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This is the quotient graph induced by the action of the congruence subgroup I's¢ of
Q'(Z[1/5]) on the (5 + 1)-regular tree 5.
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CHAPTER 1

Introduction

This dissertation is divided into two nearly independent parts. Chapters II, III
and IV examine the action of certain subgroups of GLy(Q,) on the regular tree 7,.
Chapters V, VI and VII extend a theorem of Kloosterman from analvtic number
theory estimating the number of representations of an integer n in the form

n = Ciz} + Cozi + C3z5 + Cyzl.

The proof of the main result in the first part requires a corollary of the main result

from the second part.

1.1 Part I: Subgroups of GLy(Q,) and their Actions on 7,

Let p be an odd prime. The first half of this dissertation is concerned with the
group GL2(Q,) of invertible 2 x 2 matrices over the p-adic numbers and its action on
the (p+1)-regular tree 7,, obtained by identifying the vertices of 7, with equivalence
classes of lattices over Q,. This action is analogous to the action of SLy(RR) on the
upper half plane H = {z € C| |Imz > 0}.

With respect to a fixed base, let vy be the vertex corresponding to the lattice

il

The action of a particular matrix M € GL2(Q,) on 7, is characterized by its deter-
minant and trace:

0

Z
Pl

®Z,

Theorem 3.4 (p. 23). Select M € GL,(Q,). Write tr M = p'T’ and det M =
p?D', where t,d € Z and T',D' € Z,\ pZ,. Let p be the mazimum integer such
that p™M € GLy(Z,). Let A be the discriminant A = (tr M)?/4 ~ (det M) of
the characteristic polynomial. Then M acts on T, so that the vertez vy is moved a
distance d — 2u, and
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(1) If A is a non-zero square in Q, and d > 2t, then M translates some geodesic
in T, by a distance d — 2t. The distance between vy and the translated geodesic
st — p.

(2) If A is a non-zero square in Q, and d < 2t, then M fires every vertez on some
geodesic in T,.

(3) If A is a non-square in Q, and d is even, then M is a rotation. The distance
between vg and the closest fized vertex is d/2 — p.

(4) If A is a non-square in Q, and d is odd, then M is an inversion. The distance
between vg and the center of the inverted edge is d/2 — p.

(5) If A =0 and M is a scalar multiple of the identity, then M fizes every vertez
in Tp.

(6) If A = 0 but M is not a scalar multiple of the identity, then M fizes one
boundary point and infinitely many vertices. The distance between vy and the
closest fized vertez ist — u=d/2 — p.

Let Q(Q,) be the standard quaternion algebra over Q, with basis {1,1i,j,k} and
multiplicative relations

2=7?=k®=-1, jk=-kj=i, ki=—ik=j and ij = —ji=k.
Let Q'(Q,) denote the group
QUQ) ={a1l+ai+a3j+akeQ(Q)|al+al+di+ai=1}.

Then Q(Q,) = M2(Qy,) as algebras, and Q'(Q,) = SL»(Q,) as groups. Q'(Q,) inher-
its the action of GL3(@,) on 7,. On the subgroup Q'(Z(1/p]) of Q'(Q, ), Theorem 3.4
can be significantly simplified:

Corollary 3.6 (p. 25). For p an odd prime, select

a

=214 zi+§j+2—:keQ‘(Z[1/p])

p" p
with a; € Z and not all of the a; divisible by p. So a? + a2 + a2 + a? = p* and
trz = 2a,/p". Let p* be the largest power of p dividing a,. Then:

(1) If n =0, then z is a rotation that fizes the vertez vy.

(2) If n > 0, then z translates some geodesic a distance of 2n — 2t. The vertez v
is moved a distance 2n, and the distance between vy and the geodesic translated
by T is t.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Now, for integers L > 1 not divisible by p, define maps

¢: QYZ[1/p) — Q'(Z/(L)) and
¢': Q'(Z(1/p]) — PYZ/(L))

a .
—1+—i+—j+—=k +— ayp"l+ayp"it+azp"j+apk,

where Q'(Z/(L)) is the group of standard quaternions of norm 1 over the ring Z/(L),

and
PYZ/(L)) = Q"(2Z/(L)) / N(Z/(L)).
where N(Z/(L)) is the central, normal subgroup
N(@Z/(L)) = {511 +0i+0j+0k ( @ =1 (mod L) }

So the groups Q'(Z/(L)) and P(Z/(L)) are the quaternion analogues of SLy(Z/(L))
and PSL,(Z/(L)), respectively.
Let ', L and [, ; be the kernels of the maps ¢ and ¢’, respectively, so that

ay = az = a4 EO(modL)}

a az. az. a4 1
=< =1+ —=i+—j+—=keQ(Z]1
p.L {p" " an o Q@ (Z[1/p])

and

F;yLz{—l-i-—l-i-— + — kepr a =p" (mod[.)}
p" p" p" p"

Then [, , < Tp < QY(Z[1/p]) < QYQ,)-
The actions of the groups [, and I, on the (p + 1)-regular tree 7, induce
compact quotient graphs

Xor =\ T and XL =T, \Tp

The quotient graph X5 is displayed in the front of this dissertation. Other examples
appear at the end of Chapter IV.

The primary goal of the first part of this dissertation is to obtain information
about these graphs and about the groups Q" (Z[1/p])/T,,. and Q'(Z[1/p])/T}, , which
act on X, 1 and X} ;, respectively. These two quotient groups are isomorphic to the
images of Q! (Z[l/p]) in PY(Z/(L)) and Q*(Z/(L)) under ¢ and ¢, respectively. The
difficulty lies in determining the images of ¢ and ¢’. This is accomplished by invoking
a corollary of the main result from the second half of this dissertation.

The main result of this first half is a formula for the number of vertices in &,
and &) ;:
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Corollary 3.31 (p. 39). Write L = 2'L’', with L' odd. Then:

2|Vl = |QY(Z[1/p]) / Ty
L2 1, if¢=0s0 L =1(mod2);
=L3I—I’(1———2i)- 1/2, iff€=1s0L =2 (mod4d);
ak 1/4, if€>2 so L =0 (mod4).

and

1V, | =1Q"(2[1/p)) / T

1, if L odd;
1, if8| L and p*™ = L + 1 (mod 2L)
=L3H<1—qi2)'4 for some m € Z;
ar 1/2, if L >2 even and p>™ # L + 1 (mod 2L)
{ for allm € Z,;

VX, | =IVXLl=24L=2

In particular, the number of vertices in A}, 1, (but not X} ;) is independent of p.
Figure 1.1 displays A, ; for L = 4 and each of the values p =3, p=5and p = 7.
All three graphs contain eight vertices.

Figure 1.1: The quotient graphs X; 4, X54 and A7 4

1.2 Part II: An Extension of Kloosterman’s Method

In his paper “On the Representation of Numbers of the Form az?+by?+cz2+dt?”,
H. D. Kloosterman proves an asymptotic formula for the number r(n) of represen-

7R;éproduced with permission of the copyright owner. Further reproduction prohibited without permission.



tations of a positive integer n in the form C,z? + Cyz2 + C313 + Cy1z3, for constants

C,'Z

7{2

VC,CC3Cy

r(n) = nS(n) + O (n'7/18+¢)

for every positive €, where

S) =3 Alk.n),
k=1

’ -1 1
Alk,n) = k73 exp [;7:-"—”] I] Ge.(h. k),
i=1

h<k

Gc(h.k) = Z exp

7=0

.

k— )
: [Qﬂ'zhcjz:l ’

and where Z,Kk indicates the sum over integers A with 1 < A < k and ged(h. k) =
1. -

Kloosterman then studies the singular series S(n) in order to determine which
values of Ci, Cy, C3 and C, guarantee r(n) > 0 for all but finitely many n.

Kloosterman'’s proof follows a method developed by G. H. Hardy and J. E. Little-
wood, but requires significantly more analysis to establish an error bound less than
O(n).

The second half of this dissertation extends Kloosterman’s proof to apply to
representations of integers in the form

n = Ciy? + Coys + C3y2 + Cyy3

under the congruence restrictions y; = a; (mod L,) for ¢ = 1,2, 3,4. This is equivalent
to counting representations of n in the form

n=C(Lz + al)2 + Cy(Lozy + 02)2 + C3(Laz; + (13)2 + Cy(Lyzy + 04)2,

where the z; are integers.
In particular, the following results are obtained:

Theorem 6.2 (p. 93). For each i = 1,2,3,4, let C;, L; and a; be fized integers
with C; and L; positive. For each non-negative integer n, let r(n) equal the number
of integral solutions in the set

{ (1, Y2, ¥3,44) | n = C19% + Coy3 + C3y3 + Cyyi and y; = a; mod L, for each i }
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Then:

7r2

— S . O 17/18+¢
rin) = e eee o (n )

for every posttive €, where

S(n) =Y A(k,n),
k=1

: 1
Ak, n) = k‘*Z exp [_27]1:}”1] HGC.,L,,a,(hsk)-,
=1

h<k

— wmih
GeLa(h k) = ZGXP [TC(LJ + a)“] ;
=0

i=

and where Z,Kk indicates the sum over integers h such that 1 < h < k and
ged(h,k) =1.

Theorem 7.9 (p. 128). Let p and L be positive integers with p prime and L not
divisible by p. Let a|, as, a; and ay be integers with a? + a3 + a3 +a? =1 (mod L).

Let S be the set of representable integers
S = {n ! n=1y?+y+y2+y? for somey; € Z with y; = a; (modL)},
and let C be the set of positive integral candidates

{n|n=1(modL)} if L odd,
C=q{n|n=1(mod2L)} if L even and a? + a3 + a3 + a2 = 1 (mod 2L),
{n|n=1+L(mod2L)} ifL even and a? + a? + a2 +a? # 1 (mod 2L).

Also, for each positive integer m, put
Mn={n | 2™ divides n} .

Then S C C. If L is even, then C\ S is finite. If L is odd, then (C\ M,)\ S is
finite for every positive integer m.

1.3 Overview

The first half of this dissertation examines the actions of GLy(Q,), Q'(Z[1/p]),
[pr and I, ; on the tree 7, and presents properties of the quotient graphs X, ; =
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Ip\T, and X, = T, ;\7,. Chapter II reviews the p-adic numbers, the (p + 1)-
regular tree and its automorphism group, the action of PGL,(Q,) on 7, and the
standard quaternion algebra. Chapter III describes the action of a matrix in GL,(Q,)
in terms of its determinant and trace, examines the structure of Q'(Z[1/p])/T,.c
and Q'(Z(1/p])/T}, ., and derives formulas for the orders of Q'(Z(1/p])/T,.. and
Q'(2[1/p])/T}, . and for the number of vertices in &, ; and & ;. Chapter IV describes
a set of programs written in ANSI C used to obtain instances of the quotient graphs
A, and A for particular values of p and L.

The second half extends Kloosterman'’s result to incorporate congruence restric-
tions, and derives a corollary required in the first half. Chapter V defines and evalu-
ates or bounds appropriate analogs and variants of G¢(h, k) and A(k, n). Chapter VI
modifies Kloosterman’s proof to obtain an asymptotic formula for representations of
n satisfying the congruence restrictions. Chapter VII evaluates the singular series
S(n) for the case C; = 1 and L; = L, for all 7, in order to obtain the required
corollary.
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CHAPTER II

Preliminaries

This chapter provides some background on the p-adic numbers and the action of
GL2(Q,) on the (p + 1)-regular tree. The presentation is a mixture of informal ex-
amples and more formal definitions and propositions. Proofs of most of the following
facts can be found in [FTNO91].

2.1 p-adic Numbers

Definition 2.1. Fix p prime. Define the p-adic norm on the rationals Q by |0|p =0
and |z|, = p~", where z = (h/k)p" with h,k,n € Z and ged(h, p) = ged(k,p) = 1.
The field of p-adic numbers Q, is the completion of Q with respect to the p-adic
norm. Q, is a totally disconnected locally compact field of characteristic 0. The ring
of p-adic integers Z, is the completion of the integers Z within Q,. Z, consists of all
p-adic numbers with norm less than or equal to one.

Informally, a p-adic integer can be thought of as the limit of a sequence
a, (mod p), a3 (mod p?), a3 (mod p°), a4 (mod p*), as (mod p°), ...

such that a, = a,+; (mod p") for each r > 1.

2 = 6 (mod 5) has two solutions, z = 1 and

Example 2.2. The equivalence z
4 (mod5). Each of these solutions can be lifted to a solution to 2 = 6 (mod 25). For
example, the solution z = 1 (mod 5) can be lifted to z = 16 (mod 25). This solution
can be continue to be lifted to solutions to z?2 = 6 modulo 125, 625, 3125 and all
higher powers of 3, as illustrated in Table 2.1.

When written in base 5, these solutions form a sequence
1, 31, 031, 4031, 24031, 124031, 2124031, 32124031, 132124031, ....

in which each solution gains an additional left digit over its predecessor. The limit
of this sequence is a 5-adic integer.
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[57 A solution to z° = 6 (mod 57) |
51 1 =1

52 16 =1+3-5

53 16 =1+3-5+0-5°

51 516 =1+3-5+0-52+4-5°

5° 1766 =1+3-54+0-52+4-5+2.51

5% 4891 =1+3-5+0-5°+4-5+2-5*+1-5°

5° | 36141 =1+3-5+0-53°4+4-53°4+2-5°+1-5°+2.5°

5% ] 270516 =1+3-5+0-52+4-5°4+2-5*+1-55+2-55+3-57

5| 661141 =1+3-5+0-5°4+4-524+2-53*+1-55+2-55+3-5" +1-5°

Table 2.1: Lifting solutions to z2 = 6 (mod 57)

Two p-adic integers are considered to be “close” to each other (as measured by
the p-adic norm) if they are the limits of two sequences that begin with identical
subsequences. They can be added, subtracted, and multiplied by performing the
operation on their integer sequences. Each p-adic integer has a multiplicative inverse,
except for those divisible by p.

A p-adic number is a fraction of two p-adic integers with non-zero denominator.
Each p-adic number can be represented as a p-adic integer divided by a power of p.
Consequently, a p-adic number can be expressed as the limit of a sequence

a, (mod p) @, (modp?) a3 (modp’) a4 (modp!) as(modp?)
pt ; Dt ’ pt : pt ’ pt ’

The fraction (a, (modp”))/p is “the same” as (p*a, (modp™*¥))/p*** for every k € N.

Example 2.3. The inverse of 100 in the field of 5-adic numbers is the limit of the

sequence of rationals

0.04, 0.34, 3.34, 33.34, 333.34, 3333.34, 33333.34, 333333.34, 3333333.34, ...

displayed in base 5.

2.2 Graphs and Trees

Definition 2.4. A graph X consists of a set of vertices VX and a set of edges EX.
Each edge is a two element subset of VX. Two vertices z,y € VX are adjacent if
{z,y} is an edge. The degree of a vertex z € VX is the number of edges e € EX

with z € e.
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A path in X of length n is a finite sequence zy, .. .,z, € VX such that {z;, z;;,} €
EX for all 0 < i < n. A chain is a path zg,...,z, such that z; # z;,, for all
0<i:<n-2. A circuit is a chain zy,...,z, such that z, = z,.

A graph X is connected if, for every z,y € VX, there exists a path zg,...,z,
such that zo = z and z, = y. A tree is a connected graph with no circuits.

Definition 2.5. Let 7 be a tree. For z,y € VT, let [z, y] denote the unique chain
Zg,...,ZIy such that zg = r and z, = y.

The distance d(z,y) between two vertices z,y € VT is the length of the chain
[z,y]. Then d gives T the topology of a metric space.

Definition 2.6. An infinite chain is an infinite sequence of vertices (z; | i € N) in
VT such that {z;,z;41} € ET and z; # z;45 for all i € N. A geodesic (or doubly
infinite chain) is a two-way infinite sequence of vertices (z; | ¢ € Z) in VT such that
{zi,z;01} € ET and z; # 7,42 for all 7 € Z.

The infinite chains (z; |{ € Z) and (y; | i € Z) are equivalent if they have an
infinite intersection. That is, if there exists n, k € Z such that z; = y, 44 for all : > n.
Two geodesics (z;) and (y;) are equivalent if there exists k € Z with z; = y; .« for all
it €Z.

The boundary 2 of T is the set of equivalence classes of infinite chains. So
Q2 consists of the “points at infinity.” Alternatively, fix any zo € V7. Then the
boundary points §2 are in bijective correspondence with the set of infinite chains
beginning at ro. There also is a bijection between equivalence classes of geodesics
and ordered pairs (wy,w-,) of distinct boundary points.

Write (w;,ws) for a geodesic joining the boundary points w;,ws € Q. Also, write
[z, w) for an infinite chain = = z¢,1,,z,... belonging to the equivalence class w.

Definition 2.7. Let 7 be a tree. For z,y € V'T, put:
Biy={z€VT |ye[z,2]ju{weQ|yelz.w)}.

Then the collection of all sets {z} where z € VT and all sets B,, with z,y € VT is
a basis for a topology on VT NQ.

Under this topology, VT U Q is compact. VT is dense in VT U Q, and the
restriction of the topology to VT is the discrete topology. The restriction of the
topology to 1 is given by the basis sets

Qz,y) = {we |y e [z,w)}.

This is the same compact topology as that of the projective line over Q.
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Figure 2.1: A portion of the (3 + 1)-regular tree T;

2.3 Regular Trees

Definition 2.8. The regular tree of degree p + 1, denoted 7, is an unbounded tree
in which each vertex has degree p + 1. Figure 2.1 illustrates a portion of 73. The
figure’s outermost circle of vertices actually should continue to split 3-way.

Informally, the vertices of the (p + 1)-regular tree can be identified with the
fractions (a, (mod p"))/p® used to construct the sequences whose limits are the
p-adic numbers. The vertices identified with the fractions (e, (mod p"))/p® and
(ar4+1 (mod p™*1))/p® are adjacent if a, = a,; (mod p"). Figure 2.2 shows a por-
tion of the (3 + 1)-adic tree, with the vertices labeled with numbers (a, (mod p”))/p%,
written in base 3.

The vertices in an infinite chain zg,z;,... have now been identified with a se-
quence of fractions whose limit is a p-adic number. Hence, the boundary points Q) of
7, can be identified with the p-adic numbers, plus an “infinity” number, representing
the limit of the “backwards” sequence

0(mod1l) 0(modl) 0(mod1l) O (mod1)

0 (mod p), 0 (mod 1), , , ;
(mod p), 0 ( ) - 2 3 p

g v e e
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Alternatively, the boundary points can be identified with points on the projective

()=o)

where [ag al]t and [bg bl]t are equal if agb; = a1by. If a; # 0, then the projective
point [ag a,]’ corresponds to the p-adic number aga;!. The point [I 0]° corresponds

line,

to the “infinity” number.

Formalizing this correspondence requires a more precise understanding of the
fraction (a, (mod p"))/p’. Interpreted in terms of the projective line over Q,, the
fraction represents the collection of all projective points

B =] A lrem)

Compare this to the lattice
ar P

as lattices are defined in the following definition.

Definition 2.9. Fix a vector space V" of dimension 2 over Q,. A lattice of V' is a
compact open subset of V' which is also a module over Z,. Two lattices L and L' are
equivalent if L = L' for some o € Q.

Lemma 2.10. If L is a lattice, then L/pL is a two-dimensional vector space over
the finite field Z,/pZ, = Z/(p). Ife, € L and e, € pL, then there ezists e such that
L =17Zye, & Zye,.

Proposition 2.11. Let L and L' be two lattices of V', belonging to equivalence classes
A\ and A’ respectively. Then there erist vectors e; and e; and integers m and n such
that L = Zpe, @ Zye; and L' = Zye,p™ @ Zyeop™. Moreover, the set {m,n} depends
only upon A\ and \'. Consequently, define d(\,\') = |m — n|.

Proposition 2.12. Let T, be a graph whose vertices are the equivalence classes of
lattices in V', and whose edges consist of all pairs (\,\’) such that d(A,\") = 1.
Then T, is the reqular tree of degree p + 1.

Proposition 2.13. Let w € Q be a point of the boundary of T, associated to the

infinite chain
{-"\07 .\1, ey .\n, . o }

Let L; € A; be such that L; C L;-\ and L;  pL;—1. Then (\;Z, L; generates a one-
dimensional subspace r of V', and the correspondence w — r is a bijection between

and the set of one dimensional subspaces of V.
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2.4 Automorphism Groups of Regular Trees

Definition 2.14. An automorphism of a tree 7T is a bijective map g : VT — VT
that preserves edges. That is, {z,y} is an edge if and only is {g(z), g(y)} is an edge.
The automorphisms of 7 are exactly the isometries of the metric space (7. d).

Theorem 2.15. Suppose g is an automorphism of a regular tree T,. Then ezactly
one of the following is true:

(1) There is a verter z € VT, with g(z) = z;
(2) There is an edge {z,y} € ET, with g(z) =y and g(y) = z;

(3) There are a geodesic (z; | i € Z) and an integer k # 0 such that g(z;) = g(zisx)
for alli € Z.

Automorphisms are called rotations, inversions and translations (by distance k)
if they fall into cases (1), (2) and (3), respectively.

Proposition 2.16. (1) The composition of two inversions on distinct edges is a

translation by an even distance.

(2) The composition of an tnversion on an edge and a rotation that does not fiz
both vertices on the edge is a translation by an odd distance that contains that

edge.

(3) If T, is a regular tree of degree p+ 1 > 2, then every automorphism of T, can
P P P
be ezpressed as a composition of translations.

Definition 2.17. Suppose 7, is a regular tree of degree p + 1. Let Aut7, denote
the group of automorphisms of 7,.
For each g € Aut 7, and each finite subset F* C V"7, put

Ur(g) = { h € Aut T, | g(z) = h(z) forallze F}.
The collection of sets Ur(g) is a basis for a topology on Aut7,.

Proposition 2.18. Under this topology, AutT, is a totally disconnected, locally
compact topological group. FEach basis element Ug(g) is both open and closed. All
finite subsets of Aut T, are closed.

For each finite subset F' of V'T,, the collection of sets

{Up(g)'gé Aut 7, }

forms a disjoint open cover of AutT,. Also, Ur(id) is a subgroup of Aut 7,.
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Proposition 2.19 (Maximal Compact Subgroups). For each vertez z € VT,
and each edge {y, z} € ET,, put

K.={ge€AutT,|g(z)=z}. and
Ky ={g€AutT, | g({y.2}) = {v. 2} }.

Then K and Ky, .y are compact, open and closed subgroups of Aut T,. Furthermore,
every compact subgroup of Aut T, ts contained inside K, for some £ € VT, or inside
K{y:} for some {y, z} € ET,.

Definition 2.20. A subgroup ' of Aut7, is faithful if I N K, = {id} for each
z € VT, Also, ' is transitive if, for ewery z,y € VT, there exists g € I' with

g-z=y.

Theorem 2.21 (Faithful Transitive Subgroups). Suppose £ € V7T, and A C
Aut 7, with |4| = p + 1 satisfies:

(1) A=4""; and

(2) {a-z|a€ A} ={y|d(z,y) =1}

Then A generates a faithful transitive subgroup ' of Aut7,. Also, ' is isomorphic
to the free product of t copies of Z and s copies of Z,, for some t,s € N satisfying
2t+s=p+1.

