =  0 , . . . ,  ki — 1 and j 2 =  0 . . . . .  k2 — I with j  
j i k 2 + j 2ki- Then,

Gc.L,a{h\k2 +  h2k \ , k\k2) 
k\ — I f?2— 1

= 1 3 exp
j l= 0  j 2=0 
*i — 1 *2 — 1

= 13 53 exp
j l= 0  J2=0 
* 1 - 1

2trz 
k\k2

2m

{h\k2 +  h2kx)C {L j \k 2 -F L j 2k\ -I- a)'1

2m
, , (hik2)C {L j \k 2 +  a )2 +  — -  (h2k \ )C (L j2k t +  a)2 
fc\&2 (C\rC2

= 5Z exp
J 1 = 0

2mh\
C ( L j lk2 +  a):

. ki

=  G c , L , a { h \ .  &l )  G c , L . a ( h 2 , ^ 2 )-

*2 - 1

H eXP
J 2 = 0

2nihr>
C  ( L./2 & 1 "t" (2 ) *

Next, within the formula for *4(A:iA;2, n), break the summation over /i =  0 ,  A:— 1
into sums over h x =  0 , . . . ,  k i  — 1 and h 2  =  0 . . . . .  k 2  — 1 with h  —  h x k 2 +  h 2 k y .  Then,

2 r : i h

kyk2
A(k]_k2,n )  =  k 4 5 3  exp

h<kik2

=  (k lk2)~4 '^2  exp
hi<ki hi<k2

4

n
1=1

. f  hi h2 . 
- 2m  I — +  —  1 n

Ky k‘2

2mhi  
k\

n

■ GcuL,,at {h\k2 +  h2ki, k \k2)
i= 1

=  (V4 51 exp
V *!<*!

• ( k 2 4 5 3 exp
\  h.2<k2

=  .4(fci, n) A{k2,n).

2m h 2

lr ^l)

i=l

□
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C orollary 7 .5 .

oo oc

S(n)  =  ^ 2  MQ: n ) =  Sp{n), where Sp(n) =  X ]  A(pe. n).
<7 = 1  p  prim e e=Q

The next step is to evaluate each 5p(n).

P ro p o sitio n  7 .6 . Forp prime, write A =  n —{ a \ + a 2+ a ^ + a \ ) , L =  L0pl . n =  n0pm 
and A =  A 0pJ. Then:

(1) If p is odd and I >  5, then Sp(n) =  0.

(2) If p is odd and 6 >  I >  0, then Sp{n) =  pl .

(3) If p  is odd and £ =  0, then Sp{n) =  (1 4 -p - I ) ( l  — p~m~l ).

(4) If p  =  2, £ >  1 and £ >  5, then S2(n) =  0.

(5) If p  =  2 and 6 >  £ >  1, then S2(n) =  2t+ l .

(6) If p  =  2. £ =  1, 5 >  2 and any of the ax are even, then S2(n) =  T

(7) If p =  2, £ =  1. 5 =  2 and a// o / the ai are odd, then S2(n) =  0.

(8) If p =  2, £ =  1, 8 >  2 and all of the ai are odd, then S2{n) =  8.

^  If p =  2 , £ =  0 and m >  I, then S2(n) =  3 • 2-m .

(10) If p  =  2, £ =  0 and m =  0, £/ien S2(n) =  1.

To facilitate the proof, split case (4) into:
(4a) If p =  2, £ >  1 and £ >  8 , then S2(n) =  0.
(4b) If p =  2, £ =  1 and 1 >  d, then S2(n) =  0.

Proof of (1)  and (2). If p  is odd and £ >  0, then apply parts (1), (2) and (11) of 
Theorem 7.3 followed by Lemma 7.2:

s p(n ) =  Y 1  A (per n ) =  Y Z  m pe•A ) =  { ° , lf ^ > 6
f=Z ( /  ii £ <  6.