Moreover, if T is a faithful transitive subgroup of AutT,, then there erists A C
Aut 7, with |A| = p + 1 satisfying (1) and (2), which generates T.

Theorem 2.22. If ' C Aut7, is a transitive subgroup of AutT,, then AutT, =
K. -T for each z € VT,.

2.5 Actions of Matrices on Trees

As described in Section 2.3, each vertex in 7, is identified with an equivalence
class of lattices within a two dimensional vector space V over Q,. Every nonsingular
matrix over QQ, defines an automorphism of 7,. If the vertex v is associated with the
lattice Z,w; ® Z,yw,, then M - v is associated with the lattice Z,(Mw,) ® Z,(Mw,).

Matrices M and M’ define the same automorphism if and only if M = aM’ for
some a € (. Hence there is an action of PGL3(@Q,) on 7,.

Proposition 2.23. On the boundary Q of T,, PGL2(Q,) is the group of projective
transformations of . PGLy(Qy) acts transitively on T, and Q. PSLy(Q,) is non-
compact, acts transitively on Q, and has ezactly two orbits on T,.
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Lemma 2.24. Let vy be the verter associated with the lattice

1 0
z zZ,| |

PSLy(Z,) is the subgroup of PGLy(Q,) which maps vo onto itself. PSLo(Z,) is a
closed subgroup of Ka, and acts transitively on Q. PGL3(Q,) is a proper subgroup
of Aut(T,), and PSLy(Z,) is a proper subgroup of K,

Proposition 2.25. Let t and s be non-negative integers such that ¢ + 1 = 2t + s.
Then there exists a discrete subgroup I' C PGL(Q,) such that

(1) T acts faithfully and transitively on T,,
(2) T is isomorphic to the free product of s copies of Z, and t copies of Z,
(3) PGL2(Q,) =T - PGL2(Z,).

Proposition 2.26. Under the action of PGL,(Q,) on T,
(1) Under any basis for V', the matriz ((1) g) IS an INVersion.

(2) Fiz w € Q. A basis {e,ea} for V' can be chosen with respect to which every
element of PGL(2,Q,) which fites w can be written as 4 = g 2 , with
ad # 0. Furthermore, A is a rotation if and only if lal, = |d|, = 1.

(3) Let v = (w,w') be a doubly infinite geodesic; then there erists a basis of V™ with
respect to which every element A of PGL(2,Q,) NG, can be written as

A= (8 g) (for A-w=wand A-w' =u") or

b
A= (O 0) (for A-w=uwand A - =w).
c

2.6 The Standard Quaternion Algebra

For any commutative ring R, let Q(R) be the four dimensional algebra over R
with basis {1,1,j,k} and multiplicative relations

iP=j*=k*=-1, jk=-kj=i, ki=—-ik=j and ij=-ji=k.
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Define the norm and trace from Q(R) into R by

lai1+asi+azj+askl| =af+a§+a§+a3; and

tr(ay1+azi+aszj+ask)=2a,.

An element a; 1 + ayi+ a3 j + ay k of Q(R) has a multiplicative inverse in Q(R)
if and only if its norm is invertible in R. Its inverse is

(al 1+a2i+a3j+a4k)'l = (a'{’ +a§ +a§ +a§)‘l(al 1- agi—agj —a4k).

Consequently, Q(R) is a division algebra if and only if the norm of every non-zero

element of Q(R) is invertible in R.
Suppose that 2 is invertible in R, and there exist z.y € R such that z2+y? = —1.
Then the algebra Q(R) is isomorphic to M,(R) via the isomorphism

0,11+(l‘2i+0-3j+0,4k

1 0 0 1 T y y -z
— ay + Qg + az + ay
0 1 -1 0 y —z - -y

m, m i
2 ) e (g + map) 1+ (Mg — ma))i
Moy Moo

and its inverse

+ (=z(my — ma) — y(miz2 + ma1)) j + (—y(my — ma2) + z(mi2 + may)) k.

In this case, the norm and trace in Q(R) agree with the determinant and trace in
Ma(R).

Consequently, if p and L are odd with p prime, then Q(Q,) = My(Q,) and
Q(Z/(L)) = Max(Z/(L)). Also, Q(Q,) is a division algebra, but Q(Z/(2)) is not.

Let @*(R) denote the group of units in Q(R) under multiplication, and let Q' (R)
denote the subgroup of Q*(R) containing elements of norm 1. If Q(R) = M»(R), then
the same isomorphism gives Q*(R) = GL,(R) and Q'(R) = SLo(R). In particular,
this holds for R =@, and R =Z/(L), with p and L odd. and p prime.

Further, define Q'(Z{1/p]) to be the subgroup

a, a. 4az. a4 .
Ql(Z[I/p])={El+I—)—;1+I—);J+I;k aiGZanda‘f+a§+a§+a§=p2”}.

The subgroup Q'(Z[1/p]) of Q'(Q,) is analogous to the subgroup SL2(Z[1/p]) of
SLZ(Q}J)'
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The diagram below summarizes the relationships of all these groups and algebras.
Arrows indicate inclusions, and equalities indicate isomorphisms.

QUZ[1/pl) — QYQ) — Q(Q) — Q(Qy)

| | |

SL2(Z[1/p]) —— SL2(Q,) —— GL2(Q,) —— Ma(Qy)
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CHAPTER III

The Quotient Graphs &, =, \7, and
oL = 15\ Tp

The group SLy(R) acts on the upper half plane
H={zeC|Imz>0}
via the linear fractional transformations
my Mz} Mnz+mp
ma; Mg ma1z + Mag
The subgroups of SLy(R) can be studied by examining their actions on H.
The fundamental domain of a discrete subgroup I' of SL,(R) containing —1 is an
open set D C H such that g- DND =@ forall g € '\ {1} and Uperg-D=H.

The modular group SLy(Z) is an arithmetic subgroup of SLy(R). One fundamen-
tal domain for SLy(Z) is the region

{zeC||zl>1and [Rez[<1/2},

shown in Figure 3.1.
For each integer L > 1, a natural homomorphism SL,(Z) — SLy(Z/(L)) is ob-
tained by mapping the matrix entries Z — Z/(L). The kernel of this homomorphism,

myp My2
[, =
M2y Ma2

is called the principle congruence subgroup of degree L. Also, the map SLo(Z) —
SL2(Z/(L)) is surjective. Consequently, SLo(Z/(L)) is isomorphic to SLy(Z)/T..
This chapter examines some congruence subgroups of matrix and quaternion

my; € Z, my Mo — mamy; = 1,
Mmyy = Moy = 1 and Mg =mg, =0 (mod L) '

groups over the p-adic numbers that are analogous to the congruence group I';. The
action of SL2(R) on H is replaced by the action of SLy(Q,) on the (p + 1)-regular
tree, and the role of the fundamental domain is replaced by the quotient graph of 7.

19

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



20

1

0
-1 -12 0 172 1

-

Figure 3.1: A fundamental domain for SL,(Z)

Sections 3.1 and 3.2 examine the actions of GL(Q,) and Q'(Z[1/p]) on 7,. Sec-
tion 3.3 defines two particular congruence subgroups I, 1 and T, ; of Q(Z[1/p]) as
the kernels of homomorphisms. Section 3.4 applies the results from Sections 3.2
and 3.3 to obtain formulas for the orders of Q'(Z[1/p])/T,.. and Q' (Z[1/p])/T} .
and for the number of vertices in the quotient graphs induced by their actions on 7,.

3.1 The Action of M € GLy(Q,) on 7,

Let M be a matrix in GL»(Q,). The action of M on 7, can be understood by
determining which boundary points of 7, are held fixed by A. These points can be
determined by solving

h Ah h
W[« o[t

That is, the fixed boundary points correspond to the eigenvectors of M.
Lemma 3.1. The characteristic polynomial for M € GL,(Q,) is

A2 — (tr M)A + (det M).
The discriminant of this quadratic polynomial is

A = (tr M)%/4 — (det M)

Write A = p’A', where § € Z and A’ € Zy \ pZy, so that A is a square in Q, if and
only if § is even and A’ is a square modulo p.
Then M has:

(1) A repeated eigenvalue at A = (tr M)/2 if A = 0.
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(2) Two distinct eigenvalues A = ((tr M) £V/A)/2 if A is a nonzero square in Q.

(3) No eigenvalues in Q, if A is a non-square in Q,. However, M does have two
distinct eigenvalues lying in a quadratic field extension of Q,.

Proof. The characteristic polynomial for M is
my — A m
det ( t 2 ) = (my — A)(ma2 — A) — (mi2)(m21)
myy My — A
= A% — (my; + ma2) A + (Myymas — mpamy)
= A2 — (tr M)\ + (det M).

Solve A? — (tr M)\ + (det M) = 0 by completing the square:
(A = (tr M)/2)® = (tr M)?/4 — (det M) = A.

Write A = pSA’. If A’ is a square modulo p, then 2’ = d2 (mod p) for some d.
By Hensel’s lemma, dy can be lifted to a solution to A’ = D'? in the p-adic integers,
since p is odd. Then (p*?D’)? = p’A’ = A in Q, when 4 is even.

On the other hand, if A is the square of D in Q,, then write D = p¢D’ with
d€Zand D' € Z,\ pZ,. Then A = D? =p?@D'? so§ = 2d is even and ' = D"
lies in Z, \ pZ,.

If A is a square in Q,, then A has exactly two square roots, say +v/A. Then

A= (tr M £ VA)/2.

If A = p’A’ is not a square, then ¢ is odd or A’ is a non-square modulo p. Fix any
non-square 7 € Zj, \ pZ,. If A’ is a non-square, then A'7~! is a square in Q,. So:

(tr M + 7TVTIA) /2 € Q[T ], if 4 even and A’ non-square;
A=Q(tr M £ /B\/p'A)/2 € Q[/B), if 6 odd and A’ square;

(tr M £ /p7\/(pr)"'A)/2 € Q[ /PT], if 4 odd and A’ non-square.

O

Proposition 3.2. Select M € GL,(Q,) with discriminant A = (tr M)2/4 — (det M)
a non-zero square in Q,. Write tr M = p'T’' and det M = p®D’, where t,d € Z and
T',D' €Z,\pZ,.

(1) If d > 2t, then M translates a geodesic in T, by a distance d — 2t.

(2) If d £ 2t, then M fizes every verter on a geodesic in T,.
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Proof. By Lemma 3.1, M has distinct eigenvalues A;, A € @, with corresponding
linearly independent eigenvectors w; and w,. Write A; = p"'A] and ), = p” )} with
A A, €Z,\pZ, and 1,1, € Z.

The eigenvectors w; and w, correspond to boundary points of the tree 7,. The
vertices lying on the geodesic from w; to w, are exactly those lattices of the form
v = Zp*w, ® Z,p®ws, with a,b € Z. Applying M to each of these vertices yields

M - (Zyp®w, P pr"w-z) =Zpp* \wy @ pr”)\gwg

= Zp/\llpa+l1wl @ Zp/\'gpb+l2w2 — pra-*.-l;u)1 =) prb-sz27

and by Proposition 2.11,
dlv, M -v) = |l; = lf.

From the characteristic polynomial, either ¢ = min(ly,/;) or {; = l; < t because
AL+ Ay =tr M. Also, A\jA; = det M implies that [; + [, = d.

Ifly <lpthenly =tand lh=d—tsol,— 1, =d—2t. Ifl, >, then [, =t and
[y =d-tsol; — 1l =d—2t. In both of these cases, !, # l; and ¢ = min(l,,l,), so
d =1, + 1, > 2min(l,,[5) = 2t, and hence d > 2t.

Ifly=_0then !, =l =d/2<tsol; —l;=0and d < 2t. a

Proposition 3.3. With respect to the basis {e,, ep} for V', let vy be the vertez in T,

corresponding to the lattice
1 0
Z Z .

Choose any matriz M = (my;) € GL2(Q,). Write det M = p?D’ and m;; = prmi;,
where d, p;j € Z and D', m]; € Z,\ pZ,. Set i = min(pu,;), so that p™ M € GLy(Z,).
Then d(vg, M - vg) = d — 2.

Proof. The matrix p~*M has determinant p?~2#D’ and its entries all lie in Z,. Since
the matrices M and p™#M have the same action on 7, it is enough to prove that
d(vo, M - vg) = d for matrices M € GLy(Z,) with at least one p;; = 0. If pp = 0
then

[ _
M-v=2, myy oz, my2 =Z, my Z, M2May — M1 M2

ma may MooMa1 — M M2

—nd -1 d
@Zp[ PD]:_Zpl:mnmzl QZPI:;())J'

-
=7
P 0 1
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So Vg = Zp [3

If Hi1 = 0 then

M - Ug = Zp

myamy — mumw}

MagMy) — M1 2

- -
1 0 1 0
? m21m1_1l} © & [PdD' P _mmmﬁl} © % [Pd}

1
mmjl — Zp [mu o Zp

Similarly, if g9 = 0 then

1 o 1 o
v = Z, {OJ oz, [mmlmzz:l — My = Pde I:O} oz, I:mlzlmzz] ’

and if pyo = 0 then

1 0
Uo=ZpH®ZP[ 1 ] — M’UozdePL

1 ml—z mo2

1
@z,,[ § }
Mg M2

In each case, vectors w; and w, exist so that vy and M - vy can be written as

vo = Zpwy @ Z,w, and M v = pZ,w ® Z,w,.
By Proposition 2.11, d(vo, M - v9) = d. 0
Now, combine the results from Lemma 3.1 and Propositions 3.2 and 3.3.

Theorem 3.4. Select M € GLy(Q,). Write tr M = p'T’ and det M = pD’, where
t,d € Z and T',D' € Z, \ pZ,. Let pu be the mazimum integer such that p™M €
GL2(Z,). Let A be the discriminant A = (tr M)?/4 — (det M) of the characteristic
polynomial. Then M acts on T, so that the vertez vy is moved a distance d — 2y, and

(1) If A is a non-zero square in Q, and d > 2t, then M translates some geodesic
in T, by a distance d — 2t. The distance between vy and the translated geodesic
st — p.
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(2) If A is a non-zero square in Q, and d < 2t, then M fizes every vertez on some
geodesic in Tp.

(3) If A is a non-square in Q, and d is even, then M is a rotation. The distance
between vy and the closest fized vertezr is d/2 — p.

(4) If A is a non-square in Q, and d is odd, then M is an inversion. The distance
between vq and the center of the inverted edge is d/2 — u.

(5) If A =0 and M is a scalar multiple of the identity, then M fizes every vertez
in Tp.

(6) If A = 0 but M is not a scalar multiple of the identity, then M fizes one
boundary point and infinitely many vertices. The distance between vy and the
closest fired verter ist — pu =d/2 — p.

Proof. If M translates a geodesic, then exactly two boundary points are fixed, so
A is a square in @, by Lemma 3.1. Consequently, if A is a non-square, then M/
must act as a rotation or an inversion. In this case, by Proposition 3.3, the distance
between v and its closest fixed point is d(vg, M - v9)/2 = d/2 — p. Cases (3) and (4)
follow.

Cases (1) and (2) follow from Proposition 3.2.

If A =0, then M has one repeated eigenvalue. If the eigenspace is two dimen-
sional, then M is a scalar multiple of the identity. Otherwise, the eigenspace is one
dimensional, so M fixes exactly one boundary point, w, so .M is neither a translation
nor a reflection. Consequently, M fixes at least one vertex v, and also all vertices in
the infinite chain [v,w). a

Lemma 3.5. Fiz an odd prime p, and choose z,y € Z, with > + y*> = —1. For
a; € Qy, let M € M,(Qyp) be the matriz

Vo= (M Mz} &1t a@Tray 6t azy —a4T
Moy Mo —Qy + A3y — Q4T Q) — a3T — asy )

Write a; = p™a} and m;; = p*vm};, where a;, u;; € Z and a;,mj; € Z,\ pZ,. Then

min(o;) = min(u,;).

Proof. The formulas for the m;; in terms of the a; require min(a;) < min(y;;). The
formulas for the a; in terms of the m;; are

2a, = my) + Myg; 2a3 = —z(m; — mg) — y(m2 + moy); and
202 = mp — my; 2a4 = —y(my, — mag) + (M2 + may ).
Since p is odd, these inverse formulas yield min(e;) > min(y;;). a
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Corollary 3.6. For p an odd prime, select

r=221 4 2 B350 My e Qi(z(1/p))
p" p" p p"

with a; € Z and not all of the a; divisible by p. So a? + a2 + a2 + a? = p*™ and

trz = 2a,/p". Let p* be the largest power of p dividing a,. Then:

(1) If n =0, then z is a rotation that fizes the verter vg.

(2) If n > 0, then z translates some geodesic a distance of 2n — 2t. The vertez vg
is moved a distance 2n, and the distance between vy and the geodesic translated

by = s t.

Proof. Let M be the matrix in GLy(Z,) identified with p"z. Then det M = p? > a?,
tr M = tr(p"z) = 2a,, and M and z have identical actions on 7,. By Lemma 3.5,
not all of the entries of M are divisible by p. Now, apply Proposition 3.4 with u = 0,
t =t and d = 2n. The discriminant of M is

" —a}) = —(aj +af +df).

A= (trM)%/4 — (det M) = —(p

If A =0, then a? = p* so z is the identity and n = ¢ = 0.
If A # 0, then a? < p?™ so t < n. Then A = a? (mod p?”) is a square in Q,. Now
apply parts (1) and (3) of Proposition 3.4. a

3.2 The Action of Q*(Z[1/p]) on 7, and Quotient Actions

The group Q'(Z[1/p]) embedded in GL,(Q,) acts on the regular tree 7, of degree
p+1. Let ' C QYZ[1/p]) be a normal subgroup of finite index. Let X be the
quotient graph X' = I'\7,, so vertices v,,v; € T, are identified 7, = 7, in X if and
only if there exists a € ' with a - v; = v,. The quotient group Q'(Z[1/p])/T acts
naturally on the quotient graph X.

The goal of this section is to establish a relationship between the number of
vertices in X and the order of the quotient group Q*(Z[1/p])/T. A later section will
consider the structure of Q'(Z[1/p])/T.

Definition 3.7. With respect to the base {e;,e;}, let vy denote the vertex in 7,
identified with the lattice Z,[}] & Z,[9]. Split the vertices of 7, into two disjoint
sets according to the distance, modulo 2, of the vertices from vy.

VT, ={veVT,| d(,v)=0(mod2) }
VT!={ve VT, | d(v,v)=1(mod2) }.

So VT, =VTRUVT! and VI NVT! =0.
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Definition 3.8. Define a map of sets a : Q'(Z[1/p]) — T, by a(z) = z - vo.
The first goal is to show that the image of o in 7} is exactly 7;’.

Lemma 3.9. For z € QYZ[1/p]), - vo = vo if and only if z € {£1, £i, £j, £k}.
Consequently, for each v € a(Q'(Z[1/p]), there are ezactly eight z € Q*(Z[1/p]) such
that = - vy = v.

Proof. Write
a a
r=— 1+—1+—J + =k
" p" p" p"
with a;,ay,a3,a4 € Z and a} + a3 + a3 + a2 = p?® and not all of a,, a3, a3 and a;
divisible bv p. By Proposition 3.4, z translates vy distance 2n, so

T-y=1 << n=0 < af+a§+a§+a§=1 < r e {£1, £i, +j, £k}.

Next, suppose v = z - vy for z € Q'(Z[1/p]). Then for all z € Q'(Z[1/p]),
T -Ug=U &= T -Ug=2-V < (27'2) v =1
<= z7'z € {£1, i, £j, £k} < z € {£=z1, +zi, £2j, +2k}.
a
Theorem (Jacobi). For each positive integer n, let o’(n) equal the sum of those

divisors of n that are not divisible by 4. Then the equation a? + a% + a2 + @ = n has

ezactly 80’ (n) integral solutions.
Proof. See page 30 of [Gro85). a
Lemma 3.10. Ifv € T, and d(vo,v) = 2, then £ - vg = v for some z € Q'(Z[1/p]).

Proof. By Jacobi’s Theorem, a?+ a3 +a3 +a? = p? has exactly 80’(p?) = 8(1 +p+p?)
integral solutions. By Lemma 3.9, exactly eight of these fix vp, namely
+pl, +pi, £pj, and =+ pk.

By Proposition 3.4, the remaining 8(p + p?) solutions correspond to group elements

a, a, as,

x:—1+——1+—J+ keQ 1

) St (Z[1/p))
which displace vo by distance 2. Then by Lemma 3.9, there are exactly p+ p? vertices
in the image a(Q'(Z[1/p])) of distance 2 from v.

Now, in the (p+ 1)-regular tree T, there are p + 1 vertices adjacent to the vertex

vg, and (p+ 1)p vertices of distance 2 away from the vertex vg, so every vertex v with
d(vg,v) = 2 must lie in the image a(Q'(Z[1/p])). a
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Proposition 3.11. The image o(Q'(Z[1/p])) is ezactly T).

Proof. For each m € N, set

Sm={veT,|duvyv)=m}, so  T)= U Spm-

By Proposition 3.4, d(vg, - vg) is even for every z € Q'(Z[1/p]). Consequently,
(Q(Z[L/p]) € TP. To show T2 C a(Q"(Z[1/p])), apply induction on m. First,
So = {vo} C a(Q'(Z{1/p])) because 1 - vy = vg. Also, S; C a(Q'(Z[1/p])) by the
previous lemma.

Now, fix some even m > 4, and assume S,,_» C «(Q'(Z[1/p])). Choose any
vertex v € Sp,, and then let v’ denote the unique vertex in S,,_, with d(v’,v) = 2.
By the inductive hypothesis, v' € a(Q'(Z[1/p])), so choose z € Q'(Z[1/p]) with
T-v9g=1v". Then

d(vg, 7" - v) = d(z - v, v) = d(2',v) = 2,

soz”'-v € Sp. Since S2 C a(Q'(Z{1/p])), choose y € Q*(Z[1/p]) with y-vg =z~ -v.
Then (zy) - vo = v, so a(zry) = v. Therefore, S,, C a(Q'(Z[1/p])) for alleven m. O

Definition 3.12. Let ' be any normal subgroup of Q'(Z[1/p]) of finite index. The
action of Q'(Z[1/p]) on T, induces a quotient graph X = I'\7,. The quotient group

Q'(Z[1/p])/T acts naturally on X. Let VX? and VX! denote the images in V"X of
VT? and VT, respectively. Then VX = VXU VX!, and VXN VX! = 0 because
d(v.z - v) is even for all z € Q'(Z[1/p]) and v € T,.

Definition 3.13. The map a : Q'(Z(1/p]) — T, induces a map

a:Q'(21/p))/T — x.

1 — T QZ[1/p) — QZ[1/p])/T —> 1
lalr a la
Tp > — I\T

Note chat a is well-defined, because if z,y € Q'(Z[1/p]) with T = 7 in Q'(Z[1/p])/T
then zy~! € T, so £ = ya for some a € I". Then

a(z) =z v =(ya)-vo=y-(a-vo) =7 0 = &(y)
since @ vg =Tg in X =T\7T,.

Lemma 3.14. X =T'\7, is bipartite, and |V X°| = [V X!|.
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Proof. Every vertex in V7, has degree p+ 1, and every edge in ET, has one endpoint
in V7;° and one in V7;‘, because 7, is bipartite. Consequently, every vertex in X
has degree p + 1, and every edge in EX has one endpoint in VX° and one in VX!,
so X is bipartite.

The quotient group Q'(Z[1/p])/T is finite and the map @ : Q'(Z[1/p])/T — V' X°
is surjective, so |V X?| is finite. Counting the number of edges in X two different

ways vields:
p+1)|VX°| = |EX|=(p+1)|VX!.
a

Proposition 3.15. Suppose I' C Q'(Z[1/p]) is a normal subgroup of finite indez.
Put X =T\T,

(1) If —1.i,j € T, then |VX| = 2 |QY(Z[1/p])/T].
(2) If -1 €T buti,jk¢T, then 2 |[VX|=|QYZ[1/p))/T|.
(3) If ~1,i,j,k ¢ T, then 4 |V X| = |Q'(Z(L/p])/T].

Proof. Lemma 3.14 implies [VX| = 2|V X?|. For each 7 € V' X?, there is at least one
coset [ with @(zl') = ¥ because @ : Q'(Z[1/p])/T — V X0 is surjective. Then

&(r1l) = @(zil’) = &(zjl) = a(zkl) = 7.

Suppose yI' € Q'(Z[1/p])/T also satisfies @(yl’) = 7. Then (xf) To=l) - To=7
in X, so there exist g,h € I such that (zg) - vy = (yh) - vo = v in Tp. Then
(g7'z'yh) - vg = vg so g7'z'yh € {£1,#i,£j, +k} by Lemma 3.9. Therefore,
yI' € {£z1l, £zil", +zjT, +zk[}.

In Case (1), {£z1l, £zill, £zjI’, £zkI'} = {zI'} contains just one coset, so
VA0 = Q' (Z(1/p))].

In Case (2), {£z1l", +zil', £zjI, £zkl'} = {+z1T. zil', zjI, zk['} contains four
distinct cosets, so |[VX?| = 4 [Q(Z[1/p])|-

In Case (3), all eight of the cosets in {+z1I', +zil', £zj[’, £zk['} are distinct, so
VX% = 8 1QU(Z{1/7))]. 0

Corollary 3.16. The bipartite quotient graph Q'(Z[1/p])\T, contains two vertices.

Proof. Apply Case (1) of Proposition 3.15 with ' = Q'(Z[1/p]). O
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3.3 Two Congruence Subgroups over Q,

All of the groundwork is now in place. In the remainder of this chapter, attention
is restricted to two specific collections of congruence subgroups of Q'(Z[1/p]).

The definitions below make one abuse of notation. If L is even and o' € Z/(2L),
then the value of a’> modulo 2L depends only on the equivalence class of a’ modulo

L, because
(@ + L)Y =a?+2dL+L?=a? (mod2L).

Consequently, for a € Z/(L) and L even, the notation “a? = m (mod 2L)” indicates
that each @’ € Z/(2L) with a’ = a (mod L) satisfies a’> = m (mod 2L).

Definition 3.17. For all positive integers L, Q'(Z/(L)) is the group

1
a; € Z/(L);ZE? =1 (mod L) }

=1

QYZ/(L)) = {611+62i+63j+&'4k

Define N(Z/(L)) to be the central, normal subgroup
N(Z/(L)) = {al 1+0i+0j+0k [ @, €Z/(L)and @ = 1 (mod L) }
and set
PY(z/(L))=Q" (Z/(L)) / N(Z/(L)).
Also, for all even L, define Q}(Z/(L)) and P}(Z/(L)) to be the groups

Qz/L)={@m1l+Bmi+zmj+ak [ 7 € Z/(L);)_a*=1(mod2L) }:
=1
Ne(Z/(L)) = N(Z/(L)) N Qu(Z/(L))
- {all+0i+0j+0k|61 cz/(L) andafsumod‘zL)}; and

P/(Z/(L)) = Qc(Z/(L)) / Ne(Z/(L)).
Definition 3.18. Define ¢ : Q'(Z[1/p]) — Q(Z/(L)) by

a‘ a2, a3. a’4 —-n -1 3 -n 3
plt it itk o apT b apTitap ek

For each integer L > 1 not divisible by p, define I'; . and [, ; to be the groups

a25a3§a4_——_0(modL)}:_

o _ ) a1 az . az,. Q4
F‘L_{I;I'FIFH'[FJ*—EREFM

So T, < Tz < QU(Z{1/p]) < Q'(Q).

a, =p" (mod L) }
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Lemma 3.19. The kernel of ¢ is ~'({1}) =T, ;. The inverse image of N(Z/(L))
is "' (N(Z/(L))) = Tpr-

Proof. Choose

1:=—1+—i+p—- +—keQ (Z[1/p)).
Then

t€l,L < ax=a3=ay =0 (mod L)
< ap "=ap " =ap " =0(mod L) &= o(z) =1,

because ged(p, L) = 1. Now for allz € [,

r€l,, < a=p"(modL) <= aip™"=1(modL) <> o(z) € N(Z/(L)).

a

In the previous section, Proposition 3.15 established a correspondence between
[V X| and |Q'(Z[1/p])/T| for X = I'\T,. Also, Q'(Z[1/p])/T acts on the graph I'\7,,
so information about the structure of Q'(Z{1/p])/T translates into information about
the symmetries of I'\ 7.

If ¢ : Q(Z[1/p]) — Q'(Z/(L)) is surjective, then QY(Z([1/p])/Tp = PYZ/(L))
and Q'(Z[1/p]) /Ty = QYZ/(L)). In fact, the truth is a little more complicated.

Corollary 7.10 (p. 129). Let p and L be positive integers with p prime and L not

divisible by p. Let a1, az, a3 and a4 be integers with a? + a3 + a3 +a? = 1 (mod L).
Then there ezist integers y1, Yz, Y3, Ya and n such that y? + y2 + v3 + y? = p™ and
Yi = a; (mod L) for i =1,2,3,4 if and only if either

(1) L is odd,
(2) L is even and p™ =1+ L (mod 2L) for some positive integer m, or
(3) L is even and a? + a2 + a2 + a2 =1 (mod 2L).

Proof. This corollary shall be proved in Chapter V1I as a consequence of Theorem 6.2.
0

Proposition 3.20. If L is odd or if L is even but p*™ = L + 1 (mod 2L) for some
m € Z, then the map ¢ : Q'(Z[1/p]) — QYZ/(L)) is surjectz've If L is even
and p*™ # L + 1 (mod 2L) for all m € Z, then the image ¢(Q'(Z[1/p])) is ezactly

Qe(Z/(L)).
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Proof. Choose some a1 1+ azi+azj+ask € Q(Z/(L)). If L is odd or if L is even
and p™ = L + 1 (mod 2L) for some m € Z, then Corollary 7.10 implies that there
exist integers yi, ¥, ys, ¥4 and n such that y? +y2 +y? +y? = p*™ and y; = a;(mod L)
for each . Put
z_ﬂ1+2 +£ + keQ Z[1/p)).
p" p" p"
Then ¢(zx) =a; 1 +ayi+aszj+agk.

On the other hand, if L is even and p?™ # L + 1 (mod 2L) for all m € Z, then
condition (3) of Corollary 7.10 implies that a; 1 + a;i+ azj + ask € Q' (Z/(L)) is
in the image of ¢ if and only if a? + a3 + a3 + a2 = 1 (mod 2L). This condition holds
exactly for the elements of QL(Z/(L)). a

Proposition 3.20 can also be proven as a consequence of strong approximation for

semi-simple groups over a number field.

Theorem 3.21. Let p and L be positive integers with p prime and L not divisible
by p. Let ¢ : Q' (Z[1/p]) — Q" (Z/(L)) be the homomorphism given by

a a
;)%1+a—:i+l%j+ p—:k — aqp"l+apmi+ap"j+ap "k
(1) If L is odd or if L is even but p™ = L + 1 (mod 2L) for some m € Z, then the
maps

6:QNZ(1/pl) /Tpr — PYZ/(L)) and
6 1 QYZ[1/p)) /T, — Q"(Z/(L))

induced by ¢ are group isomorphisms.
(2) If L is even and p*™ # L + 1 (mod 2L) for all m € Z, then the maps

(Z[1/p])) /Tpr — PHZ/(L)) and

9:Q
o :Q'(Z(1/p) /T — QLZ/(L))

induced by ¢ are group isomorphisms.

Proof of (1). By Proposition 3.20, the map ¢ is surjective. By Lemma 3.19,
¢~'({1}) =T,, and ¢ '(N(Z/(L))) =Ty

N(Z/(L)) is central and hence normal in Q'(Z/(L)). Consequently, ¢ and ¢ are
isomorphisms by the first isomorphism theorem of groups.
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Proof of (2). By Proposition 3.20, the image of the map ¢ in Q'(Z/(L)) is QX(Z/(L)).
Since

Ne(Z/(L)) = N(Z/(L))n P,(Z/(L)),
Lemma 3.19, implies that
o~'({1}) =T,, and ¢ '(Ne(Z/(L))) = 6" (N(Z/(L))) = Tp..
The first isomorphism theorem of groups complete the proof. O

The following diagrams illustrate the homomorphisms in part (1) of Theorem 3.21
for Q(Z(1/p])/Tp.L = PY(Z/(L)):
1L — D —— QUZ[L/p) — QU2Z[/p)/T,L — 1

lélrp_,_ lo zls

I — N(Z/(L)) — QY(z/(L)) — PYZ/(L)) —1
and for Q'(Z[1/p])/T} . = QY(Z/(L)):

I — I — QU2[/pl) — QUZ[/p)/Tpr — 1

J,(D'r”"’ lcp ala’

1l — 1 —— QY(z/(L) — QYZ/(L)) —— 1.

Proposition 3.22. (1) If L = L,Ly and ged(Ly, Ly) = 1, then

QY(Z/(L)) = QYZ/(L\)) x Q'(Z/(Ly));
PY(Z/(L)) = PY(Z/(L\)) x PY(Z/(L,)); and
N(Z/(L)) = N(Z/(Ly)) x N(Z/(La))-

Also, if L = LyL,, gcd(Ly, Ly) =1 and L, is even, then

Qe(Z/(L)) = Qe(Z/(L1)) x QY(Z/(Ly));
P,(Z/(L)) = P,(Z/(L1)) x PY(Z/(Ls)); and
Ne(Z/(L)) = Ne(Z/(L1)) x N(Z/(L))-

(2) If L is odd, then Q'(Z/(L)) = SLy(Z/(L)) and P (Z/(L)) = PSLy(Z/(L)).

Proof of (1). The first three identities follow from the Chinese remainder theorem.
The second three hold because

a? +al +a2+af =1(mod2L,L,)
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<> d?+ai+ai+ai=1(mod2L,) and a?+al+a2+a?=1(modL,),
and

a®=1(mod2L,Ly) = a? =1(mod2L,) and ai = 1 (mod L,).

Proof of (2). Refer back to Section 2.6. O

Proposition 3.23. For even L, Q}(Z/(L)) is normal in QY (Z/(L)) of indez 2. If
L also is divisible by 8, then N.(Z/(L)) is normal in N(Z/(L)) of indez 2. and
IPHZ/(L))| = |PYZ/(L))|- If L is even but not divisible by 8, then N.(Z/(L)
N(Z/(L)) and so PY(Z/(L)) is normal in P*(Z/(L)) of indez 2.

Proof. Define 8 : Q'(Z/(L)) — Z/(2L) by
al1+a2i+a3j+a4kh—>af+a§+a§+af.

Since a} +a3 + a3 +a? = 1(mod L), the image of 8 is a subgroup of {1, 1+ L} within

Z/(2L). This image includes 1+ L because every positive integer can be written as the

sum of four squares. Hence, 87'({1,1+L}) = Q'(Z/(L)) and 87 ({1}) = QL(Z/(L)).
Next, restrict 8 to N(Z/(L)). If L is divisible by 8, then

(1+L/2*=1+L+L?/4=1+ L (mod2L),

sol+L €8(N(Z/(L)). Then8~'({1,1+L}) = N(Z/(L)) and 8- ({1}) = N.(Z/(L
If L is even but not divisible by 8, then N(Z/(L)) = N.(Z/(L)). because

ai=1mod?2 < a’=1mod4 <= a’=1mod38

for all a, € Z. a

3.4 Vertex Count

The goal of Section 3.4 is to combine the results of Theorem 3.21 and Proposi-
tions 3.15 and 3.23 with some techniques from number theory to obtain formulas for
the order of the groups

Q' (Z[1/p) /Tpr  and (Z[1/p]) / Ty 1
and formulas for the number of vertices in the graphs
oL =p\Tp and oL =L\ T

Corollary 3.24 combines Theorem 3.21, Propositions 3.15 and 3.23, and the fact
that if L is even and p*™ = L + 1 (mod 2L) for some m € Z, then L is divisible by 8.
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Corollary 3.24. Let p and L be positive integers with p prime and ged(p, L) = 1.
(1) If L is odd or L is divisible by 8, then
2V x,.] = |QZ[1/p]) / Tpr| = |QUZ/(L))] / IN(Z/(L))|.
If L is even but not divisible by 8, then

2[VX,.L| = [QUZ[1/p]) / Torl = |Q1Z/(L))| / 2IN(Z/(L))].

(2) If L is odd, or L is even but p™ = L + 1 (mod 2L) for some m € Z (hence,
8| L), then

1|V | = |QUZ[/p) /T, .| = |QYZ/ (L))
IfL>2is even and p™ # L + 1 (mod 2L) for all m € Z, then
4V, = QN 2ZN/p) /T, .| = QU Z/(L))] /2
IfL =2, thenT), =T, and |V X, oLl =1V Ll
Proof. From Proposition 3.13,
2V, L = |QYZ(1/p))/TpLl
because -1 € ', buti,j, k¢ [, .. Also, if L > 2, then
1V, | = Q@ Z[1/p))/Ty .-

because —1,i,j,k g [, ;. If L =2, then [, =T, and [V A, .| = [VX) |, because
a; =p" (mod 2) &= a? =p™" (mod 2).

Now by Theorem 3.21, if L is odd or L is even but p>™ = 1 + L (mod 2L) for
some m € Z (hence 8 | L), then

Q" (Z(1/p]) /Fle—(P‘(Z/(Lm and
Q" (Z[1/p)) /T4 .| = |QY(Z/(L))|

However, if L is even but p?™ # 1 + L (mod 2L) for all m € Z, then

|Q (Z[1/p))/Tp.z| = |PX(Z/( ))] and
|QY(Z[1/p])/Ty..| = |QH2Z/(L))] -

By Proposition 3.23,

2|Q.(Z/(L))] = Q' (Z/(L))];
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and
2 |PXZ/(L))| = |P"(Z/(L))| if8tL, and
|PX(Z/(L))| = |P"Z/(L))| if8]L.
Combining these equalities yields the corollary. O

It remains to obtain formulas for [Q'(Z/(L))| and |N(Z/(L))| as functions of L.
First, a few lemmas are required. The proofs were suggested by a homework problem
in [NZM91].

Lemma 3.25. Define

[~

using the Legendre symbol

0, if q divides a;
<—) =41, if a is a quadratic residue modulo q;

—1, if a is a nonresidue modulo q.
Then

g—1, ifm=0(modgq) and g =1 (mod 4);
s(m.q) = 4 _

-1, if m#Z 0 (mod q) and ¢ =1 (mod 4);
1, if m# 0 (mod q) and ¢ = 3 (mod 4).

) ( )
1—-gq, #fm=0(modgq) and ¢ = 3 (mod 4);

) ( )

) )

Proof. For m = 0,

s(0,q) = qil (_Tb?) = (g) + qz_‘: (%’i) - {‘*‘(q— 1), if g =1 (mod4);

b=0 b=1 —(g—1), ifg=3(mod4).

For m # 0 (mod g),

simg) = 5 (tm =) _ 5 (=

b
- b=0 (Ezb—(;__b)) - :=0 <b(1_;‘bl> = s(1,q).

—
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The sum s(0,q) + --- + s(qg — 1, q) equals zero, because

- £, () £ ()

m=0 b=0 b=0 m=0
g—-1 g-1 g—1 ¢q—1
S5 o) EE (3) om0
b=0 m=0 q b=1 m=0
Therefore
qg—1 q-1
0= Z s(m,q) = s(0,q) + Z s(m,q) = s(0,q) + (g — 1)s(1.q).
m=0 m=1

Hence, for each m # 0 (mod g),

s(m.q) = s(1,q) = —509) _ } =1 ifg=1(modd);
v ’ +1. if g =3 (mod4).

Lemma 3.26. For q an odd prime, let t(m,q) denote the number of solutions to
a? +b%> = m (mod q). Then

r2q-1, if m =0 (mod q) and ¢ =1 (mod 4);

1, if m =0 (mod q) and ¢ = 3 (mod 4);
t(m,q) = <

g—1, ifm#0(modgq) and ¢ =1 (mod 4);

lg+1. ifm#0(modgq) and ¢ = 3 (mod 4).

Proof. If m = 0, then > +b”> = 0 (modq) = a = b = 0 (mod q) or (ab~!)* =
—1(modg). If ¢ = 3(mod4), then 22 = —1(modgq) has no solutions, so ¢(m, g) = 1+0.
If ¢ = 1 (mod 4), then z2 = —1 (mod q) has two solutions. Choose either for z.
For each b # 0 (mod q), a> = —b? (modq) == a = #zb (mod q). Therefore,
tim,q) =1+ (¢ —1)(2) =2¢ - 1.

For a given value of b, a> = m — b% (mod q) has 1 + (%) solutions. If m, isa
quadratic residue (say m, = k% (mod q)), then the number of solutions to a? + b2 =
m, (mod g) is

=53 (5] 0+ (£52) w5 (0

b=0

H

— [ b(2k — ~1, ifg=1(mod4);
=0 q g+1, ifg=3(mod4).
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If m,, m, are both quadratic residues or both quadratic non-residues, then

(225)-(3) (2)-

so there exists k with m; = k2m,. Then t(m,, q) = t(m,, q) because

e (B0 s S () s ().

=0

As a and b range over 0, ...,q — 1, the pair (a,b) takes on a total of ¢? solutions
to a? + b?> = m (mod q) for various values of 0 < m < ¢q. Hence:

q—1

¢=) tma=t0.9)+ Y tm.9+ D tmag)

m=0 residues m, nonresidues mn
g-1 g—1
= t(ov Q) + —2- t(m,, Q) + T t(mnv Q)

where m, is any residue and m, is any non-residue. Then:

t(mns Q) = Tl (q2 - t(O. Q)) - t(mrt Q)'
We already have
2g—1, ifg=1 d4); -1, ifg=1 d4);
{0.q) = q if g=1 (mod 4) and  #(m.q) = q if ¢ =1 (mod 4)
1, if g = 3 (mod 4). g+ 1. if g=3(modd).
Ifg=1(mod4)
2
)= =5 (@ = (2¢-1)) -a-1)=2A¢-D-@g-1=g-1
If g = 3 (mod 4),
2
t(me):qu(qz_(l))—(Q+1)=2(Q+1)_(‘7+1):Q+1'

Corollary 3.27. For q an odd prime, |Q*(Z/(q))| = (¢* - 1)q.

Proof. To determine the number of solutions to (a? + a3) + (a2 + a?) = 1 (mod gq),
count the solutions to a? + a3 = m (mod ¢) and a2 + a2 = 1 — m (mod q) as m runs
through 0,...,m — 1.

|Q1(Z/(9)] = D _ [t(m,q) t(1 — m, q)] = 2¢(0,q) t(1,q) + i [t(m. q) t(1 — m.q)].
m=0 m=2
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If g =1 (mod4) then
QU (Z/(g)|=22¢-1)(g-1)+(g-2)(g-V(g-1)=¢"—q.
If g = 3 (mod 4) then

QU (Z/(@)| =21)(g+1) +(a-2)(g+1)(¢g+1)=¢’ —q.

O

Lemma 3.28. Each solution for a? + a3 + a2 + a2 = 1 (modq™). lifts to ¢° solutions

modulo g™,

Proof. Solve

(a1 +a1q™)? + (a2 + aq™)* + (a3 + a5q™)? + (as + ajg™)? = 1 (mod ¢™")
<> (a?+al +a}+ad-1)+2¢™(a,a] + aza) + azal + aya’)
+@®™(a? + a2 + a2 + a'? = 0 (mod ¢™*)
a?+a2+al+a-1
=

+ 2(a\a; + agay + azay + aqa)) = 0 (mod q).

At least one of a,, as, a3, a4 is not divisible by ¢q, so pick one, say a,. Then we can
choose a3, a3, aj to have any values modulo ¢, and the value for @} is forced:

_1[ (a%+a§+a§+a§—l

a; = aq; o ) 27! — aya), — aza} — aya}| (mod q).

So, (a1, as, as, aq) lifts to (1)(¢)(¢)(g) = ¢° solutions. 0

Lemma 3.29. Let m be odd and n > 3. Then z°> = m (mod 2") has 4 solutions. If
Iy ts one solution, then the others are —zq and £z + 2" L.

Proof. This follows from page 105 of [NZM91]. 0

Proposition 3.30. Write L = 2!L’, with L' odd. Then the orders of Q'(Z/(L)) and
N(Z/(L)) are given by:

@@/ @) =2T] (1-%):
qlL’ e
1, #f€<2soL #0(mod4);
IN(Z/(L))| = H2 42, if¢=2s0L =4 (mod8);
ar 4, if€>2 so L =0 (mod8).
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Proof. First, suppose L = L;L, and ged(L,,Ls) = 1. The Chinese Remainder
Theorem implies a bijective identification between solutions (mod L;L;) and pairs
of solutions (mod L;, mod L,). Hence,

QYZ/(L\L2)) = QYZ/(Ly) x QY (Z/(L,)); and
N(Z/(L\Ls)) = N(Z/(L1)) x N(Z/(La)).

For odd primes g and positive integers m, Corollary 3.27 and Lemma 3.28 imply

|QYZ/(¢™)| = (¢* - 1)g*™ 2

Q' (Z/(2))| = 8, because a? +a? +a?+a? = 1 (mod?2) has eight solutions, namely
permutations of (1,0,0,0) and (1,1,1,0).

When L = 4, one of the a; is odd, and the other three are even. The odd value
is either 1 or 3 modulo 4, and the even values are each either 0 or 2 modulo 4. So
there are |Q*(Z/(4))] = (4)(2)(2)(2)(2) = 64 solutions.

If m > 3, then one of the a; (say a,) is odd and the others are even. Then
n—a? = 0(mod8), so count all ay, a; and a, with either a? = a? = a? = 0(mod8) or
(a2, a3, aq4) equivalent to a permutation of (4,4,0) modulo 8. For each choice of a5,
a3 and ay, there are 4 choices for a;, by Lemma 3.29. The total number of solutions
is:

(4) [@™) (™) (2™ 7)) + (3)(2™H)(2™%) (2™ (4)] = 16(2™7)° = 2°.

Therefore |Q'(Z/(2™))| = 2°™ for m > 3.
Let ¢ > 2 be prime, so either ged(g,a — 1) = 1 or ged(q,a + 1) = 1. Then

a® =1 (mod ¢*™) <= ¢*™|(a - 1)(a+1) <= a = +1 (mod ¢*™).