Proof of (3). If p is odd and £ =  0, apply parts (3) and (11) of 7.3, then Lemma 7.2:

OO OO

s p(n) =  Y2  A (pB' =  Y2 p~2e^(pe' n) =  ( i + p ~ l )( i  -  p~m~1)-
e=0  e=0
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Proof of (4 a) and (5). If p  =  2 and £ >  1, then apply parts (4), (5) and (11) of 
Theorem 7.3 followed by Lemma 7.2:

S2(n) =  ±  .4(2-, n) =  £ ^ A ) = ( °  * * + ! > *
[ 2 '+1 i f £ + l < £

Proof of (4b), (6), (7) and (8)  If p  =  2 and £ =  1. then by parts (5) and (6) of 7.3.
OO

Szin)  =  ^ 2  A (2^ n) =  I +  xJj(21 , A) +  w(22, A)  +  A (23, n).
e=0

By part (9), if any of the a, are even, then S2(n) =  1 +  ip{21, A) +  L’(22, A ), and

S =  0 ==> S2(n) =  1 +  ( - 2 ° )  + 0  =  0,

5 =  1 = +  S2(n) =  1 +  (21 -  2°) +  (—2 1) =  0,

6 > 2  = »  S2(n) =  1 +  (21 -  2°) +  (22 -  2 1) =  4.

By part (10), if all of the a* are odd, then S2(n) =  1 +  p ( 2 l , A ) +  ib{22. A) — w(23, n).
Also, n — A  =  a2 +  +  a2 +  a2 =  4 (mod 8). Consequently,

5 =  0 <=> m  =  0 ==> S2(n) =  0 — 0(23, n) =  0 — 0 =  0,

5 =  1 <+=> m  =  1 = >  S2(n) =  0 — L’(23, n) =  0 — 0 =  0,

8 =  2 <=> m  > 2 ==> 5 2(n) =  4 -  ^'(23, n) =  4 -  (23 -  22) =  0,

8 >  2 <=> m =  2 = >  S2(n) =  4 — 0(23, n) =  4 — (—22) =  8.

Proof of (9) and (10). If p =  2 and £ =  0, then parts (7), (8) and (11) of Theorem
7.3, followed by Lemma 7.2 imply

Then,

•S2(ra) =  ^ 2  n) =  1 +  0 -  ^ 2  2 2e+2w{2e, n)
e= 0  e=2

oo

=  1 +  0 +  22ip(2°, n) +  2 V ( 2 \  n) -  4 2 ~2ew{2e, n )
e= 0

=  1 +  0 +  4(1) +  0 (2 , n) -  4(1 +  2"l ) ( l  -  2“m- 1)

=  - 1  +  3- 2~m +  xp{2,n) .

S2(n) = - 1 + 3 - 2 " 0 - 2 °  =  1, if m =  0;

5 2(n) =  - 1  +  3 • 2~m +  ( - 2 °  +  2 1) =  3 • 2“m, if m  >  1.

□
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Lem m a 7.7.

K

p |n
log log n

for  some positive constant K .

T h eorem  7 .8 . Let n, L, a 1? ai, a$ and a4 be integers with gcd(L, a\,  ai, a%, a4) =  1 

and n and L positive. Write A  =  n — (af -f- a\ +  a\ +  a\),  n =  2mn0 and L =  L0 2f 
u/zi/i no and Lo odd. Then,

( 1 )  / / L o t  A toen 5(n) = 0 .

^  / /L  25 et/en and 2£+l f A , t/ien S(n) =  0.

(3) If L =  2 (mod 4), A  =  4 (mod 8), and all of the a* are odd, then S(n) =  0 .

Otherwise,

(4) If L is odd and n is even, then

\ ^ K L
2 m log log n ’

where K  is a positive constant independent of n, L, and the ai 5.

(5) If L is even or n is odd, then

S[n) > r r ~ -log log n

where K  is a positive constant independent of n, L, and the a, ’s.

Proof. Let PL be the set of all odd primes that divide L , and P ^ l be the set of all
odd primes that do not divide L. Then:

S(n) =  J J  S »  =  S2(n)
prim es p -P € P .v t L p&Pl

Write L0 =  ]^J plp. If there is an odd prime p € PL with plp \  A . then Sp(n) =  0
pePt

by part (1) of Proposition 7.6. Otherwise, part (2) implies:

n  s p(n ) = n p t p = L *-
pePL p£Pl
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Also,

K

P € P . \ l p € P . v l
p |n

p |n
log log n

By part (4) of Proposition 7.6, if L is even and 2t+l \  A, then 52 (n) =  0. By part
(7), if L =  2 (mod 4) and A  =  4 (mod 8) and all of the a* are odd, then S2(n) =  0. 
In either case, 5 (n ) =  0.

Now, suppose that none of conditions (1), (2) and (3) in the statement are satis­
fied. If L is odd and n is even, then part (9) of Proposition 7.6 implies

S(n) =  Sain) - n  Sp(n )
LpePNL

n sp(n)
Lp€Fl > <3' 2"m> (£ °>

If L is even or n is odd, then parts (5), (6), (8) and (10) imply

S(n) =  S2(n) n s»
LpeP.wt.