Hence, |N(Z/(q™))]| = 2.
IN(Z/(2))| =1 because a®> = 1 (mod2) <= a =1 (mod 2).
[N(Z/(4))| = 2 because a> = 1 (mod4) <= a =1 or 3 (mod 4).
For m > 3,

a®=1(mod 2™) <= a=+lor +1+ 2™ (mod 2™).
Therefore, |N(Z/(2™))| =4 if m > 3. a
Corollary 3.31. Write L = 2°L’, with L' odd. Then:

2

Vol = |Q4Z(1/p]) / Ty
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1, #f€=0s0oL =1 (mod2);

_ 2
=L3H<1——21ﬂ> -41/2, if¢=1s0L =2(mod4):

g 1/4, if€>2 so L =0 (mod 4).
and

4|V, =R @(1/pl) /T,

1, if L odd;
1, if 8| L and p™ = L + 1 (mod 2L)
=L3H(1—qi2>-< for some m € Z;
A 1/2, if L > 2 even and p*™ % L + 1 (mod 2L)
{ for allm € Z;

VX |=IVX.=2if L=2
Consequently, [V, .| = [V, ;| (and X, = X, ) if and only if either
(1) L=2
(2) L #0(mod4) and L' > 1 is a power of a prime:
(3) L=0(mod4) and L' = 1; or
(4) L =0(mod8) and L' =1 and p = %1 (mod 8).

For values of L between 1 and 50, Table 3.1 lists the orders of the groups
Q'(Z/(L)) and N(Z/(L)), and the number of vertices in the quotient graphs oL
and A, ;. Numbers marked with “*” (IVXz;.Ll for 8 | L) are doubled if p*™ =
L+ 1 (mod2L) for some m € Z.
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L] @ [N VA (VAL [L] Q@ [N VX%, ][VA,]
2184 | 2184

1 1 1 26 || 17472 | 2

2 8 1 2 2 27 || 17496 | 2 | 4374 4374
3 24 2 6 6 28 || 21504 | 4 | 1344 2688
4 64 2 8 8 29 1| 24360 | 2 | 6090 6090
3 120 2 30 30 30 || 23040 | 4 | 1440 2880
6 192 2 24 24 31| 29760 | 2 | 7440 7440
7 336 | 2 84 84 32 || 32768 | 4 | 4096 | 4096*
8 512 4 64 64* 33 || 31680 | 4 | 3960 7920
9 648 | 2 162 162 34 || 39168 | 2 | 4896 4896
10 || 960 2 120 120 35 || 40320 | 4 { 5040 | 10080
11 1320 | 2 330 330 36 || 41472 | 4 | 2592 5184
12 || 1536 | 4 96 192 37 || 50616 | 2 | 12654 | 12654
13 2184 | 2 346 546 38 || 54720 | 2 | 6840 6840
14| 2688 | 2 336 336 39 1| 52416 | 4 | 6352 | 13104
15 2880 | 4 360 720 40 || 61440 | 8 | 3840 | 7680*
16 | 4096 | 4 312 312* 41 || 68880 | 2 | 17220 | 17220
17 4896 | 2 | 1224 | 1224 42 | 64512 | 4 | 4032 8064
18 || 5184 | 2 648 648 43 || 79464 | 2 | 19866 | 19866
19 || 6840 | 2 | 1710 | 1710 44 || 84480 | 4 | 5280 | 10560
20|} 7680 | 4 480 960 45 || 77760 | 4 | 9720 | 19440
21| 8064 | 4 | 1008 | 2016 46 || 97152 | 2 | 12144 | 12144
22 ] 10560 | 2 | 1320 | 1320 47 || 103776 | 2 | 25944 | 25944
23 || 12144 | 2 | 3036 | 3036 48 || 98304 | 8 | 6144 | 12288*
24 || 12288 | 8 768 | 1536* 49 || 115248 | 2 | 28812 | 28812
25 || 15000 | 2 | 3750 | 3750 50 || 120000 | 4 | 15000 | 15000

Table 3.1: Sizes of Q'(Z/(L)) and N(Z/(L))
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CHAPTER IV

Computation of Quotient Graphs

A set of computer programs were written in ANSI C and executed in order to
generate representations of the quotient graphs A, = [, \7, and &, ; = [, ;\7,
for particular values of p and L. These graphs were used to test hypotheses and to
encourage the discovery of facts and patterns through direct inspection.

Two programming issues stood out. First, the computation of A, and &,
involves a number of mathematical objects that are unbounded or require infinite
precision to fully represent, so the programs must approximate them using finite
data structures without compromising the accuracy of the final output. Second, the
programs must not only produce correct results, but complete execution within a
reasonable amount of time. Earlier versions of the main program required a week to
execute; later optimized versions could accomplish the same task in an hour.

This chapter discusses some of the programming issues that arose during the
development of these programs and displays some of the quotient graphs produced.
Sections 4.1 through 4.7 detail the approaches taken to represent p-adic integers, the
groups [, and [} ;, the (p+ 1)-regular graph 7, and the quotient maps 7, — A},
and 7, — A} ;. Section 4.8 discusses halting conditions and the correctness of the
program results. Section 4.9 displays some of the quotient graphs generated by the
programs and relates them to results proved in Chapter III.

4.1 Overview of the Programs

The C code is organized into a collection of files and programs. This section
briefly describes the most useful programs. More description and implementation
details are presented in later sections.

The header file select.h defines values for some global constants used in many
of the files and programs. These constants determine which integer data types are
used to represent p-adic numbers and to number vertices in 7.

42
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Within the C code, elements of the groups Q(Z(1/p]), [, . and [, are repre-
sented as tuples (n : ay, az, a3, a4) of five integers and are stored temporarily in large
files on disk. The programs TupleCount, TupleCreatel, TupleCreate2, Tuple-
Create3, TupleExpand, TupleFilter, TupleHunt, TupleProduct, TupleProduct-
Count, TupleSort, TupleTrim and PrintProduct manipulate these lists of tuples.
The procedures in the files tuple.h and tuple.c access these tuples during the com-
putation of the quotient map 7, — &}, or 7, — A7 ;. Section 4.2 describes these
programs in more detail.

The files padic.h and padic.c provide support for p-adic integers, represented
as unsigned integers. Details are provided in Section 4.3. The files matrices.h and
matrices.c implement operations on M3(Z,), and procedures in tuptomat.h and
tuptomat.c convert tuples from Q(Z[1/p]) into matrices in GL2(Z,).

Code in the files vertices.h and vertices.c computes the action of a matrix
from GL2(Z,) on a vertex of 7.

The files tree.h and tree.c number the vertices of the tree 7, and maintain the
quotient map T, — Xpror T, — A ;.

The programs in ApplyMatrix.c and ApplyTuple.c display the action of one
element of GL2(Z,) and Q(Z[1/p]), respectively, on vertices in the tree 7,.

Finally, the programs MapCreate, MapPrint, MapSmush and TupleSmush act on
a representation of the quotient map 7, — X, or 7, — X;,L. In particular,
MapSmush and TupleSmush perform the computation of the quotient maps. Once a
map is completely determined, the program QuotientGraph converts the quotient
map into a representation of the quotient graph A, ; or A7 ;.

4.2 Representation of the Groups Q'(Z[1/p]), T and I,

Calculating the quotient graph &, , or A . involves applying elements of [', ; or
[',.. to a representation of the graph 7,. The groups [, . and [, . are infinite, but
the elements can be ordered according to the distance they translate vertices in 7,.
Elements that translate vertices shorter distances provide more information, and are
considered first.

Let p and L be fixed positive integers, with p an odd prime. Recall the group
descriptions

a, a. daz. a4
QY21 ={—1+—1+—— +—k
(Z[1/p)) e L e A

n,a; € Z and af+a§+a§+a§=p2n};

[‘p‘Lz{%1+§%i+%j+%ke@l(2[l/p]) a2§a35a450(modL)};

p
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and

' ay Q. Q3. Q04 1 a; = p" (mod L)
=¢—1+—i+—j+—=-ke@(Z1 )

L {P" P"1+P"J p" Q(Z{1/p)) @z = a3 = ay = 0 (mod L)

So I, < Tpr < QYZ[1/p]) < QD)

Definition 4.1. The group element

2+ 25351 Bk e Q).
p" p p p"

can be represented by a tuple (n : a1, as, a3, a4) where n,a,,as,a3,a4 € Z,
al +ai +ad3 +a =p™,
and not all of a,, as, a3 and a4 are divisible by p.

Group elements are calculated and stored as tuples in large files before being used
to calculate the quotient graph. In order to save memory, group elements that differ
only by choice of signs and permutation of the values a,, as, a3 and a4 are lumped
together and represented by a single tuple.

Definition 4.2. The tuple (n : a, as, a3,ay) is called standard if
a; >ap >a3>a; >0 in QY(Z[1/p]):
a; > a3 >ay>0anda; >0 inl,;; and

az>a3>a;>20 inl, ;.

A wariant of (n : ay,ay,a3,a4) in Q'(Z[1/p]) is any tuple that can be obtained by
permuting and changing the signs of ai, as, a3 and a4. In [, and F;,’ L, variants are
obtained by permuting a,, az and a4 and changing the signs of ay, a3 and a4 and
changing the sign of a; in [, but not in I, ;.

Example 4.3. In I'35, the standard tuple (3 : 23,10, 10,0) represents the 24 vari-

ants:
(3: 23,10, 10, 0), (3:23,10,0, 10), (3:23.0.10, 10),
(3:23,10, ~10,0), (3 :23,10,0, —10), (3:23,0,10, —10),
(3:23,-10,10,0), (3 : 23, ~10,0, 10), (3:23,0,-10, 10),
(3:23,-10,-10,0), (3:23,-10,0,—10), (3:23,0,—10, —10),
(3:-23, 10,10, 0), (3:—23,10,0, 10), (3 : -23,0, 10, 10),

(3:-23,10,-10,0), (3:-23,10,0,~10), (3 :-23,0,10, —10),
(3:-23,-10,10,0), (3:-23,-10,0,10), (3:-23,0, —10, 10),
(3:-23,-10,-10,0), (3:-—23,-10,0,~10), (3:-23,0,—10, —10).
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A tuple can have up to (4!)(2%) = 384 variants in Q'(Z[1/p]), (3!)(2*) = 96 variants
in ['; ;, and (3!)(2%) = 48 variants in T, ;.

Assign a dictionary ordering to the set of all tuples. Write
(n1 @ a1, 82,a3,a4) < (n2 : by, by, b3,b4)

whenever any of the following conditions hold:

(1) ni < ny;

(2) ny = ny and |a;| < |by];

(3) ny = np and |a,| = |b1| and a; > by;

(4) ny = ng, ay = by and ay < by;

(3) ny =ng, a; = by, a; = by and a3 < b; or

(6) ny =ng, a; = by, ax = by, a3 = b3 and a4 < by.
Example 4.4. The standard tuples in Q*(Z[1/3]) with n < 2 are

(0:1,0,0,0) < (1:2,2,1,0) < (2:6,3,4,2)

<(2:7,4,4,0)<(2:8.3,2.2) < (2:8,4,1.0).
The standard tuples in '35 with n < 3 are
(0:1,0.0,0) < (3:2,20.15,10) < (3:2,25,10,0) < (3: 23,10, 10,0).

Finally, the standard tuples in ['; ; with n < 3 are

(0:1,0,0,0) < (3:2,20,15,10) < (3:2,25,10.0) < (3 : —23. 10, 10.0).

4.2.1 Files of Tuples

Tuples are stored in text files with names indicating the contents of the file. The
first letter of the file name is always T, indicating that the file contains tuples. The
second letter indicates the name of the program that created the file, as indicated in
Table 4.1. The rest of the file name indicates the group (“G1” for Q'(Z[1/p]), “G2”
for 'y, and “G3” for I', ; ), the values for p and L, and bounds on the power n.

Example 4.5. A file named “TC-G1-P3-T6-7" would have been created by the
program TupleCreatel and should contain an ordered list of all standard tuples
(n: a1, aq,a3,a4) in QY(Z[1/p]) with 6 < n < 7. A file named “TC-G2-P3-L5-T0-3"
would contain exactly four tuples:

(1:1,0,0,0) < (3:2,20,15,10) < (3: 2,25,10,0) < (3 : 23,10, 10, 0),

because these are the only standard tuples in the group 35 with 0 < n < 3.
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| Program | File Name Prefix |

TupleCreatel TC-G1-
TupleCreate?2 TC-G2-
TupleCreate3 TC-G3-
TupleTrim TT-
TupleProduct TP~
TupleExpand TE-
TupleSort TS-
TupleSmush TU~-

Table 4.1: Prefixes for tuple file names

4.2.2 Tuple Programs

Several programs were written to manipulate tuples and files of tuples.

TupleCreatel, TupleCreate2 and TupleCreate3 each generate a file containing
an ordered list of all standard tuples (n : a,,ay, a3, ay) for the groups Q'(Z[1/p]).
[pr and [, ;. respectively.

TupleCount counts the number of tuples in the input file.

TupleExpand creates a file containing all variants of the tuples in the input file.

TupleSort sorts the tuples in the input file and puts them in standard form. The
resulting ordered list of standard tuples is stored in an output file.

TupleProduct reads an ordered list of standard tuples from an input file. It then
creates a file containing an ordered list of all standard tuples that can be represented
as the product of variants of two tuples in the input file.

TupleTrim reads lists of tuples from two input files. It then creates a file con-
taining all tuples that occur in the first input file but not in the second. Both input
files must be ordered.

The last two programs were written in order to identify and discard group ele-
ments that are generated by group elements already in the list. These two programs
were not used in practice, because it was discovered that the time required to elimi-
nate these tuples was much longer than any time saved by removing them. Also, it
is not clear that removing these tuples from consideration is wise.

Finally, the files tuple.h and tuple.c contain two procedures that read standard
tuples from an input file, then produce all variants of those tuples. These procedures
are invoked by other programs while computing the quotient graph A, . or XL
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4.2.3 Implementation Notes

The generation of tuples by the programs TupleCreatel, TupleCreate2 and
TupleCreate3 can be quite slow and may require more time than the actual compu-
tation of the quotient graph. For each n, the algorithm iterates through all integers
a, az, az and a4 such that

p">a >2a >a3> a4 20,
and then produces all instances such that
ad+ai+ai+al=p"

and that p does not divide all of a;, a5, a3 and ay.
This algorithm is very slow, requiring about p*"/24 tests. The execution time is
improved to around p3"/60 tests by restricting the ranges to:

p*" >a} > p™/4,
p* —a? >a} > (p* —a?) /3.

2n 2n

2 2 2 2 2
p™ —ai —a; 2a3 Z(P —al‘a)/’-,

2 _ _2n 2 2 _ 2

4.3 Representation of p-adic Integers

Like real numbers, p-adic integers can be arbitrarily precise, requiring an in-
finite number of digits when displayed in base p. It is possible to obtain exact
computational precision by representing p-adic integers by functions that produce
any requested digit when invoked. However, this approach introduces unnecessary
complexity and computational slowness if only limited precision is required.

The C code in the files padic.h and padic.c represent p-adic integers using
one of C’s unsigned integer types. Only finitely many digits of a p-adic integer
are maintained; the rest are truncated. ExponentMax equals the number of digits of
accuracy that are maintained. All p-adic integers are represented by integers between
0 and PadicMod — 1, where PadicMod = p®®onenttax Tp effect, the ring Z/(PadicMod)
is used to approximate Z,.

ExponentMax is chosen so that the computation of the sum of two p-adic integers
(computed as the remainder modulo PadicMod of the sum of the two integers) will
never overflow the unsigned integer type used to represent p-adic numbers. In partic-
ular, the number 2(PadicMod — 1) must be no larger than the maximum representable
integer. Also, ExponentMax must be even, to facilitate multiplication.
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For example, if p-adic integers are represented as 64-bit integers, then Exponent-
Max is the largest even integer such that

2(PadicMod — 1) < 2% — 1 <= PadicMod < 2%.

Table 4.2 lists values for ExponentMax and PadicMod for various values of p. In each
case,

PadicMod < 2%% = 9223372036854775808.

More precision can be obtained by using a larger integer type. In practice, 64-bit
integers proved sufficient for obtaining the quotient graphs, while 32-bit integers were
only sufficient for the smaller quotient graphs.

| P || ExponentMax | PadicMod ]
3 38 398 =1350851717672992089
5 26 5%  =1490116119384765625
7 22 7°?2 = 3909821048582988049
11 18 11"%  =5559917313492231481
13 16 13'® = 665416609183179841
17 14 171 = 168377826559400929
19 14 19 = 799006685782884121

Table 4.2: Values for ExponentMax and PadicMod for 64-bit numbers

Functions in the file padic.c implement a number of operations on the ring
Z/(PadicMod). The function InitializePadic initializes the values of P = p,
ExponentMax and PadicMod. Also, some commonly used values, such as
p" -1
p-1’
for various n, are computed and saved in order to speed up later computations.

The functions PdAdd, PdSubtract, PdNegate, PdMultiply, PdMultThenAdd, Pd-
MultThenSubtract and PdAddTwoMults perform combinations of addition, subtrac-

tion and multiplication. All are implemented so that the results lie between 0 and
PadicMod —1, and overflow errors never occur. To improve efficiency, many functions

PtoN[n] =p" and  SumPtoNi[n]=p° +p'+---+p" ! =

are defined as macros.

PdMultPtoN multiplies a p-adic number by a power of p, and PdMultThenMod-
PtoN multiplies a p-adic number by one power of p then finds the remainder modulo
another. It is also sometimes desirable to divide (using normal division, / ) a p-adic
number by a power of p. This reduces the number of accurate digits, and must be
used with care.
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PdInverse and PdSqrt obtain the multiplicative inverse and a square root, re-
spectively, of a number in Z/(PadicMod), or zero if no inverse or square root ex-
ists. Both functions are implemented iteratively, requiring log,(ExponentMax) and
ExponentMax iterations, respectively. Since PdInverse is invoked very often, its im-
plementation has been optimized further by having InitializePadic preevaluate
the computations done during the first few iterations. Also, PdSqrt is determinis-
tic; the same square root will be returned each time PdSqrt is called with the same
argument.

4.4 Representation of Tree Vertices

Each vertex of the tree 7, is associated with an equivalence class of lattices. Fix
a basis {e1, e} for the vector space V' used in Chapter II to define these lattices.
All lattices and matrices in the remainder of this chapter are written with respect to
this same basis.

4.4.1 Standard Form for Lattices

In order to establish a representation for the vertices of 7, it is first necessary to
choose one representative lattice from each equivalence class. These representatives
can then be converted into numbers that the computer can store and manipulate.

Proposition 4.6. With respect to the basis {e;,e2}, every lattice is equivalent to

ezactly one lattice of the form
b P’

where 0 < b < p” and either £ =0, r=0 orptb.

Proof. Pick any lattice of V' This lattice is equivalent to a lattice

ap a9y
Z +Z

with a1;,a2 € @y, a12,a21 € Z, and either ay3 or ay not in pZ,. If ai; € Z, \ pZ,,
then the lattice can be rewritten as

-1 -1 -1
a Q21 — Q11049 Q22 aa az1 — Q11019 029
Z, +Z, R =17, 21 +z, 12T
az Q32 — G120Q15 Q92 1 0
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Then put a; = auale and as = ao; —aualeagg. On the other hand, if az; € Z,\ pZ,,

then rewrite the lattice as

-1 -1 -1
A1y — 021009 A a Ay — A910-95 4 as1a
Zp [ 11 2199 12} +Zp l: ZIJ — Zp [ 11 21@990 12] + Zp |: 211 22:, )

~1
Q12 — G204, Q12 a2 0

Then set a;, = aja;, and a; = a;, — aza5, a2 In either case, the lattice can be

ai ar
Z +Z
for some a;,a; € Q.

Now, for i = 1,2, write a; = p*aj with each a; € Z and a] € Z, but a; ¢ pZ,.
Set ¢ = min{—a;, —a,,0} and 7 = £ + a,. Then ¢ and r are non-negative and the

rewritten in the form

: a as| . .
lattice Z, [11 +Z, 02 is equivalent to

¢ (4 (4 +aa 1 4 r
pay D as pa P a, pa D
Z +Z =Z +Z =7 +Z .

Since ¢ + oy > 0, pla, € Z, and can be written as pa; = b + p"az where a3 € Zo,
b€ Z and 0 < b < p”. Then the lattice can be expressed as:

b+pas p b p’
Z +7Z =7Z +7Z .

[t remains to show that this representation is unique. Suppose that the lattices

b pr Y pr'
L=27Z +Z d L'=7Z . Z

are equivalent, so the distance between them is zero.
7

. . b . .
First, assume that bp® # b'p%, so that [ z} and [ (,} are linearly independent.
/4 D

Write bp® — b'p® = ap® where a € Z \ pZ. Then a < r + ¢ because 0 < b < p, so

b . Y ror b o b/pl-(»-r _ bp£'+r
ZP lipl] P+ Zp L}y} D o= Zp l:pe] P+ ZP l:pe+t'+r _ pl+£’+r

b ap® b D"
=7Z *+Z "=Z *+Z e,
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Similarly, o < r’ + ¢ because 0 < &' < p", so

b 0 ot b’ b pr
Z P +Z,| L p*=2Z pP*+Z p*.

Therefore, by Proposition 2.11, the distance between L and L' is £+ ¢ +r +r' — 2a.
However, a < r+ ¢ and a < r' + ¢ , so this distance is positive, which contradicts
d(L,L") = 0. Consequently, bp* = b'pt.

Now, the distance between

b pr bpl' pr+£’
L=12, [pz} + Zyp [O] =Zyp l:p“'ll} +Z, [ 0
) Y pr’ b/pl pr’+l
L = Zp [pll} + Zp [ O } = Zp l:pl,+e + Zp O

is|(r+¢)—(r'"+29)|,sor+¢ =r"+¢ This, combined with the facts that either
£=0,7r=0o0rptb, and either ¢’ =0, =0 orp{ ¥, yields r =r', ¢ = ¢ and
b=1"V. a

and

Each vertex in the tree 7, is now identified with a unique lattice in standard form.
In the remainder of this chapter, the two will be used interchangeably. In addition,
the vertex corresponding to the lattice

1 0
Z +Z
will receive special attention; denote this vertex vy.

4.4.2 Standard Form for Lattices

The files vertices.h and vertices.c represent a vertex as a struct of three
non-negative integers (¢, r,b), called the Limb, Radius and Branch, corresponding to
the equivalence class of the lattice

o= [7]

While the Limb and Radius are small integers, Branch can be as large as p*adivs — 1.
Consequently, the Radius must be small enough so that p**4**® can be represented
by one of C’s unsigned integer types. The vertex vg is denoted (0, 0, 0). The “vertex”
(—1,0,0) is used to signal computation errors.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



52

(0,3.00)
(0.2,00) (0.3.09)
(0,3.18)
(0.3.03)
(0,1.00) (0,2.03) 0,3.12)
(0.3.21)
\ (0.3,06)
(0,2,06) 0,3.15)
(0.3.24)
(0.3.0h)
(0.2,01) (0.3.10)
v0 (0,3,19)
(0,3.04)
(0.0.0) (0,1,01) (0.2.04) (0.3.13)
(0.3.22)
(0.3.07)
(0,2.07) (0.3.16)
(0.3,25)
(0.3.02)
(0.2.02) (0.3.11)
(0.3.20)
(0.3.05)
(0.1,02) {0.2,05) (0.3.14)
0.3.23)
(0,3.08)
(0.2.08) 0.3.17)
(1.2.01) (0,3.26)
(1.0.0) (1,L1) (1,2,04)
(1,.2,07)
(1.2,02)
(1.1.2) (1.2,05)
(1.2.08)
(2.3.01)
(2.2.1) (2.3,10)
(2.3,19)
(2,3.04)
(2,0,0) (2.1.1) (2.2.4) (2.3,13)
2.3.2
(3,0.0) 3.LD) 52‘3_0-27;
(2.2.7) (2.3.16)
(3.1.2) (2.3.25)
(2,3,02)
(2.2.2) 23,11
(2,3.20)
(2,3,05)
(2.1,2) (2.2.5) < (2.3,14)
(2.3,23)
(2,3.08)
2,2,8) 2,3.17)
(2,3.26)
N—/ \ / AN / \ / \ , N , \ ,
r-1=-3 r-1=-2 r-l1=-1 r-1=0 r-1=1 r-1=2 r-1=3

Figure 4.1: Representation of vertices
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As an example, the diagram in Figure 4.1 displays a portion of the tree 7, for
p = 3, with the vertices labeled (Limb,Radius, Branch).

Notice that each vertex (¢, r, b) is adjacent to the vertex numbered (¢ + 1,7, b) or
(d.r — 1,b/p), and to the p vertices ({,r + 1,b+ kp"), for k =0,1,...,p— 1. The
distance of the vertex (¢, r,b) from the center vertex vo = (0,0,0) is € +r.

Two functions are provided in vertices.c. Distance calculates the length of
the shortest path connecting two vertices in the tree 7,. The function ApplyGroup-
Element calculates the effect of applying a matrix from GL,(Z) to a vertex of 7,.
Section 4.5 discusses this computation in detail.

4.5 Computation of the Action of M € SLy(Q,) on 7,

Let M be a matrix in SLy(Q,). Since every p-adic rational in Q, can be written
as a p-adic integer in Z, divided by a power of p, the matrix M can be written as

1 [m m
M= 11 12 ’
D" \may mao
where the m;; are p-adic integers, my;moy — myamo; = p** in Z,, and not all of the
m;; are divisible by p. The matrix M has the same action on the tree as the matrix

p"M = (mu m12> € GL?(ZP)

may Moo

Consequently, matrices in SL2(Q, ) can be identified with matrices from M € GL2(Z,)
with det M = p?" for some n € N, for the purpose of programming a computer to
find a quotient graph.

The action of this matrix on a lattice in standard form is given by

b r my b+ ¢ r
Z,| ,| +2, Pl z,|™ m”pz +Z, m“pr .
p 0 Ma1h + magp mayp
Proposition 4.7 rewrites the resulting lattice in standard form. The computation

splits into two cases, because one particular value for b requires special handling,
somewhat analogous to the case division by zero on a projective line.

Proposition 4.7. Choose a matric M € GLy(Z,) with det M = p® along with a
vertez v € T, represented as a lattice in standard form, so that

M= (m“ m”) and  v=12, [bt +1Z, [”J .
Mo1 Mog p 0
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Let s equal the largest power of p dividing (mg b + maop®), and let t equal the largest
power of p dividing my;. If (ma1b + moyp?) = 0, treat s as +00. I[fmy, =0, treat t
as +00.

(1) (Special Case) If s > r + t, then
b= —(myp’/p*)(mar /p)™"  (mod p’)

and the action of M on the vertez v is given by

F ] ]

(2) (Normal Case) If s <r +t, then M acts on v by

b p"
Z Z

z, [(mub i) (s + mwpf)/psrl} vz, [pi’;J |
D

In each case, the resulting lattice may still require a power of p to be factored out in

order to reduce it to standard form.

Proof. First note that if (mgy; b+ maop®) =0 and m4; =0, then my, = 0, so det M =
MMy — Myama; = 0, which is not possible since the determinant of M is p*".

Proof of Special Case. If s > r + t then b is uniquely determined by ¢, r, m,, and

M99,

mglb + mggpl = (rnod p"“)

p'(ma1/p')b = ~myrp®  (mod p*Y)
p'b = —myup'(mai/p')~"  (mod p

b = —(maep’/p")(ma1/p*) !

r+t)

(mod p7).
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In this special case:

myup” myb + myapt
Z, St Z, p
magp mab + moop

_z myp” (m11b + m2p®)(ma1 /p') — (m11p")(marb + magp?) /p™+
P Mo ? | (ma1b + maap?) (ma1 /pt) — (Mma1p”)(Mab + magp?) /p*
mnp” (miama; — myma)(p?/p?)
= Zp L) .7+t + ZP 0
_(mzl/P )p
-mu(mm/Pt)—lPr —pAntit
=2, it +z,| 7P|

Proof of Usual Case. In the usual case, s < r + t:

7 mnb+m12pe ) mpp"
P | ma1b + magp® P lmap”

) myyb + myapt
P Mo b + maop®

(mnup")((ma1d + mzzpe)/l?s) - (mp b+ mlzpl)((mmpr)/l’s)
(ma1p") ((Mayb + maap®) [p°) — (Marb + maap®) ((Marp™) /p°)

+Z,,[

[ b+ myopt 47 (miimaz — myama ) (p™+¢/p°)
| p*(ma1b + maap') /p° g 0

-(mub + m2p8)((marb + m22p£)/ps)—1} l:p2n+£+r—s}
p* + Zy 0 :

O

The function ApplyGroupElement in the file vertices.c applies a matrix M €
GL2(Z,) to a vertex v € T, using the formulas from Proposition 4.7, and returns
the resulting vertex. However, there is an additional complication. As discussed
in Section 4.3, the p-adic entries m,; € Z, of M are approximated by numbers in
Z/(PadicMod), so only ExponentMax digits of accuracy are available for the compu-
tation. If this is not enough, then ApplyGroupElement signals an error by returning
a “vertex” ErrorVert with a negative value for Limb.

The code performing the computation is given below. First, the program calcu-
lates s, t, v; = (ma,b + maep?)/p* and vy = my, /pt:
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/* Calculate S, T, v1, v2 */
vl = PdAddTwoMults(m21, (Padic) Vert.Branch, m22, PtoN[Vert.Limb]);
v2 = m2i;
if (vi ==0) {
if (v2 == 0) return ErrorVert;

S = ExponentMax;
} else { S = 0; while (vi % P ==0) { S++; vi /=P; } }
if (v2 == 0) T = ExponentMax;
else { T = 0; while (v2 4 P == 0) { T++; v2 /=P; } }

In the special case of s > r + t, the target vertex is

=11 2n+8—t

Since only ExponentMax accurate digits are known for m;; and mjy;, the expression

1 rn

“(my1)(ma/p*) " 'p
accuracy. In order to reduce this to a branch number between 0 and p?**~¢, the

can only be computed up to ExponentMax — ¢t + r digits of

program requires 2n + ¢ — t accurate digits. Otherwise, the computation cannot be
completed, and an error must be reported. The code for this case is:

/* Handle Special Case */
if (T + Vert.Radius <= 8) {
VertTo.Radius = TwiceTuplePower + Vert.Limb - T,
if (ExponentMax - T + Vert.Radius < VertTo.Radius)
return ErrorVert;
VertTo.Limb = Vert.Radius + T;
if (VertTo.Radius < Vert.Radius) v3 = 0;

else {
v3 = PdMultiply(m11l, PdInverse(v2));
v3 = (v3 % PtoN[VertTo.Radius - Vert.Radius])
* PtoN[Vert.Radius];
}
}

In the normal case of s < r + ¢, the target vertex is
(mu1b + map®) ((ma1b + maop®) /p°) prrrtres
Z, +Z, .
r’ 0
The expression “(my1b + m2p®)((ma1b + moep®)/p®)~!" can be computed with an

accuracy of ExponentMax — s digits. In order to obtain the new branch number, 2n+
¢ +r — s digits of accuracy are required. The code below performs this computation.
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/* Handle General Case */

else {
VertTo.Radius = TwiceTuplePower + Vert.Limb + Vert.Radius - S;

if (ExponentMax - S < VertTo.Radius) return ErrorVert;

VertTo.Limb = S;

v3 = PdAddTwoMults(m11l, (Padic) Vert.Branch, mi2,
PtoN[Vert.Limb]) ;

v3 = PdMultiply(v3, PdInverse(vl)) % PtoN[VertTo.Radius];

}

For the final step of the computation, any extra factors of p are factored out of
the new lattice in order to reduce it to standard form.

/* Reduce to Standard Form */

while (VertTo.Limb > 0 &% VertTo.Radius > 0 && v3 % P == 0)
{ VertTo.Limb--; VertTo.Radius--; v3 /= P; }

VertTo.Branch = (VertexNum) v3;

if ((Padic) VertTo.Branch != v3) VertTo.Limb = -2;

return VertTo;

4.6 Representation of the Tree 7,

The (p + 1)-regular tree 7, is unbounded and cannot be represented in a com-
puter’s finite memory. Instead, a maximum radius, RadiusMax, is chosen, and the
subtree consisting of all vertices (¢, r,b) satisfying ¢ + r < RadiusMax is used as a
substitute. Figure 2.1 (p. 11) shows a subtree of 73 with RadiusMax = 4.

4.6.1 Selection of RadiusMax

In order to obtain the complete quotient graph X, ., the value selected for
RadiusMax must yield a subtree large enough to completely cover &, ;. In order
to cover every edge in the quotient graph, each of the outermost vertices in the
covering subtree must be identified in &, ; with one of the subtree’s inner vertices.

On the other hand, an increase in RadiusMax significantly increases the time and
memory required for the computation of the quotient graph. The resources required
by the program grow as an exponential function of RadiusMax. Consequently, it is
desirable to choose RadiusMax to be as large as necessary, but no larger.

There are p” vertices with Limb = 0 and Radius = r. There are another p™~!
vertices with Limb > 0 and Limb + Radius = r. (See Figure 4.2 on page 60.) Hence,
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the subtree of 7, with maximum radius RadiusMax contains

RadiusMax—1y _ pradiustex(y 4 1) — 2
"+ p )= p—1

(pO oo+ paadiusnax) + (pO + .

vertices. Table 4.3 gives the number of vertices, VertexNumMax for values of p and
RadiusMax with p < 17 and VertexNumMax < 108.

|RadiusMax || p=3 | p=35 | p=7 | p=11 | p=13 | p=17 |
1 ) 7 9 13 15 19
2 17 37 65 145 197 325
3 53 187 457 1597 2563 3527
4 161 937 3201 17569 33321 93961
5] 485 4687 22409 193261 433175 1597339
6 1457 23437 156865 | 2125873 | 3631277 | 27154765
7 4373 117187 | 1098057 | 23384605 | 73206603
8 13121 585937 7686401
9 39365 2929687 | 53804809
10 118097 | 14648437
11 354293 | 73242187
12 1062881
13 3188645
14 9565937
15 28697813
16 86093442

Table 4.3: Number of vertices in subtrees of To

Table 4.4 on page 66 lists the values for RadiusMax that were actually required
to compute the quotient graph A, ; for various values of p and L. The largest value
used was RadiusMax = 13 and VertexNumMax = 3188645, for the quotient graphs

X3‘35 and X3’40.

4.6.2 Enumeration of the Vertices of the Subtree

Once the values for RadiusMax and VertexMax have been selected, each vertex in
the subtree is assigned a positive integer from 1 up through VertexMax. First, the
vertices with Limb = O are assigned numbers in order of Radius and then Branch.
So when p = 3 and RadiusMax = 3, the numbering begins:

(0,2,4) = 9.
(0,2,5) =10,

(0,2,8) = 13,
(0,3,0) = 14,

(0,2,0) = 5,
(0,2,1) = 6,

(0,0,0) =1,
(0,1,0) = 2,
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(01 171)=3' (07202)=77 (0~216)= 111 R ]
(0,1,2) =4, (0,2,3)=8, (0,2,7)=12, (0,3,26)=40.

Consequently, vertex (0,Radius,Branch) is assigned the number

1+ (p° +p' +--- +p™¥**~!) + Branch = 1 + SumPtoN1[Radius — 1] + Branch.

After all vertices with Limb = O are numbered. the vertices on the other side of

the tree are assigned numbers in order of Limb + Radius and then p“**®~! . Branch.

So when p = 3 and RadiusMax = 3, the numbering continues:

(1,0,0) =41, (3,0,0) =45, (1,2,4) =49, (1,2,8)=353.
(2,0,0) =42, (1,2,1) =46, (1,2.3) = 50,
(1,1,1) =43, (1,2.2) =47, (2,1.2) = 51,
(1,1,2) =44, (2,1,1) =48, (1,2,7) = 52,

The vertex (Limb, Radius,Branch) with Limb > 0 is assigned the number

1 + SumPtoN1[RadiusMax + 1] + SumPtoN1|Limb + Radius — 1] + p****~!Branch.

The vertex number 0 is reserved to signal an error.

The graph in Figure 4.2 illustrates the vertex numbering scheme for a subtree of
T, with p = 3 and RadiusMax = 3.

Under this enumeration, a vertex with limb ¢ = 0, radius r and number VertNum
is adjacent to the p vertices numbered:

{ VertNum + p", VertNum + 2p", ..., VertNum + p"*' } .
If r > 0, the vertex is also adjacent to the vertex numbered:
[(VertNum — SumPtoN1[r] — 1) mod p"~'] + SumPtoNi[r — 1] + 1.

One useful feature of this enumeration is that the numbers assigned to vertices
with Limb = 0 are independent of the value of RadiusMax. One consequence is that
after the quotient graph has been completely computed, the vertex numbers in the
quotient graph are independent of the choice of RadiusMax used to generate the
graph.

The file tree.h provides two useful macros. VertToVertNum converts a vertex
from the representation (Limb, Radius, Branch) into the number assigned to it. The
macro IterateThroughHalfTree(Vert, VertNum) expands into code which iterates
Vert through all of the tree vertices with Vert.Limb = 0. Simultaneously, VertNum
iterates through the corresponding vertex numbers.
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Figure 4.2: Enumeration of subtree vertices
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4.6.3 An Important Optimization

During the computation of the quotient graph, an early version of the program
applied each group element (n : a;,as, a3, ay) in the tuple input file to every vertex
within the subtree of radius RadiusMax. Consequently, the number of times the
function ApplyGroupElement was executed per tuple was an exponent function of
RadiusMax. This is very slow. The computation of the quotient graph &j 4 required
a subtree of over three million vertices.

Most of these computations do not provide any useful information. Given M €
I'p.. and a vertex v in the subtree, the vertex M - v usually lies outside the subtree,
so the information obtained by computing M - v is discarded.

For a given M, it is possible to use the eigenvectors of M to identify those vertices
v such that both v and M -v lie within the subtree before bothering to compute M -v.

Suppose that

my; T2

A=ax/—(p*™ —a?) is an eigenvalue of M = ( > € GLy(Z,),

Mgy M2
where 0 < a < p*, det M = p®®, tr M = 2a and a = p‘a’ with p{a’. Then

my mp2\ | P ) P
my Mg/ |Q Q

(M — A)P + (m12)Q = 0 and (my;) P + (ma2 — A)Q = 0.
so an eigenvector of W for \ is given by

_ my2 _ A — map
A—my may '

If mi; = 0 and my; = A, then the first vector formula produces [0 0]‘, so use the
second. If mgo; = 0 and my, = A, then use the first. If both vector formulas produce
[0 0%, then M is a scalar multiple of the identity, so all vertices are held fixed.

M is a translation, so M has two distinct eigenvalues, A\g and A, with

—=

P
Q

A =0(modp®) and A; = 2a(modp"),
because
0=A—(tr M)A+ (det M) = A? — 2a\ = A(A — 2a) (mod p™*)

and 0 < a < p". Let wy and w; be the boundary points in Q corresponding to the
eigenvectors of Ag and A, respectively.
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By Proposition 3.2, M translates the geodesic (wq,w;) by distance 2n — 2t from
wp towards w;. By Proposition 3.3, the distance from vy to (wp,w;) is t. There are
two important consequences:

(1) If v is a vertex with both v and M - v within distance RadiusMax of v, then
2n — 2t < 2(RadiusMax — t) so n < RadiusMax. Therefore, only tuples (n :
a,as,as,aq) with n < RadiusMax are worth consideration.

(2) All such v form a subtree of radius RadiusMax — n within the domain of Map (]
including the point closest to the boundary point wy.

Consequently, it is now only necessary to apply a tuple (n : a;, as, a3, ay) to vertices
in the appropriate subtree of radius RadiusMax — n, instead of a subtree of radius
RadiusMax. This is an extremely good improvement, in part because n is nearly as
large as RadiusMax for the vast majority of the tuples under consideration.

4.7 Representation of the Quotient Maps
The quotient map

(D : 7; — Xp,[‘ = FP’L\f/; or (bl : 7; e X;;,L = F;,L\’rp

NumMax equals the number of vertices in the subtree of 7, with radius RadiusMax.
The quotient map @ is computed by applying elements of the group I, ; to vertices
in the tree 7,, and updating the array Map[] to include the new information.
Initially, Map{v] = v for each vertex number v, representing the identity map
7T, — T,. Each time a group element z is applied to a vertex v, the array Map
is updated so that Map[v] = Map|z - v], indicating that the vertices v and z - v are
identified in the quotient graph. After the quotient map has been entirely determined,
Map[v] = w, where w is the smallest vertex number such that the vertices represented

is represented by an array Map[] with indices O, 1,..., VertexNumMax, where Vertex-

by v and w are identified in the quotient graph X, .

4.7.1 Quotient Map File Names

Quotient maps are stored in files whose names indicate the values of p and L,
the radius RadiusMax of the subtree of 7, used for the domain, and the value for
PowerMax, which indicates the group elements whose actions have already been in-
corporated into the quotient map.

For example, a file named “M~P3-R5-T0” contains a list of numbers representing a
quotient map from the subtree of the (3+ 1)-regular tree 73 with RadiusMax = 5. No
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tuples have yet been applied to this map, as PowerMax = 0, so the file still contains
an isomorphism.

A file named “M-G2-P3-L40-R13-T12” contains the current state of computation
of the quotient map 73 — X3 4 with p = 3 and L = 40. A value of 13 was chosen
for RadiusMax, and all tuples (n : a;, a2, a3, a4) in the group 340 with n < 12 have
already been applied to the subtree, and the results reflected in the quotient map
M-G2-P3-L40-R13-T12.

4.7.2 Quotient Map Files and Programs

The files tree.h and tree.c allocate memory for the quotient map and provide
functions to read and store the map to disk. The function LoadMap reads a quotient
map from a file and loads it into the computer’s memory. SaveMap stores the current
state of the quotient map into a file with an appropriate file name.

The program MapCreate generates an quotient map for given values of p and
RadiusMax, initialized as an isomorphism.

The program MapPrint reads a map from an input file and displays a repre-
sentation of the quotient graph image. Each distinct vertex in the quotient graph
is displayed, along with a list of adjacent vertices. If the quotient map does not
correspond to a complete compact graph, then adjacent vertices that lie outside of
RadiusMax are printed within brackets. Thus, MapPrint can be used to judge how
close the computation of a quotient graph is to completion.

Once the computation of a quotient map is complete, the program Quotient-
Graph reads the file containing the quotient map 7, — &, or T, — &, and
creates a new file containing a representation of the quotient graph A, or XL
The name of the new file indicates its contents. A file named *Q-G2-P3-L5-V30”"
contains a representation of the quotient graph X3 s, displayed in Figure 4.8. The
“V30” indicates that the graph has 30 vertices.

The actual computation of the quotient graph is performed by the program Map-
Smush. When provided with one input file containing a list of group elements rep-
resented as standard tuples and another input file containing a quotient map, Map-
Smush applies each variant of each of the tuples to the vertices in the subtree of
radius RadiusMax. The resulting information is incorporated into the quotient map,
and a new file is created containing the updated quotient map. As an example, the
execution of “MapSmush M-G2-P3-L40-R13-T4 TC-G2-P3-L40-T5-8" will store its
output in “MapSmush M-G2-P3-L40-R13-T8".

The program TupleSmush performs the same function as MapSmush, except that
TupleSmush also creates a file listing only those tuples which provided useful infor-
mation during the computation of the quotient map. Many of the tuples generated
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by TupleCreate produce redundant information because they identify vertices that
have already been identified by an earlier group element. This additional feature of
TupleSmush is intended to permit quotient map files to be recomputed by MapSmush
using only a fraction of the running time required during the initial computation.
The full quotient map file can require much more disk space than the trimmed file
of tuples required to generate it. Tuples output from TupleSmush need to be sorted
by TupleSort.

TupleFilter loads a quotient map from one input file and reads tuples from
another. Most tuples with non-trivial action on the quotient tree are eliminated, and
the remaining tuples are stored in a named “TF-G%d-P%d-L%d-T/Ad-%d”. As currently
implemented, some wrong tuples can slip into the output file, but no correct tuples
will be omitted. If the radius is larger, then errors are less likely to occur.

TupleHunt is given a short list of vertex numbers and a file of standard tuples.
TupleHunt identifies any tuple variant that maps one of the given vertex numbers to
a smaller numbered vertex. This program is intended to be used when a file of tuples
is too large to be handled by TupleProduct plus TupleTrim and MapSmush. The
optimization to MapSmush described in Section subsection:program-tree-optimization
has largely rendered this use of TupleHunt obsolete.

The programs TupleFilter and TupleHunt proved useful during the debugging
of MapSmush. When an obviously incorrect quotient graph was generated by Map-
Smush, these two programs could be used to identify which tuple was involved in the
erroneous computation. Errors in the implementation were usually discovered when
the computed quotient graph contained only one or two vertices.

4.8 Stopping Conditions and Program Correctness

Given values for p and L, the computation of &, , or & ; proceeds as follows:
(1) Select a value for RadiusMax, as discussed in Section 4.6.1.

(2) Invoke MapCreate to create a file “M~P(p)-R(RadiusMax)-T0” containing a map
T, — T,, restricted to a subtree of radius RadiusMax, initialized as an isomor-
phism. Change the name of this file to “M-G(G)-P(p)~-L(L)-R(RadiusMax)-T0".

(3) Select a positive integer for PowerMax, at most RadiusMax. Set PowerMin = 1.

(4) Invoke TupleCreatel (for Q'(Z[1/p])), TupleCreate2 (for X, ) or Tuple-
Create3 (for A ;) to generate the file “TC-G(G)-P(p)-L(L)-T(PowerMin)-
(PowerMax)”.
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(5) Invoke MapSmush (or TupleSmush) to apply these tuples to update the quotient
map 7, — Tp. A new file “M-G(G)-P(p)-L(L)-R(RadiusMax)-T(PowerMax)"
will be produced.

(6) Use MapPrint or QuotientGraph to determine if the resulting quotient map
has a compact image. If so, then invoke QuotientGraph to produce A, .

(7) If the image is not compact, and if PowerMax < RadiusMax, then change
PowerMin to PowerMin = PowerMax + 1. Choose PowerMax with PowerMin <
PowerMax < RadiusMax. Go back to step (4).