>  ( i(2') (io) (\ lo g  logn

□

T h eorem  7 .9 . Let p and L be positive integers with p prime and L not divisible by 
p. Let ai,  a2, a3 and a4 be integers with a\ +  a\ +  a\ +  a\ =  1 (mod L). Let S  be the 
set of representable integers

5  =  { n I n =  yi +  +  y3 +  y \  for some yt €  Z with yt =  ai (mod L) } .

and let C be the set of positive integral candidates

({ n | n =  1 (mod L) } if L odd,

{ n | n =  1 (mod 2L) } if L even and aj -f- +  a§ +  a\  =  1 (mod 2L),

{ n j n =  1 +  L (mod 2L) } if L even and a\  -(- a | +  a\  -(- a4 ^  1 (mod 2L).

Also, for  each positive integer m, put

Mm =  { n | 2m divides n} .

Then S  C C . If L is even, then C  \  S  is finite. If  L is odd, then (C  \  M m) \  5  is 
finite for every positive integer m.
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Proof. First, gcd(L, a i, a2 ,a 3 , 0 4 ) =  1, because L divides (a2 +  a\ +  a2 4- a\ — 1 ).
If n E S,  then

n =  y2 +  y \  +  y\  4- y \  — a\  +  a\  +  a\ +  a\ =  1 (mod L).

Also, if L is even, then yi — a* is divisible by L and hence is even. Then y, +  <Zi is also 
even, so 2L divides ( j / i  +  at)(?/j — a*) =  yf — aj  and so y2 =  a?(m od2L). Consequently,

n — y 2 +  y \  +  y \  +  y \  =  a\  +  a% +  03 +  a\ (mod 2 L ).

Therefore, n E S  implies n € C.
Next, consider the first three cases of Theorem 7.8. The definition of C  guarantees

that neither condition ( 1 ) nor (2) is satisfied for any n E C .  Also, if all the a, are odd
and L =  2 (m od4), then a\ +  a  ̂+  a  ̂+  a  ̂ =  l  +  l  +  l +  l =  0 (m od2), contradicting 
the fact that af +  a\  +  a\  +  a% =  1 (mod L). Therefore, condition (3) is also not 
satisfied.

Consequently, if L is odd, then Theorems 6.2 and 7.8 imply that for all n E C\.Mm 
and e > 0 ,

r{n) =  ^ n  S{n)  +  O (n 15/l6+e) >  K   ̂ ” -------+  O (n l5/l6+e) .
L2 v ' 2m log log n v ' '

where m  and K  are positive constants independent of n. The asymptotic term grows 
larger than the error term, so r (n ) >  0 and n E S  for all but finitely many n E C  Mm. 

If L is even, then for all n E C  and e >  0,

r(n) =  ^ n  S ( n ) +  O  (n 15/l6+£) >  K  -— p +  O (n l5/l6+<) .
L1 log log n

where K  is a positive constant independent of n. Therefore, r(n) >  0 and n E S  for 
all but finitely many n E C .  □

C orollary  7 ,10 . Let p and L be positive integers with p prime and L not divisible 
by p. Le ta i ,  a2, a3 and aA be integers with a\  +  a\  +  a\ +  a\ =  l (m o d £ ) . Then there 
exist integers y l} y2, y3; y4 and n such that y \  +  y \  +  y\  +  y \  =  p2n and yi =  (m o d i)  
for i =  1 , 2 , 3 , 4  if and only if either

(1) L is odd,

(2) L is even and p2e =  1 +  L (mod 2 L) for  some positive integer e, or

(3) L is even and a2 +  a2 +  0 3  +  =  1 (mod 2L).
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Proof. Define 5 , C  and Mm as in the previous proof. Since p is odd, pe g  M x for 
all e. Since gcd(p, 2L) =  1, there exists a positive integer e with pe =  1 (mod 2L).  
If either condition (1) or (3) is met, then p2ek E C  \  M x for all positive integers k , 
and Theorem 7.9 implies that all but finitely many of these p2ek are in 5 . Instead, if 
condition (2) is met, then choose e with p2e =  1 +  L (mod 2L). For all odd positive 
integers k, p2ek €  C  \  M,  and Theorem 7.9 implies that all but finitely many of these 
p2ek are in S.