(8) If PowerMax > RadiusMax but the imap image is not yet compact, then Radius-
Max is too small. Increase RadiusMax, then return to step (2) and try again.

This procedure terminates when the image of 7, — T, given by Map(] is com-
pact. That is, when each of the outermost vertices in the radius RadiusMax subtree
is identified with one of the inner vertices. There are two problems that could arise:

(1) The computed image never becomes compact; or

(2) The procedure terminates with a compact image, but the image is still larger
than the actual quotient graph.

Both problems arise because two vertices in Map[] may not identified correctly, so
that Map(v,]| # Map[v,] even though v; and v, are identified in the quotient graph.

For every choice of p and L, &), ; and Xz;, L are compact, so there must exist some
value of RadiusMax so that the subtree of 7, covers A}, and & ;. Then, for every
two vertices in this subtree whose images should be identified in the quotient graph,
there exists some tuple (n : ay,a, as, ay) in the relevant group, ', 1 or '} L. with
n < RadiusMax that maps one to the other.

The only remaining problem is that the computation of the tuple’s action on the
vertex may not complete if the computation requires more than ExponentMax digits
on accuracy.

In any case, it is always possible to detect whether or not the computed quotient
graph is correct. Both MapPrint and QuotientGraph can determine whether the
computed quotient map Map[] is compact and to count the number of vertices in its
image. Then the computed quotient graph is correct if and orly if it is compact and
the number of vertices agrees with the formula in Corollary 3.31.
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4.9 Program Results

Table 4.4 lists all values p and L for which quotient graphs A} ; were computed.
In each case, the number of vertices in the computed quotient graph agreed with
the formulas derived in Chapter III and the values listed in Table 3.1. The p-adic
numbers were represented using unsigned 64-bit integers. Also, columns R and T
give the values for RadiusMax and PowerMax required to produce the quotient graph.

Figures 4.3 through 4.11 illustrate some of the quotient graphs generated by these
programs. In each graph, the vertices are arranged in a circle and labeled with the
smallest nembers assigned to vertices in their inverse images in 7,. The numbering
system is the same one described in Section 4.6.2.

(PILIR|T| |PILJR[T| |[PIL]R[T]
312421 312 2]1 712132
3134312 T3 413
314 | 42 o1 41413 71432
3|15 || 64 715413
3161413 716413
3174176 3|1 7154
318 (7|6 5|1 81|76 718154
31964 719165
3|10 7|6 71100 5|4
3 (1110] 9 S|111 34716 71116 |5
d|12|| 5|4 TH120 5 | 4
311310 8 |13 716 71131615
3114} 8| 6 5|14 7)6
7115 6|5
3116119 8 5|16 716 T1164 6| 4
3 (17|10 8
3|18 716 7118016153
3 (19 11|10
3120 9 | 8
31221109
3 125(12]10
3126|1110
3128 11|10
313211210
31351311
3140 | 1312

Table 4.4: Values for RadiusMax and PowerMax used to compute A}
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Figure 4.3: The quotient graph Xs3 =T 53\ 75 has 6 vertices and 18 edges.
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Figure 4.4: The quotient graph X73; = I'; 3\ 77 has 6 vertices and 24 edges.
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Figure 4.5: The quotient graph &34 =34\ T3 has 8 vertices and 16 edges.
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Figure 4.6: The quotient graph X5 4 = I's 4\75 has 8 vertices and 24 edges.
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Figure 4.7: The quotient graph X7, =I'7,;\77 has 8 vertices and 32 edges.
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Figure 4.8: The quotient graph X35 = ['35\T; has 30 vertices and 60 edges.
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2 7
l 32
3 13
18 34
40
v AVWAN 9
15 \ 4
5 16
ne
20 < 6
41 0
27 39
36 14
8 47

Figure 4.9: The quotient graph X5 = ['5 6\ 75 has 24 vertices and 72 edges.
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194109162 1 4 19
4515908 28 67

167
114}54
115

136
79
138
65
146

B35 144130123 6

Figure 4.10: The quotient graph X37; = [';7\7; has 84 vertices and 168 edges.
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37 15 42 136 55 207

Figure 4.11: The quotient graph X34 = '35\ 75 has 64 vertices and 128 edges.
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CHAPTER V

Lemmas

In how many ways can a positive integer n be represented as the sum of s squares?
Let r,(n) be this number. In an 1828 paper [Jac28], Jacobi applied the theory of
elliptic functions to obtain the definitive answer for s = 4.

Theorem (Jacobi). Let ¢'(n) denote the sum of those divisors of n that are not
divisible by 4. Then ry(n) = 8d'(n).

Formulas for r4(n) in terms of the divisors of n have also been obtained for certain
other small values of s. Many of these are derived in [Gro853].

An alternative approach produces an asymptotic formula for ri(n). This “circle
method” was developed by Hardy [Har20|, with later contributions by Ramanujan,
Littlewood, Rademacher, and others. A more modern proof by Estermann is given
in [Est36].

Theorem (Hardy). For s > 3,

s/2
rs(n) = T(s/2)

where I' is the gamma function

[(m) = / t™te~t dt,
t

=0

n®/?-1 S(n)+ O (ns“)

S(n) is the singular series

[ 27ihn

: } G(h,k)*,

S(n) = i A(k,n),  A(k,n) =k° Z' exp
k=1

h<k

G(h,k) is the Gaussian sum

k! 2mwih
G(h,k)=§ :exp[ p j"‘],
7=0

and Z hek denotes the sum over integers h with 1 < h < k and ged(h, k) = 1.

76
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In his dissertation, Kloosterman applied the circle method to representations of
integers in the form

Ciz? + Coz2 +--- + C,z2,

for positive integer constants C;, and obtained the formula
7I..s/2
 [(s/2)VCiCs---C,

for all positive integers s and all real € > 0, where

rs(n)

ns/2—15(n) +0 (ns/-H-c) +0 (ns/2-5/4+e) .

o <] P - 4
S(n) =Y Atkin),  Alk.n) = k7Y exp [‘ Zﬁxzchn] [Tccin.k),
k=1 h<k =1

and G(h, k) is the Gaussian sum.

Neither Hardy’s nor Kloosterman'’s formulas are useful if s < 4, because the first
error term overcomes the asymptotic term. In a later paper [Klo26], Kloosterman
performed more careful analysis and produced an asymptotic formula for ry(n) with

a smaller error term:
2

s
ri(n) = S

A result by Weil in [Wei48] and adapted by Estermann in [Est61] improves the
error term to O (n7/8+¢).

nS(n) + O (n'7/18%¢)

This and the following two chapters apply Kloosterman’s method to representa-
tions of positive integers in the form Cyy? + Cyy3 + C3y2 + Cyy? under the congruence
restrictions y; = a; (mod L;) for i = 1,2,3,4. In Chapter VI, the following result is
proved.

Theorem 6.2 (p. 93). For each i = 1,2,3,4, let C;, L; and a; be fired integers
with C; and L; positive. For each non-negative integer n, let r(n) equal the number
of integral solutions in the set

{(ylz Y2, Y3.Y4) | n = Clyf + Cz!/% + C3y§ + C'4y42 and y; = a; (mod L;) for each i}-

Then,

T2

= n
L1L2L3L4 vV Cl C‘ZC3C4

for every positive e, where

r(n) S(n) + O (n'3/15%¢)

oo

S(n) =) _ A(k,n),

k=1
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' 2mihn]
, .4
Alk,n) =k E exp [— k ] I |GC..L‘,a,(h~, k),
h<k =1
il 2mih
GCVL.a(hﬂ k) = § :exp [ k C(LJ + a‘)z] b

Jj=0
and ZIKk indicates the sum over integers h with 1 < h < k and ged(h. k) = 1.

In order to make use of this result, Chapter VII evaluates S(n) in the case of all
C; = 1 and L; = L in order to verify that the asymptotic term grows significantly
larger than the error term. The following result provides necessary and nearly suf-
ficient conditions for representing a number as a sum y? + y3 + y2 + y? under the
congruence restrictions y; = a; (mod L).

Theorem 7.9 (p. 128). Let p and L be positive integers with p prime and L not
divisible by p. Let ay, aa, az and a4 be integers with a? + a2 + a2 +a? =1 (mod L).
Let S be the set of representable integers

S={n|n=yl+y}+y3+yj for somey; € Z with y; = a; (mod L) },
and let C be the set of positive integral candidates
{nlnEl(modL)} if L odd,
C=q{n|n=1(mod2L)} if L even and a? + a3 + a3 + a2 = 1 (mod 2L),
{n|n=1+L(mod2L)} ifL even and a}+ a3+ a} +a} # 1 (mod2L).

Also, for each positive integer m, put
M, = {n l 2™ divides n} .

Then S C C. If L is even, then C\ S is finite. If L is odd, then (C\ M)\ S is
finite for every positive integer m.

The remainder of this chapter performs computations and estimations in prepa-
ration for Chapters VI and VII.

5.1 Definitions and Chapter Goals

Throughout Chapters V, VI and VII, the letters C, L, a and C;, L; and a; (for
t = 1,2, 3,4) denote integer constants, with C, L and all of the C;’s and L;'s positive.
Also, write e[z] as a shorthand notation for

e[z] = exp[2mi z].

Hence, e[z] = 1 if and only if z is an integer.
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Definition 5.1. For integers h, k£ and v with ged(h,k) = 1 and k positive, let
Ge.La(h, k,v) denote the sum

v

Lk(Lj+a)} .

< [hC
Goralh k) =) e [T(Lj +a)? +

7=0

The sum G¢ 1 4(h, k, v) is a generalization of the Gaussian sum G(h, k) and will
play a major role in the proof of Theorem 6.2. Sections 3.2 and 5.3 of this chapter
derive a set of formulas for evaluating G¢ . o(h, k, ). Section 5.4 uses these formulas
to establish a bound on the sum

4
o= Zle [—%;] HGC,,L..a.(h'ekf Vi),

K<

where Z’h"< denotes the sum over all 1 < h < k such that ged(h,k) = 1 and
n

h" < u, where h" is the unique solution to h(h” + N) + 1 = 0 (mod k) in the domain
1<k <k

The proofs of these formulas are modified from lemmas appearing in Section 2 of
Kloosterman’s paper [Klo26].

5.2 Reduction of G¢.(h,k,v) to a Gaussian Sum

The first step towards evaluating Gc rq(h, k,v) is to rewrite it in terms of a
Gaussian sum.

Lemma 5.2. Given integers h,k,v with ged(h,k) = 1 and k positive, put d =
ged(CL% k), and write CL? = C'd and k = k'd.

(0) If d does not divide 2hCLa + v, then Gc rqo(h, k,v) = 0.

Otherwise, d must also divide v?, so write v* = v'd. Define

hCa?
k

EC.L,a(hv hl1 m, k1 V) =e [

(1—C'm)+%%(1—C'm)+ h””’].

1k
(1) If k' is odd, then
Geralhk,v) =dEcypq(h, b ,m, k,v) G(hC', k'),
where h' and m are any integers satisfying

hh' +1=0(modk) and C'm=1(modk’) and m =0 (mod4).
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(2) If k' and w' are even, then
Geralh,k,v)=dEc.(h kK ,m k,v)GRC', K",
where h' and m are any integers satisfying
hh' +1=0(modk) aend C'm =1 (modk).

Also, V' is divisible by 4.
(3) If ¥ =0 (mod4), and v’ is odd, then G o(h,k,v) =0.

(4) If K’ = 2 (mod 4), and w' is odd, then

Goral(h, k,v) = ; Ecpa(h h'.m. k., v) G(hC'. 4K"),

where h' and m are any integers satisfying
hh' +1=0(mod 4k) and C’'m =1 (mod 4k').
Hence, h', m and V' are odd.

Furthermore, if m can be chosen with C'm = 1(modk), then the first term within
Ecralh,h',m,k,v) vanishes. If m can be chosen with C'm = 1 (mod Lk), then the

first two terms vanish.

Proof. First, use the factorization k = &'d to split the sum over j = 0,....k -1 into
the product of sums over 5, =0,...,k —land j, =0....,d~ 1, with j = j; +k'J,:

k-1

Geralh, k. v) Ze [ (Lj +a)* + Lk(LJ + a)}

j=0
k-1 d-1
hC : ;. . ;.
= 3 e PG+ K) + 0+ (LG +4a) + o)
11—0 J2=
hC . . V.
_le—% [T(le-i-a) +E(Lh+a)]

= [rC
. Z e l: (L?k"53 + 2L%K'ji j, + 2Lak'j3) + —(Lk’]z)}
j2=0

K~ d-1
v ) 2hCLa+v |
= Z e [T(Lh +a)’ + AL a)] Z e [_d Jz] :

J1=0 72=0
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Now, the inner sum over j, equals zero unless d divides 2hC'La + v. If d does divide
2hCLa + v, then:

C
Geralh k.v)=d Z [——(L]—i-a) Lk(L] +a)l.
Also, d also divides Lv and v? because

Lv = L(2hCLa + v) — 2ha(CL?) and v?* = v(2hCLa + v) — 2hCa(Lv),

so write 2hCLa + v = w'd, Lv = L'd, and v? = /'d.
Next, replace j by j + z in equation 5.2:

K -1
hC )
GC,L,a(h,k,u)zde:e[T(L(] +1)+a)l+ (L(]+x —+—a]
=de [—i— ((hCL*z? + (2hCLa + v)z + hCa?) + —E%J
Kolorg
e {E ((hRCL?)j* + (2hCL*z + 2hCLa + z/)j)} :
1=0
So
1 1.2 ! 2 va
Geralh.k,v)=de A ((RC'z* + w'z)d + hCa®) + Ir
K-l oo
. Z [A’ (RC'j* + (2RC'z + w )J)J . (5.1)
=0

An ideal choice for z would satisfy 2hC’z + w’ = 0 (mod k') so that

k'—1 1
Geralh k,v) = [ ((hC'z? + w'z)d + hCa?) + ”"} D e [hc }
Lk | < K -
j=0 (5.2)
=de [k ((hC'z? + w'z)d + hCa?) + ZZJ G(hC', k).

Case (1). If k' is odd, then gcd(2RC', k') = 1, so 2hC'z + w' = 0 (mod &') has one
solution. Let z be that solution, so equation 5.2 holds. Choose m' with (4C')m’ =
1 (mod £’); then set m = 4m/, so that C'm = 1 (mod k') and 4 divides m. Also,
choose h' with hh' + 1 = 0 (mod k). Then,
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(hCY(Am)w? = —w? = —w' (2w’ — ')
= (2hC'z) (2w’ + 2hC’'z) = 4hC'(hC'z? + w'z) (mod k'),
so h'(m/4)w'? = hC'z? + w'z (mod k'). Also,
w'd® = (2hCLa + v)? = 4h*Ca*(CL?) + 4hCa(Lv) + V?
so w'?d = 4h?Ca?C’ + 4hCal' + '. Hence,

(hC'z? + w'z)d = K (m/4)w'?d = h'(m/4)(4h*Ca®*C’ + 4hCal' + V')
= —hCa’C'm — CaLl'm + h'v'(m/4) (mod k).

Also, CaLl'm = CaL?*vm/Ld = C'avm/L. Now, substitute the above into equa-
tion 5.2 to obtain

GCLa(h' k V
[}g ( hCa?C'm — Cal'm + 2™ + hCa® + "fa)] G(hC'. K
=de [hc (1-C'm)+ %%(1 _C'm) + MY J G(hC', K').

Case (2). If k' and w’ are even, then let z be the solution to hC’z+(w’/2) = 0(modk’).
Also, choose h' and m with Ah' + 1 = 0 (mod k) and C'm = 1 (mod k'). Then
equation 5.2 holds, and

2 P ’ N
Ny =Y YW
(RC")(h'm) = 1 7 \*Y T3

= hC'z(w’' + hC'z) = hC'(RC'z* + w'z) (mod k'),

so (K'm)(w'?/4) = hC'z? + w'z (mod k'). Also, w'?d = 4hR’Ca’®C’ + 4hCal' + /' as
before, and v’ is divisible by 4, because w’ is even. Hence,

(RC'z* + w'z)d = (K'm)(w?/4)d = (h'm)(h*Ca®C’ + hCal’ + V' /4)
= —hCa®’C'm — CaL'm + K (V' /4)m (mod k).
Therefore, as in case (1),

hCa? av h'myv

(1-C'm) +ﬂ(1 -C'm)+ G(hC' K.

Geralhk,v) =de [

Cases (3) and (4). If k' is even and w' is odd, then 2hC’z + w' = 0 (mod k') has no
solution. Instead, the equation hC'z’ +w' = 0 (mod 4k’) has a solution for z’, and w’
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odd implies that z’ is odd, so let z be a solution to AC'(2z — 1) + v’ = 0 (mod 4k’).
Substitute 2hC'z + w' = hC’ (mod 4k’) into equation 5.1 to obtain

k-1
— 1 1,2 / va hC' .2 .
Geralh.k,v)=de [E ((hC'z® + w'z)d + hCa?) + Lk] ) [k' (j +])J.

j=0

Case (3). Since k' is even, write k' = 2ky. Also, h and L’ are odd. Then,

Kol oy ko1 1
Ze [7(72 +j)] = Z Ze‘{P [ (J1 + jako)? + (i +jzko))J

Jj=0 J1=0 j2=0
ko-1 ’ 9 1
) ) hC' . . } )
= Ze k' (Jl2+]1) Ze [—'(2]1]2k0 +]22k0 +]2)]
— |- 2
n=0 = J2=0
ko—-1 <
hC' . . ko +1
=D e — Ut + 1) (1+e[ 0 D
=0 * . 2

Now if k' = 0(mod4), then ko is even, e[(kg+1)/2] = —1. and G¢.rq(h, k. v) = 0.

Case (4). The next goal is to rewrite the inner sum of equation 5.3 in terms of

G(hC', 4K").
G(hC', 4k") = tgle [% '2] = 2}2—:‘: hi—oe [’ZT(:,,UI + ?.k,jg)z]
= 2?; l:if]l] = 2§e [%(21')2] + Qi:ole {Z—i’(?j + 1)2} )
Evaluate the first term.
klzl [hC, ] kozl zl: [ (J1 + koJ2) }
j=0 j1=0 j2=0
= jz_:: [hC’ J J}_:_:O [g—kc()i(?jljz + jzzko)J

SHERICRES))

=0
This is zero, because C’ and h and kg = k'/2 are all odd. Hence,

(

27 k-1 '
G(hC", 4k')—2z [Zf, 2J+1)2] =2e[h§f]z [hC (2 +])]

j=0
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Combine this formula with equation 5.3 to obtain

Goralh k.v) = [ ((hC'z? + w'z)d + hCa?) + “}

Lk
_Z [-—CL2J G(hC', 4k")
_d 4hC'z? + 4 hC')d + 4hC -2
=5e (( ° + dw's - hC)d + a®) + TE
-G(hC’,4k).

Now choose A’ and m with Ah' + 1 = 0 (mod 4k) and C'm = 1 (mod 4k’). Then
hC'(2z — 1) = —w’ (mod 4£') implies

(hC"Y(R'm)w"? = —w'? = —w'(2w' — w') = hC'(2z — 1)(2uw' + RC'(2z — 1))
= hC'(d4w'z — 2w’ + hC'(2z — 1)?) = hC'(dw'z + 2hC'(2z — 1) + hC'(2z — 1)?)
= hC'(4hC'z? + 4w’z — hC’) (mod k'),

so 'mw'® = 4hC’'z? + 4w'z — hC' (mod 4k"). Also, w'?d = 4h2Ca?C’ + 4hCal' + /'
as before. Hence
(4hC'z* + 4w'z — hC')d = (K'm)w'?d = (h'm)(4h*Ca*C’ + 4hCal’ + V')
= —4hCa’C'm — 1Cal'm + h'v'm (mod k).

Therefore:
GC,L,a(h’7 kv V)
= d L (—4hCa®C'm — 4Cal'm + h'V'm + 1hCa?) + va G(hC', k")
2 |4k Lk
d [hCa® !
=§E[Cl;a (1-C'm (1-0’ ) + hm”]G(hC'uc)
This concludes the proof of Lemma 5.2. O

5.3 Evaluation of the sums G(h,k) and G¢,(h,k,v)

The problem of computing G¢ 1 o(h, k, v) has now been reduced to the computa-
tion of G(h, k). The following approach for computing Gaussian sums follows from
results on page 138 of [Gro853).
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Lemma 5.3. Ifged(h,k) =1 and k > 0 is factored as k = 2°k" with k" odd, then

(1 for k=0,

0 for k =1,

1 + exp[hk” /4] for even k > 0,
| (2/k")V/2 e[hk" /8] for odd k > 1.

G(h.k) = (ki’-) e(K")WVk - 4

where

" {1 if K" = 1 (mod 4),
e(k") =
i if k" =3 (mod4).

Now combine Lemmas 5.2 and 5.3 to obtain a formula for Ger .(h, k, V).

Theorem 5.4. Let h, k and v be integers with ged(h.k) = 1 and k > 0. Write
d = ged(CL%, k), CL? = C'd, k = k'd, and k' = 2°k" with k" odd. Also. put
V' =v?/de€ Q. Then

' hC' . , S
GC,L,a(hy k,l/) = EC,L,a(hvh' ,m,k,u) (-kT) E(k ’) acl(h,k)ﬂc'[“a(h, k, l/) kd,
where
hCa? Kmv 1av
Ecrolh.h'.m, k v) = -C ——(1-=-C :
cLalh.h'.m. k v) e[ —(1=C'm) + w trT-Cm:
" 1 k" =1 (mod4),
s(k")=¢
¢ if K" =3 (mod 4);
(1 if k = 0,
acr(h. k') = {1+ e[hC'k" /4] for even k > 0,

| (2/K")V2 e[hC'k" /8] for odd K > 1;

(0 if 2hCLa + v # 0 (mod d),

0 1 2hCLa + v = 0(mod 2d) and k' = 2 (mod 4),
0 if2hCLa+ v =d(mod2d) and k' = 0 (mod 4),

|1 otherwise,

6C,L,a.(h'1 kv V) = <

and where h' and m are any solutions to

hh'+1=0(modk) and C'm=1(modk’) and 4|m ifk' is odd, and
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hh'+1 =0 (mod 4k) and C'm =1 (mod 4k’) if k' is even.

Note that if Bc ra(h. k,v) #0, thend | v?, so V' € Z. Hence, either Gepo(h, k.v) =
0 for all h or V' € Z.

Proof. If 2hCLa + v # 0 (mod d) or if 2hCLa + v = d (mod 2d) and £’ = 0 (mod 1),
then G¢pq4(h.k,v) =0 by Lemma 5.2 and 8¢ ,(h, k,v) = 0, so the left and right
sides agree. Otherwise, Lemmas 5.2 and 5.3 together imply that

Geralh k,v) = Ecpa(h.b' . m, k. v) (%) (k") Vkd
where
(1 if k = 0 and 2hCLa + v = 0 (mod d),
0 if «k =1 and 2hCLa + v = 0 (mod 2d),
= J 1 + e[hC'k" /4] if K > 0 even and 2hCLa + v = 0 (mod 2d),

(2/k")v/2 e[hC'k" /8] if k > 0 odd and 2hCLa + v = 0 (mod 2d),
L(2/!c"')\/§ e[hC'k"/8] if k=1 and 2hCLa + v = d (mod 2d).

It only remains to verify that
O{Cl(h,, k’) ,BC.L.a(hf ,"-’ I/) = .

If « =1and 2hCLa + v = 0 (mod 2d), then 3¢ .(h.k,v}) =0 and v = 0. In each of
the other four cases, 3¢ 1 4(h. k,v) =1 and the value of ac (h, k') equals ~. a

Corollary 5.5. For integers h, k and v with ged(h.k) = 1 and k positive,
Geralh kv) =0 (\/E) :
Proof. For all C, L, a, h’, and k" with k" an odd divisor of &,

hC’
k"

lac (R, k)| < V2,  and  |Bcra(h,k.v)| <1

IEC,L,a(hf h', m, k,l/)l = 1, = ]., ,6(/6”)' = 1,

so Theorem 5.4 implies
Geralh ki v)| < V2-VEd,

and d < CL?, which is constant. a
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5.4 Evaluation of the Sum o

Definition 5.6. Let n, k, y, vy, va, 13 and vy be integers with0 < u < k < N =
[v/n]. Then let o denote the sum

’ hn] 4
g = Z e [—T] HGC‘,L‘,a.(hsk-,Ui)s
hllS# ;_;1

where Zlh"< denotes the sum over all 1 < A < k such that ged(h.k) = 1 and
7

h" < p, where h” is the unique solution to
h(h" + N) +1 = 0 (mod k)
in the domain 1 < A" < k.

The goal of the remainder of this chapter is to establish an upper bound on
the sum o analogous to the fundamental lemma in Kloosterman's paper. Applyving

Corollary 5.5 to o produces
( Z H\/‘) O(K) = O(k%),
h."<[1 i=1
but a slightly better bound shall be required to prove Theorem 6.2.

Lemma 5.7. Let ac' and 3¢, o be defined as in Theorem 5.4. Then for all h, k and
v with ged(h, k) =1, k > 0, d; = ged(C;L?, k), C;L? = Cld;, k = k'd; and k! = 27 k/:

ac;(h, ki) = ac;(h + A k) if8|Norr, =0,
B, Lua(h ko) = Bc,poa(h+ N ko) ifdi] A,

4 4
H(ki) =H($) if di | \ for all s,
i i=1 i

i=1
Proof. The first two equalities follow from the definitions of o and 3. For the third,
write k = 2°k"” and d; = 2%d] to match k! = 2k”. Then k" = kd!, so

[1(8) (2)-11(8)- (&)= e H(E)-T1(2)

=1 i=1 i=1

Then d; | A for all i implies
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Lemma 5.8. Let n, N, k and u be integers with 0 < p < k. If k is even, then

4 4
Z’e [—th] I—‘[GCHL“Q‘(h,k,I/,‘) = Z e [—-E%] HGC,,L.,a,(ka’Vi)
i=1 i=1

h"SI‘ H"S;l

where ZI and Z, denote the sums over all 1 < h<k and1 < H < 4k
h"<p HIIS”
such that ged(h, k) = ged(H,4k) = 1 and h",H" < u, where h” and H" are the

unique solutions to
h(h" + N) +1=0(mod k) and H(H" + N)+ 1 = 0 (mod 4k) (5.4)
in the domains 1 < h" <k and 1 < H" < 4k.

Proof. The equations 5.4 establish two bijections A «—— h” and H «— H" between
h and A", and H and H" satisfying 1 < h,h" < k, 1 < H, H" < 4k, and

ged(h, k) = ged(h" + N, k) = ged(H, 4k) = ged(H" + N, 4k) = 1.
Since £ is even,
ged(H,4k) =1 < ged(H.k) =1
and
ged(H" + N, 4k) =1 < ged(H" + N k) = 1.

So Z/ and Z' sum over the same set of A” and H”. When A" = H” and
h"<p H"<p
ged(h” + N, k) =1,
h(h"+N)+1=HH"+N)+1(modk) = h=H (modk).

So,

hn + Hnl {

i=1

a

The heart of the computation of ¢ is accomplished using a pair of lemmas from
Kloosterman’s paper [Klo26].

Lemma 5.9 (Kloosterman). Ifu,v,A, A\, k,N € Z with0 < A <k and \ | k then

Z/ o [uh + vh } -0 (k3/4+¢ gcd(u, k)1/4)

k
h=AmodA
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where 1 4+ hh' = 0 (mod k). Consequently, if 0 < u < k then

Z' e [M} = O (K"/%*< ged(u, k) /4)

k
R <u
h=AmodA

where 1 + hh' = 0 (mod k), and k' = A" + N (mod k).
Proof. See Lemmas 4 and 5 of [Klo26]. O

In [Weid8], Weil invoked the Riemann hypothesis in function-fields to prove a
tighter bound on the Kloosterman sum:

e [M] <o

k
h<k

for k prime and u and v not divisible by k. Estermann, in [Est61], applied this sum
to improve the error bound in Kloosterman’s method.
Now we are ready to analyze the sum o.

Theorem 5.10. Given integers n, k and p with 0 < p < k < N = |/n], and
integers vy, Vs, v3, and vy, then for any positive real e:

4

> e [—"7"] [IGc.oalh kv = O (k/3+< ged(u. k)'14) .

h'"<p 1=1

where u = O(n), and Zlh"< denotes the sum over all 1 < h < k with ged(h, k) =1
I

and h" < u, where h" is the unique solution to h(h" + N) + 1 = 0 (mod k) in the
domain 1 < h" < k.

Proof. First, recall some notation from Theorem 5.4. For ¢ = 1,2, 3,4, write d;, =
ged(CiLi k), CiL? = Cld;, k = kid;, and k! = 2™k with k¥’ odd. Also, put v} =
v?/d;. If d; 1 v? for any i, then Gc, 1, o,(h k,v;) = 0 for all h, so ¢ = 0. Hence,
assume that all v/ are integers.

Let Ecra(h,h',m,k,v), e(k"), ac'(h. k') and 3¢ 1 (k. k, v) be defined as in The-
orem 5.4. For each 7, choose 0 < m; < 4k! such that

Cim; =1(modk!) and4|m; ifk!isodd, and

Cim; = 1 (mod 4k!) if k! is even.
Now, there are two cases to consider:

(1) If all of the k! are odd, then set A = lem(dy, d, d3, dy), so that A | k.
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(2) If instead at least one of the k! is even, then put G = lem(d,, d, d3,d;) and

(¢ if8]G,

2G if G = 4 (mod 8),
) 4G if G =2 (mod 4),
(8G if G is odd.

Then A | 4k because k! even implies that k is even.

In both cases, each d; divides A, and either r; = 0 for all ¢, or 8 | .\. Hence, .\ sat-
isfies the conditions for the three equalities of Lemma 5.7. Furthermore, .\ is bounded
above by a constant independent of k and n, namely 8 lem(C; L2, CoL3, C3L3, C4L3).

In case (1), A | k, so the domain of the sum o can be separated into equivalence
classes modulo \. In case (2), first invoke Lemma 5.8 (as k& is even) to rewrite o as a
sum over 1 < h, A" < 4k with ged(h, 4k) =1 and h(h" + N) +1 = 0 (mod 4k). Then
A | 4k, so the domain of o can be separated into equivalence classes modulo \.

In either case,

A

4
o= Y e {—%"] [1Gc. roa Bk, us).
=1

A: l hll Sl‘
h=Amod A

where h can range up to k in case (1) and up to 4k in case (2). Substitute the
formulas from Theorem 5.4 for G¢, 1, 4, (h, k. v:):

% o[

A=1 R"<p
h=AmodA
. Cih
: H EC;,L.,a,(h'v hlv my, ka Vi) (ﬁ) e(kil) aC" (h" k:) VBC,,L.,a. (h" k-, I/i) kdt
=1 i

Use Lemma 5.7 to extract terms from the inside of the summation over A:

4

4 A
C: " ‘ /\ !
= [H (k—) e(k! )J k?\/d\dydsd; ; [H (k—) ac:(h, k) Bc, 1.0 (b ks v3)

=1 1=1

4
Z, e {—ﬁkr—z} HEc.,L.,a.(h,h',mi,k,’/i)-
=1

h'”S“
h=AmodA
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Rewrite the innermost sum over h:

A !
H (F) aC{(/\v k:) -BC,,L.,G,' (A~ k? l/i)

o= [H (f) k"J Vdidadsds f: [

i=1 1 A=1 Li=1

_e[%] Zl [uh uh’}

h'<u
h=AmodA
where u,v € Z and w € QQ are
u=—n+Ciai(l — Cim;) + Caal(1 — Cymy)
+ C3a3(1 — Cyms) + Cyai(1 — Cimy),
U = MYy + Mavy + maly + myvy,
a v a2u2(1 — Clma) +

w = L—I(I—C’lml)-i- L2 (1 )

Then \Y/ d1d2d3d4 < L[L2L3L4\/ C]_CQC3C4 imphes that

A Z’ uh 4 vh'
k ik

la] < Kk? Z
h"<p

A=1
h=AmodA

03 U3 a4 vy

where K is some positive constant independent of k£ and n.
In case (1), all of the ! are odd, so then all of the m; are divisible by 4. Hence,
v = mv + movy + mavy + myv is divisible by 4. Applv Kloosterman's Lemma to

equation 3.5 to obtain a bound for o:

T [uh + ;v/4)h']

hn(l‘
h=AmodA

A

lo] < KD

A=1

< Kk2zkt/8+( gcd(u L)l/4 K\k'l-l-t/S-rc ch(u k)1/4
A=l
Since .\ is bounded above by a constant,

o =0 (K*/8*< ged(u, k)'71).

!
In case (2), the sum Z ' <p in equation 5.5 is taken over 1 < h < 4k instead,

h=AmodA_
so apply Kloosterman’s Lemma to 5.5 using 4k instead of k:

o] < Kk2 [(4u)h+vh]

A i

h.” <#
h= /\modA

A
< KK kT ged(4u, k) = KAK* T+ ged(du, k)11

A=1
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Since ged(4u, k) < 4ged(u, k),
o =0 (K**/**< ged(u, k)'/Y) .
Finally, note that 0 < m; < 4k! < 4k < 4n for all 7, so
u=-n+Cai(l - Cim) + Caa3(1 — Cymy) + Cza3(1 — Cyma) + Cyai(1 — Cimy)

is a function of £ and n, and u = O (n).
This completes the proof of Theorem 35.10. a
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CHAPTER VI

Extending Kloosterman’s Proof

Definition 6.1. For : = 1,2,3,4, let C;, L; and a; be fixed integers with C; and
L; positive. For each non-negative integer n, let r(n) equal the number of integer
solutions in the set

{ (Y1, Y2, Y3, Ya) ’ n = Ciyf + Cay3 + C3y3 + Cyy? and y; = a; (mod L;) for each i }
This is equivalent to counting the number of integer solutions in the set

4
n= ZC,-(LJ,- - a,—)2 }

i=1

{(3?1.1‘2,13-,1?4)

The goal of this chapter is to prove the following asymptotic formula for r(n):

Theorem 6.2.

2

rin) = L\ L:LLNCiChCH0,

for every positive real €, where

nS(n)+ 0 (n15/16+‘)

o0

S(n) =Y Alk.n),
k=1
A(k,n) =k~ Z’ exp [— 27rihn} ﬁGc L.a (R, k),
h<k k pird ‘
= 2mih
Goralhk) =Y exp [ 2 C(Lj + a)?] ,
7=0

!
and Z hek indicates the sum over integers h with 1 < h < k and ged(h, k) = 1.

93
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The proof uses Corollary 5.5 and Theorem 5.10 from the previous chapter, and it
follows Kloosterman’s proof closely. First, Cauchy’s theorem is applied to a represen-
tation of the generating function of r(n) in order to express r(n) by a path integral
over a small circle around the origin in C?. Next, the integral is rewritten as a sum
of integers. The remainder of the proof consists of the evaluation and estimation of
these integrals. One integral eventually yvields the asymptotic term in the formula
6.1, and all the other integrals are subsumed into the error term.

As in Chapter V, C, L, a, C;, L; and a; denote integer constants, with C, L, C;
and L; positive. Also, e[z] = exp[27i z].

6.1 Step 1: Express r(n) as a Complex Path Integral

In the language of generating functions,

20 4 -~
Z r(n)z™ = Hec‘,[,“a‘ (z) where Oc.La(z) = Z ZC(Lm+a)*
n=0 =1 m=—o0

Now, recall some useful facts from complex analysis. If f(z) is analytic in the
region R\ {a}, then the Laurent series for f(z)

oC
Z c(z—a)" =4 (z—a) +e+e(z—a) + ez —a) +---

n=-—o0

converges uniformly to f(z) within any closed annulus contained in R and centered
at a. If T is a counterclockwise circle around o within R, then

1 f(z) ,
“ = om /r (z — a)n+! dz.

/f(z) dz = 27ic_y,
r

In particular,

and c_ is called the residue of f(z) at a.
Applying these facts to the generating function for r(n), produces

1 dw

r(n) = o7 Jr O, L1.a1 (W) Ocy 10,0, (W) Oy, L3,05 (W) Ocy, L4040 (W) T (6.1)

where I is a sufficiently small circle about the origin.

It can be shown that the Taylor series for ¢ 1 .(z) and hence for Hle Oc..L..0.(T)
converges when |z| < 1, and that the unit circle is a natural boundary for ¢ .(z).
Choose I' to be a circle of radius e~'/*. As n — oo, the radius of [ approaches 1
from below.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



95

6.2 Step 2: Break the Circle I' Up into Farey-Arcs

As |[z] — 1 from below, it can be shown that |8c 1 .(z)| grows large particularly
quickly when z approaches a root of unity exp [277 (h/k)] with a small denominator k.
Consequently, the evaluation of the integral in equation 6.1 should focus on intervals
around these roots of unity.

Let N = |\/n]. The Farey series of order NV is the set of fractions h/k with
0 < h <k < N and ged(h, k) = 1, ordered by size. For example, the Farey series of

order 7 is
0<1<1<1<1<2<1<2<3<1<4<3<2<3<é<§<6<1
1 7 6 5 4 T 3 5 7T 2 7T 5 3 4 5 6 71T 1

If hy/ki < h/k < hy/k, are three consecutive terms in a Farey series, then:
(1) klh - kh[ = khg - kgh = 1,

(2) N<ki+k<2Nand N<k+ky <2N,
h.l h1+h h h+h2 h2

2 2 % and
S A A T

hi+h h 1 h+hy h 1
4) —m—— = — - —_—— —_— = _
Y ey T il s Sy

hy +h and h + hs
+ k k + ko

1
h/k and hy/k,, respectively.
We use the mediants to break the circle I’ up into Farey-arcs o k. where the

The fractions

are the mediants between h,/k; and h/k, and

Farey-arc ¢, is described by

1 2mh

—2r 27
w=exp|—— +
n

0 —_— << —.
+z] where PN TS

Here, ¢;,; denotes the union of the two extreme intervals, so ¢, corresponds to

w = ex 1 + 10 vhe —2m <9< 27
=exp |—— where _ —_
Pl n N+ = 11+

B

Let Z’Kk denote a summation over integers h with 1 < h < k and ged(h, k) = 1.
Then -

N
1 ! dw
T(TL) = 2—7I'2 Z Z / 601.141,01 (w) 9C2,L2,az(w) 903,L3,a3(w) 9C4,L4.a4(w) wntl

k=1 h<k Y%«
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6.3 Step 3: Rewrite 0¢ ,(w) for the Farey-arc ¢

On the arc @p,

= b 1 2w
OcLa(w) = Z wCEm+a)? - Z exp [(—; + kZh + i0) C(Lm + a)z] i

m=-oc m=-o0

Some of the terms inside the exponent depend only on the congruence class of m
modulo k. Rewrite m as m = vk + j, where v,j € Z and 0 < j < k. Then
Lm+a=Luk+(Lj+a) and

Oc. 1.o(w) Z Z exp [(2’”” 1 i9) C(Luk+(Lj+a))2}
Jj=

v=—0Q

-3 e[ C(Lj +a) ] Z e‘cpl: <——26) C(Lk)? (w“&fa)?}.

Jj= v=-00

?t'

Theorem 8.1 in [Gro85] implies that for any a and ¢ with Re ¢t > 0,

xX o o) 7”/2
Z exp [—7rt(u + a)z] =t/ Z exp [‘Zﬂ'il/a - T] .

V=-=0Q v=—00

Applying this formula to 8¢ 1 .(w) using

C(Lk) (———zﬂ) and a=Lj+a

T n Lk
produces
T 1/1 _\7'?
Oc.La(w) = I°C & (5 — 19>
k-1 x . -1
h : 2 2w, 2 (1
JZO:G[EC(L] +a)]u=z-:°°exp {W(LJ +a)~mk—)2(;—le> }

Separate the inner sum into three cases: v =0, v > 0 and v < 0. For v < 0,
replace j by —7 mod £ and v by —v. Then we obtain

o= gt (3-4) 7 (e[t

= orh i [ oriv w22 1 -1
+ —~C(Lj 2 3 - =1
J=Oe [k j +a) ] ile\:p ——(Lj +a) - CIr)y (n zf)) |
k—1 <] -1
h 27rw 722 1
+ — L1 — 3 - _ | - —3 X
]=0e [k C(Lj—a ] ,,E=1 exp (L] a) — C(LR)? (n 20) | }
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As in Definition 5.1, put

bl

-1
Geraolh, k,v) = e [EC(L]' +a)? + L(Lj + a)]
2° |k Ik
and
1oy
Geralh k) = Gerathk.0) =Y e [; (L) + a)z} |
J=0
Then
[T 1(1 _\~'?
BC'L'a(w) = % E (; -— 20) I:GC,L,a(h,, k)
> a2 1\
+;(GC,L,,,(h,k, V) + Gep—alh. k. u)) e |~ 5 (5 - 10) .

Finally, write

! -1/2
vcLa(w) = (— - i9) Ge.ra(h. k)

n
2,2 -1
__TV (L
C(Lk)? \ n

w
Oc.La(w) = \ 26 [‘;C,L,a(w) + ®c po(w)+ ‘I’C.L,-a(w)J-

In this last formula, ¢c 1 .(w) is the most important term, while the ®¢ 1 +q(w)

El

and

1 1 ) —1/2 0
Gc La(w) = z (; - z&) Z Gc,ra(h. k. v)exp
v=1

so that

terms will be subsumed into the error term.
Now, recall the integral formula for r(n):

N
1 ! dw
T‘(TL) = o7 _S_ : E : gcl,Llyal (w) 0C2.L2,az (w) BC:;.Ls.aa (‘U)) 9C4,L4.a4 (w) wtl

k=1 h<k Y %h.k

Substitute for ¢ 1 o(w) and distribute terms to obtain

2

rm)=
( ) L1L2L3L4\/CICQC3C4

[Jo (i + D+ s+ J4)]
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where
N
1 ! dw
Jo = o E ©C1.Li.ar PC2,Lasaz $Cs,La,a3 PCsLaas (W) W+l
""" k=1 h<k YOk
1 dw
Jy = 9' — E E ¥C1.Ly,a1 PCa,L2,az ¥C3,L3,a3 (I)C4.L4.ia4(w) wn+1
M h<k YO
N
1 dw
Jo = s E E E PC1 Lya1 PCa,Laaz PCaLa 203 Py Ly 20, (W) ntl
271 o w
k=1 h<k h.k
N
1 dw
J3 = 9 § : E : E :¢Clelval QC" Lo, tan ®C3,L3,::a3 ®C4 Ly, *aq(w) n+l
2mi e Onx w
dw

1
Jy = : _S_ : E : E :(pcl Lizar PCaLatar Py Latas Pey,Ly,za (W) e+l
2me — = w

In the formulas for J, J,, J3 and J4, the innermost sums represent sums over permu-
tations of (Cy, Ly, a1), (Ca, La,as), (Cs, L3, a3) and (Cy, Ly, ay), and alternative sign
choices for +a;. For example, in J;,

E :‘IQCi,Ll,al YCa,L2.a2 YC3,L3,a3 @C-h{a-hia-l(w)
represents the sum

¥C1,Lia; ¥C2,L2,a2 ¥C3,L3,a3 (I)C4,L4va4 (w) + ©Cy,Liar ¥Ca,La,a2 ¥Cs,L3,a3 (I)Ch[q-—tu(w)
+ ©Cy,Ly ey ¥Ca,Lasa2 ¢C3,L3,a3 ¢C4,L4,a4(w) + PCi.Ly,a1 ¥Ca,L2,a2 (DC3,L3,-a3 ¢C4,L4,a4(w)
+ ¥c),Ly,a; (I)C'z,Lz,az ¥Ca,L3,az PCy,Liay (w) + YC,Ly,a q)C'z,L':,—az ¥Cy.L3,a3 59C4,L4'a4(w)

w).

+ (Dcl,lmal ¥Cz.L2,82 ¥C3,L3,a3 99C4,L4.a4(w) + (I)Cl,ld,—a: PCa,L2.az PC3,L3.a3 ¥Cs.Ls,a4

In the formula for r(n) given above, the first sum of integrals Jy will (eventually)
produce the asymptotic estimate for r(n). The other sums are error terms, so we
will need to demonstrate that they are all of order O (n'3/!6+¢),

6.4 Intermission: Many Useful Lemmas

The rest of this chapter is devoted to the evaluation of the sums Jy, Ji. Jo, J3
and J;. Each evaluation will require breaking up the summation over k£ and the
integral over @ into a sum of sums and integrals. All but one of the resulting terms
will then be estimated using the steps below. The remaining term. obtained from
Jo, will become the asymptotic estimate.
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This section presents the general approach that will be used to evaluate each
term. The lemmas in this section contain calculations invoked repeatedly in the rest
of the chapter.

Step 1. Substitute 8 for w using

dw 2mih

1 2mh . ) )
+z€] = —ail = 1€ exp [— T nzﬂ} de,

w=exp[—;+ %

then rearrange the sums and integrals so that the summation over A is innermost.
and apply Theorem 5.10 to obtain an upper bound. In a few cases, apply Corollary
3.5 instead; then replace the summation over h by ¢(k).

Corollary 5.5 (p. 86). For ged(h,k) =1 and any v,
Gealh,k,v) =0 (V).

Theorem 5.10 (p. 89). Given integers n, k and p with0 < p < k < N = |\/n],
and integers v, vy, v3 and vy, then for any positive real €:

! hn] 1 .
Z e [—7] EGC,,L‘,a,(h, k,v;) = O (k®/%*< ged(u, k)'7*) .

h"'<p

where u = O(n), and Z/ denotes the sum over all 1 < h < k with ged(h, k) =1
and h" < pu, where h" is the umque solution to h(h"+N)+1 = 0 mod k in the domain
1<h"<k.

Step 2. If the term contains summations over v; resulting from some of the error
terms P, i, (w), then apply Corollary 6.5 (either part (a) or (b)) to remove the
sums.