If L is even, a\  +  a\  +  a2 +  a2 =  1 +  L (m od 2L) and pe ^  1 +  L (mod 2L) for all 
integers e, then pe <$. C, and hence pe £  S  for all e €  Z. □
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CHAPTER VIII

Future Work

8.1 Part I: Subgroups of GL2 (QP) and their Actions on Tp

There are a lot more questions that could be asked about the graphs Xp^ and 
X'pL. For example:

(1) What is the length of the shortest cycle? Restated in number theoretic terms, 
the question becomes: What is the smallest positive integer n such that the 
equation

a\  +  a% +  a\ +  af =  p2n

has integral solutions satisfying a2 =  a3 =  a4 =  0 (mod L ), and in the case of 
X^L, a x =  p n (mod L)?

(2) Each of the graphs displayed in Chapter IV contain a Hamiltonian cycle. Is 
this true of all XP̂L and Xp L?

(3) The graphs Xp^  and XpL exhibit a lot of symmetry. Much of this symme­
try is reflected in the structure of the quotient groups Q l {Z [ l /p ] ) /Yp^ and 
Q l {Ij{\ jp\)fY'p L which act on XPrL and Xp L. Is all of the symmetry reflected 
in these quotient groups?

(4) For many values of L ,

g 1( z [ i / P] ) /r p,i  ^  q 1(z / (L ))  ^  s l 2( z / ( l ) ) .

How is the structure of SL2(Z /(L )) reflected in the symmetries of the XPiL?

(5) What is the spectrum of the graphs Xp L and Xp L1

Many of the results obtained in Chapter III could be extended to other sub­
groups of SL2(Qp) and <2l (Qp) defined using congruence relations on SL2(Z[l/p]) or 
Q ^ Z tl/p ]). Also, the programs used to obtain the graphs in Chapter IV can easily 
be modified to produce quotient graphs of other groups. Some choices are:
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(1) The congruence groups VPyL and Vp L were defined using the standard quater­
nion algebra. Replace this by a non-standard quaternion algebra, with multi­
plicative relations

i2 =  .4, j2 =  B  and ij = —ji = k.

for some .4, B e  Z.

(2) Congruence groups can be defined as the kernel of the map SL2(Z [l/p]) — > 
SL2(Z/(£ ) ) ,  or as the kernel of maps involving other matrix groups.

For these other group choices, what are the analogues, if any, of the results in Chap­
ter III? What are the vertex counts for the quotient graphs induced by these groups? 
The key step is the determination of the images of the maps corresponding to

there intermediate groups between Tp^ 2 and r Pî l that produce intermediate quo­
tient graphs? For example, the graph 4?3t5 covers the two bipartite graphs shown 
in Figure 8.1. Is there an intermediate group G  with r 3i5 < G <  Q l {Z [l/3 ]) that 
produces one of these as a quotient graph G \TP?

8 . 2  Part II: An Extension of Kloosterman’s M ethod

The proof of Theorem 6.2 given here closely follows the method used by Klooster- 
man in his paper [Klo26]. A more modern proof developed by Estermann is given in 
[Est36]. In addition, a result by Weil in [Wei48] improves the error term to O  (n 7/8+<:). 
Both of these improvements should be incorporated into the proof of Theorem 6.2.

One natural extension to Theorem 6.2 would be to establish an asymptotic for­
mula for the number of representations of n in the form

and norm

||<2 i 1 +  q.2 i 4* a3 j -(- (Z4 k|| — a2 +  A.O0 Bo% -F .4Bo.,2

0 : Q l { Z { l / p \ ) — ^ Q \ l / { L ) )  and a  : Q \ Z [ l / p } )  — > T0

for the new groups.
Whenever L 1 divides T2, there is a covering map XpL2 — > Xp^ l and group 

homomorphisms Tp,^ — > VPtLl and QI(Z[l/p])/rp,L2 — ► Q l {Z [ l /p \ ) IY p L̂l. Are

n =  ^  Ci?/2 with yi =  a, (mod Li) for i =  1 , . . . ,  s,
i=l

for values of s other than 4. Another extension would be to allow' negative values for 
some of the Ct, as in [Est61j.
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3-fold 5-fold

Figure 8.1: The graph and two of its quotient graphs
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In order to apply Theorem 6.2, Chapter VII evaluates the singular series S(n)  in 
the limited case of C, =  1 and L* =  L, for all i. Completing the evaluation of S(n)  
in the most general case, with arbitrary C,, Li and a,, would be necessary to apply 
Theorem 6.2 in a more general setting.
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