Lemma 6.3. Let n be a positive znteger

(a) IfN=|yn] thenl< —V—<3

27 n 1
b If1<k<N= d0<8< —,t .
®) & L) an kN e Ty 20%) TR0
2
(c) Ifl1<k<n/?¢and0<6<k 'n2then — " _ >1_

K2(1 + n262) = 2

Proof of (a). N = |/n] implies that N2 < n < (VN +1)2. Then n/N? > N2/N? =1
forall n. If N =1, then n <3s0on/N? <3/12=3. For N > 2,

n DT 1+2+1 <1424+t
Nz NE N t3ta
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Proof of (b) Use the given bounds and part (a).

n n 1
> =
K2(1 + n20%) = k2(1+ n2(2n/kN)D)  (K2/m) + n(an2/N?)
1 1 1
> > .
= (N?/n) + a2 (n/N?) = 1+ 1222 ~ 120

Proof of (c) Use the given bounds.

2¢

n n n n n
5 .

> = > =
k2(1 + n26%) = k2(1 + n2(k—'n-1/2-0)2) ~ k2 4 pl-2t = (pl/2-0)2 4 pl-2

Lemma 6.4. If k > 0 then Zexp[—kuz] < (\/71'/4/6 - 1) exp[—k/2].

v=1
Proof.
Z exp(—kv?] = exp[—k] + Z exp[—kv?] < exp(—k) + / exp[—kv?] dv.
v=1 v=2 v=1

Put [ =/ exp[—kv?*]dv. Then:
v=l

= Uz:l exp{—kr] dx] Uy: exp(~ky] dy] B / : /y: exp[—k(z® +y?)| dy dz

T [e o

o) /2 1
< exp[—kr?] rdf dr = = —— exp[—kr?
| explkr? T exp[—kr?]

s
= exp[—k].

r=1

s k
So I < ‘/E exp [—-5} and

iexp[—kuz] < exp[—k] + = exp _k < I exp _k
4k 2 4k 21

v=1 =

r=1

Corollary 6.5. Let n and L be positive integers with L a constant.
(a) If1 < k< N=|y/n] and 0< 60 < 2r/kN, then

had 22 n
uzzle"p ['L?k? 1+n292} <K,
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() If1<k<n'?and0<8<k'n"Y2¢ with £ > 0, then

n
Zetp[ I2k2 1 1 n20?

where each instance of K denotes some positive constant depending only upon L.

< Kexp [-Kn*],

Proof. Apply Lemmas 6.3 then 6.4.
= 30 w2
Ze‘p[ %2 1+n202] Z [ 12OL2] < (LV + 1) e‘p[ 2401;2}'

and

2,2¢,,2 2,2¢

Z Ze 7' n-=v < _‘T n
exp L2k2 T+ n202 P JE ne\/fTW PITIT |

and nf > 1. m)

Step 3. Evaluate the integral over by using either the first or second equation
from Lemma 6.6.

Lemma 6.6. If A > Q, then

o0 oc

(a) ( ! + 02) i df = narctan(né)

=0

(b)/ ( +92)_1d0</0:6‘2d9=$

Step 4. Remove the summation over k£ by applying one of the formulas from Lemma
6.9.

> 1

=1

Lemma 6.7. Let d(u) be the number of divisors of u. Then d(u) = O(u®) for any
€>0.

Proof. This is based on a proof from p. 69 of [Nar83]. Put

a-+1
S, =4p* >153.
{p (p)e }

Now, fix p and consider the graph of f(a) = (a+1)/(p%)®. The equation f(a) =
has solutionsat ¢ = 0 and a = @, (> 0), and f(a) > 1 < 0 < a < a,.. Moreover,
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ap. decreases as p increases. If p* > 2, then a,, < 1. Consequently, p* € S, if and
only if p < 2'/¢ and a < a,.. Hence, S, is a finite set, so we can define

=] ‘Epf)j.

Now, for any u = HP?‘;

d(u) H.(a,- + 1) a; +1 a+1
= 1 T3 = S ;‘/[f.
u¢ [Hl p:l'] H (ps)a( peES (pe)a

So, d(u) < M u¢ for all u. a

Corollary 6.8. Ifk > 0, then i = O(uf) for any e > 0.
ok
8lu

Proof. » d* <3 " 1=d(u) < M. o
dlu diu

Lemma 6.9. Let u € Z and Ny, € € R all be positive. Then

No
()) 3k Yged(u.k)¥ = 0 (Ng/su‘); and
k=1
) 3 kPged(u, k)4 =0 (No—”suf).
k>No
Proof of (a).
No
Zk l/sgcd(u lc 1/4 _ Z Z k- 1/801/4<Z Z ko ~1/8451/4
Jlu k6<4Vo
(ku) ]
~18 1 No /6
_ 1/8 1/8 1/8 Yo/ -1/8 l/Sk B |
Y kY - 3o
Slu kd< No 8lu /
8 _ . A -
= ?NJ/*’ZO‘/%-‘/S - ?N(;/B 20—3/4 =0 (N(;/su‘) .
Slu du
Proof of (b)
Z k—9/8 ng(U, k)l/4 - Z Z k—9/851/4 < z Z (k(s)—g/s(sl/»{
k>No dlu k>Ng dlu ké>Ng
(ku)=6
_ -7/8 = -9/8 78 [ -9/8 7/8k L8 e
=) 5N k< S k% dk = Zé
dlu k>No/6 8lu No/s -1/8 Na/6
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= 8NGO YT 6T = gNG B Y 67 = 0 (Mg Voue).

dlu §lu

6.5 Step 4: Split Jo into J0,1 + JO‘2 + J0,3

Definition 6.10 (Notation). Throughout the rest of the chapter. the letter K
represents some constant positive number, depending only on the values of C;, L;
and a; for : = 1,2,3,4. Different instances of K may represent different constant

values, even within the same formula.
Sections 6.6 though 6.9 are dedicated to the evaluation of the sum

0 271'2 Z Z / PC1,Ly,ay FC2,Lz.82 PC3,L3,83 ¥Cas,Ly, a.;( )

k=1 h<k

where ¢crqo(w) = (1/k)(1/n — i0)"V2 Gc 1 alh, k), so that

1 \?d
o—ﬁzkﬂ.z ’:HGC,L a,(th/ohk (5_29) wnlﬁl-

k=1 h<k Li=l

Begin by breaking up the interval of integration ¢ into three subintervals:
2n /k(k+k2) —2x/k(k+N) 21 [k(k+N) 27 /k(k+k2)
Lo ™ Lo * L™ fonoms
—27 [k(k+ky) 2% /k(k+k1) 2 /k(k+N)  J2n/k(k+N)
and write Jy = Jy; + Jo2 + Jo 3. The asymptotic estimate for r(n) will be obtained

from the sum Jy,, while Jy; and Jy 3 will be subsumed within the error term.

6.6 Step 5: Further Split Jy,

In preparation for the evaluation of Jp,, define

F(:r)=Za:1:°=(—lf—x)2 so that F(e®) Zae (l—e)

The function F(e®) has Laurent series

_ez_—__l__1+122 1z4+ L 2%+
(1—e?)2 22 12 240 6048 172800

converging for all z # 0. Put 2 = —-1/n +16. If || < 2x/N and N = |/n], then

w2 1 1 11
S 02 _— < /2 2 —
Izl = \/ + n2 MSyVptim <Ny
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So,
Fe)=—2 =L 101) and L) = Fler) + 00

") = = — n —_—— = .
¢ (1 —e*)2 22 n

Then
2w /k(k+N) 21 /k(k+N) T/kN

/ , n+l| — K K T+l

O=—2x/k(k+N) W O==2n/k(k+N) 0=—m/kN | W

/N 2me

=K edd =K —=0 ( )
0=—1/kN kN kN

Therefore

27 /k(k+N) 1 2w 21 /k(k+N) dw 1
/ (———29) P =/ F(e‘) el +0 (k—v> .
0=-2x/k(k+N) \ T w 0=—2m /k(k+N) w !

This fact, combined with Corollary 5.5 produces:

2w/kk+N) 1 N2 g
Jo2 = 2722“2 [HGCLa.hk}/ (;—z@) —T

=1 h<k Li=1 0=-2x/k(k+N)

Joz = 9W12k4z [HGCLa,hA}

=1 h<k =1

27 [k(k+N) dw Yo ) .
. F(e* + O — k?) (—) .
/o—-zr./k(k+N) )w"“ (Z kt &~ ( kN

Simplify the error term:

Z Z (kN) /\/Z ﬁik—lz=,i§=0(n"/2).

=1 h<k

Let " denote the circle of radius e~!/", and ¢ be the complement of the arc
—2m/k(k+ N) < 0 < 2n/k(k+ N). To evaluate the rest of .J, ;, we split the interval
of integration in terms of " and ¢, and then we rewrite the sum over k as a difference

of two sums:
o dw
/ Fe’) —

Joa2 = Q_MZIC“‘ Z [HGC.L a,(h, k)

k=1 h<k Li=1

1 &

Com Zldz HGC ACL) /F(e wh+1
=1 h<k Li=1

— +0 (n71?).
k=N+1 h<k Li=1

Qm i k4Z [HGCL a (h, k]/p(e

So Jo2 = Jo21 — Jo22 — Joas + O(n~1?).
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6.7 Step 6: Evaluate J0‘2’2 and J0,2'3

One additional lemma is required to evaluate the error terms Jys2 and Jp o 3.

-

e 2
<
(1—e*)?

T

Lemma 6.11. If z # 0 and [Im(z)| <, then e

Proof. If z = z + iy, then sinh z = (sinh z)(cos y) + i(cosh z)(sin y) so
|sinh z|*> = (sinh®z)(1 — sin?y) + (1 + sinh®z)(sin? y) = (sinhz)? + (siny)?.

Now. [sinh z| > |z| for all real z, and [siny| > (2/7) |y| for all |y| < #/2. Therefore

jsinh 2[2 = (sinh 2)? + (sing)? > 22 + 5 4? > = (22 +4?) = — |2,
s T 72
Then |Im(z/2)| < 7/2 implies
! e’ _ | < 1 _ox?
(1 —e*)2 4 [sinh(z/2)[> ~ (@)(4/72)(z]/2)?  1z)*

O

Estimate the second term first. Substitute for w and move the summation over
h to the inside:

N - 4
1 e’ ) ' hn
.]0‘2‘2 = KZ k—4 ‘/C‘ m exp (—mB) dgz e [——k‘:l HGC"L"al(h. k)
k=1 h<k i=1
Apply Lemma 6.9 and Theorem 5.10 (with p = k):

-

w

N 4
1 e’ ' hn
o2zl =K ) =2 / —1 df e [——] GeLa (h. k)
,; kY Jozonjkeny [ (1 — €7) hZSk k g
N 1 x 1 _2
<KY ok ged(u, k)‘“/ K|-=+if| df
k=1 0=2n/k(k+N) n
o oo 1 -1
< K k™ ged(u, k)4 / (—2 + 02) do
k=1 =n/kN \T

Apply Lemma 6.5(b):

N N
v
| Jozal < KD k™/8+ ged(u, k)/4 % = KNS k8% ged(u, k)4,
k=1 k=1
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Use Lemma 6.8(a) and the fact that u = O(n) and NV = |/n] to finish the compu-
tation:

J022 — O( V?/S c) 0 (n15/16+e) ]

Next, use the same approach to estimate the sum Jg 5 3:

o] 4
Joaz =K Z / o e'cp( —inf) dBZ [ }HGC“L“Q,(h.k).
=1

k=N+l h<k

Apply Lemma 6.9 and Theorem 5.10 (with p = k):

' [=hn]
hasl = 3> e [ |l ao| e [ [ Gonm

k= NJ—I h<k

dé

-2

1
23/8+¢ d l/-l _- 1]
<1{k§+1 —k ged(u, k) _Kl — +if df
-1
<K Z k%% ged (u, /c)w/ (1 +02) de.
k=N+1 6=0

Next, apply Lemma 6.5(a):

|Jo2sl < K Z k93¢ ged(u, k)4 n = Knl*e Z k=978 ged(u. k).

k=N+1 k=N+1

Finish by applying Lemma 6.8(b) and recalling that u = O(n):

Jozs = O (n'TN"V8ye) = O (n!3/16+<) |

6.8 Step 7: Complete the Evaluation of Jy»

Combining the results from Section 6.8 and 6.9 produces

,]02 = J021 -0 ( 15/16+e) -0 ( 15/16+e) +0 (n_l/z)

271'2 Z s Z [HGC Lia, (B, k) :' /F(e — (n15/16+e).

=1 h<k =1

To evaluate the remaining integral, substitute for F'(e®)

[ = [ oure [5E] 2
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/w"'("*” dw =27mine [—-—] ,
r k

~Fae[-12]

a=1

because the integrand w®~("*1) is analytic if @ > n+1, and the integrand has residue

zerounlessa — (n+1) = —1 < a=n.
Therefore:
21 ' hnl + 5
J0,2 = TL; F ; e [—TJ HGCx,L“ai(h, k) +O0 (nlo/lﬁ+€)

= nS(n) + O (n'3/16+¢)

where S(n) is the singular series defined in the statement of Theorem 6.1.

6.9 Step 8: Evaluate Jy; and Jy3, Then Jy

In contrast to that of Jy s, the evaluation of the sums Jy; and Jy3 is relatively
straightforward, although it does require the full power of Theorem 5.10.
To estimate Jp 3, break up the integral into a sum of integrals

21 [k (k+k2) k-1 2/ k(N +p)
/o=27r/k(k+zv) Z /o=2w/k(zv+u+1) ’

#=k2+k~1\f

so that
N [ 4 1 p2s/ktk+ka) -2
1 ! 1 dw
J0'3 = K 1 Gcthal (h7 k) / (_ - 10) n
; k ,; ,];[ | Jo=2n/kk+x) \ wn+l
N 1 , 4 I
=K =2 |[IGeralhk)
k=1" h<k Li=1 J
k=1

21 k(N +4) -2 97
/ (1 - ie) exp [1 — nif — "TI’:’"J dg.
/)

pmkatk—N J 0=27/k(N+p+1) \ T

Then move the sum over h to the inside, past the sum over y, taking care to fix the

indices:

N 1 k-1
ha=KY >
k=1 u=l1

2n/k(N+p) 1
€

-2
- - i0> exp (—ni6) d6

0=27 [k(N+p-+1)

4
> e [—hk—n} T1Ceotoa (b k).
=1

h<k
k2+k=N<p
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In a Farey series, (k; + k)h + 1 = 0 (mod k) because hsk — koh = 1. Also,
0 < ky+k— N < k,soky+ k— N is exactly the number A" in the statement of
Theorem 5.10.

N 1 k=1 Lox/k(N+u) 1 -1
ol < KZFZ/ (;?w?) d6
k=1 pu=l1 o

=27 /k(N+p+l)
’ hn]
5o [ [TCausatn b

=1

Apply Theorem 5.10:

N1 s p k=1 2x/k(N+p) 1 )\ !
[Joal < K ) o k%% ged(u. k) / <— +6 ) d9
; ki ; f=2m/k(N+u+1) \ T2

Recombine the sum of integrals:

-1
2
—2+9) d6

n

N
[Jos] < KZ/C_Q/B‘*" ged(u, /c)”“/

2n /k(N+1) ( 1
k=1 0=2x/k(N +k)

N oc -1
< I(Zk‘g/s’“‘ gcd(u,k)‘“/ (iz +92) d

k=1 o=m/kN \T
Apply Lemma 6.5(b):

v N
- kN
[oal < KD k™% ged(u, k)/* == < KNn Y~ k™% ged(u. k).
k=1 " k=1

Apply Lemma 6.8(a):
lJos] < Kn*NNTByus < Knld/16+

SO J0,3 =0 (nls/lG'H).
Exactly the same argument obtains Jy; = O (n'¥/'6+¢). Therefore, combine the
results from this and the previous section to obtain

Jo=Jo1+Joa2+ Joz=nS(n)+0 (nls,’16+() .
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6.10 Step 9: Begin to Evaluate One of the Remaining Terms

It still remains to evaluate each term making up the sums Jy, J5, J3 and J;. The
following sections evaluate one term of J;, namely:

dw
97” Z Z / Z ¥C1,L1,a1¥Ca,Ls, ag(I)Cg Ls, 03¢C4 L4 a-x( )

k=1 h<k
N

- K3 IO [ -2 QGC,,L.,,,.w,k, ui)}

=1 v3=1 vy= 1 h<k

/ (l—i9>-2e"ia‘{ (v, v )(1—19)—1 df
o \ 7 PN T \G 12 T G, ’

where v; = 0 and v, = 0. Other terms within J;, J>, J3 and Jy differ only in the
number of summations over v; and in the choice of i € {1,2,3,4}. The procedure
for evaluating these other terms is identical to the procedure given below.

As before, in the case of Jy, break up the interval of integration ¢ into three

2 /k(k+k2) —2n/k(k+N) 2 /k(k+N) 27 /k(k+ka)
ST S SN |
—om/k(k+ky)  J—2m/k(k+k) S —2n/k(keN) S 2n/k(k+N)
sothat [ = I, + I, + I5.
First evaluate I,. The real part of (1/n — if)~! is n/(1 + n26?), so

Z Z Z 27 /k(k+N) I , -1
[L| < K / ( iy )
va=l va=1 Y 0=—27/k(k+N) n?
7r2 1/32 yf n , h_n 4
e T a (R kv
e\p[ k2 (Cng + C4L3) 1+n292] do ; e[ p ] EGC"L“ (k.13

Apply Theorem 3.10:

subintervals:

N
L} < K k™% ged(u, k)4

k=1

2 /k(k+N) 7 4 \ W2 n
./ozo (n2+0) H Zetp( k2CL2 T 262> df.

1=3,4 ;=1

Next, fix a small positive number ¢ and split the sum over & and the integral over
@ into three separate sums:

n 21 /k(k+N)
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k—in—t/2-t 27 [k(k+N) 2n/k(k+N)
- > [ ez [T
0<k<nl/2-¢ ¥ 0= O<kgnl/2-¢J8=k"In"l ni/2-t<k<n ” 0=0
so that |12l < 12'1 -+ [2‘2 + [f_),g.
Evaluate /5 ;:
L=K Z k=98¢ ged (u, k)4
O<k<nt/2~t
k—lp-1/2-¢ 1 2

: — + 92) ex ( n df.
/o:o (nz [11 ?—; Pl7e CL2 1 + 262

Apply Corollary 6.4(b):

k—ln—l/'z—l -1
Ly < Klexp (=Kn*)]*  S" k793 ged(u, k) / (—15 +02> dé.
=0 n

0<k<nl/2-¢

Apply Lemma 6.5(a):

1—2'1 < Kn exp (_I(nQZ) Z k—9/8+( gcd(u, k)l'“.

0<k<ni/2-¢

Now, ged(u, k)4 < k4 so

Z k—9/8+£ gcd(u, k)l/~l < Z k—7/8+e < Z (n1/2)—7/8+c

O0<k<nt/2-¢ 0<k<nl/2-¢ O0<k<nl/2
S (nl/2)(nl/2)—-1/8+e = n1/16+£/'2-

So

L < Knexp (—Kn*) n!/16+</2 = gnl7/16%¢ exp (~Kn*) = O(1).
Next, evaluate I, 5.

Ly=K Y k™%<ged(u k)

0<k<nl/2-t

2 [k(k+N) 1 ) oo 2 n
.~/0j=k-ln-l/2—l (n2 +0 ) H Ze‘p( k2 CL2 1+ n292)] df.

1=3,4 v;=1

Apply Corollary 6.4(a):

La< K Z k~98*¢ ged(u, k)l/“/

2n/k(k+N) ( 1
0<k<nl/2-t §=k=tn-1/2=¢

-1
+ 02) dé

n?
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Apply Lemma 6.5(b):

Ly<K Y k™ ged(u, k) !

—lp-1/2-€
0<k<nl/2-¢ k=int
1/2+¢ § : -
= Kn /2+ k 1/8+¢ gcd(u, k)l‘“.
0<k<nl/2-t

Apply Lemma 6.8(a):

Ls < Knl/2Here(pl/2=0T/8ye — Kpl5/16+¢/8+2

So 12’2 =0 (n15/16+l/8).

Next, evaluate /5 3.

Ly=K Z k=%/8%€ ged(u, k)'/*

nl/2=lck<N

2r/k(k+N) 1 ) 2 n
. — 1+
/g:o (n2 -0 ) H Ze‘(p ( k2 C’L2 1+n262)} 9.

=34 yi=1

Apply Corollary 6.4(a):

2w/ k(k+N) -1
Ly<K Y k%t ged(u, k)t / (iz + 92) do
n

nl/3-lck<N 6=0
Apply Lemma 6.5(a):
Ly<K Y k¥ ged(u k)"

nt/2-tck< N

n=Kn'"" > k™*Sged(u k).

nt/i-lck<N

MI ‘i

Apply Lemma 6.8(b):

o < Knl*“(n2-4)\8ys = Rnis/iovesis
Hence, 12‘3 =0 (n15/16+e+£/8).

Since £ can be arbitrarily small,
— O(l) +0(n15/16+£/8) + O(n15/16+l/8) = O(n15/16+‘).
6.11 Step 10: Evaluate [, and I3, Then J

The evaluation of I3 follows the same approach as the evaluation of Jo3, with one
additional step. First, break the integral up into a sum of integrals:

/21r/k(lc+kz ) k-1 2w/ k(N +p)
0=2n/k(k+N) Z A

pmkp kN J 0=27[R(N +u+1)
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so that
N 1 o o <] ' hn 4
L=KY_ o I [-—k-] EGC“L““'UI., k, ;)
27 /k(N+p) 1 -2 ,
[ ) e
0=2x/k(N+u+1) \ T

72 [ V2 v? 1\
- exp [—k—2 (C;;Lg + C.;Lg) (; - l9> de.

Switch the order of the summation over A with the sum over v.

p=ka+k—N

h's 1 k-1 2 /k(N+p) 1 _9 »
13=KZ_42/ <_._z‘9) e—nif
k=1 k u=1 7 0=2n/k(N+p+1) \T

o

it 2 [ U2 v? ) <1 . )—l
. exp |—— + — — 10 dé
Zzlzzl p[ P2 (C;,L% CiL2) \ 7
’ hn] +
Z e [—T:l EGC“L“a‘(h,k, I/,‘).

h<k
ko+k—~N<p

Apply Theorem 5.10:

N k-1 2n/k(N+pu) 1 -1
s K i 5 [T (Lg)
k=1 u=1 J0=2m/k(N+u+1) \ 127 /
™ U3 y4 n
' eXp (-3 + db.
22| (ah an) o]

Recombine the sum of integrals and apply Corollary 6.4(a):

N 2w /k(N +1) 1 -1
|I3] < KZk‘9/8+‘ gcd(u,k)‘“/ (— + 02) dé.

2
k=1 0=2x/k(N+k) \ 70

Finish with Lemmas 6.5(b) and 6.8(a):

N
1] < K”C"Vzk-l/s ged(u, k)74 < Kn* NN7/8u¢ < Knld/16+e
k=1

SO [3 =0 (n15/16+().

Exactly the same argument obtains I; = O (n!®/!6+¢)_ Therefore,

I = 11 + 12 + [3 =0 (n15/16+() .
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6.12 Conclusion

Each of the terms in Ji, J,, J3 and J; can be evaluated using the exact same
approach used for /. The only differences are in the number and choice of summations

over v;. Consequently,
J; = O (n'¥/15%¢) for each t = 1,2.3, 4.

Therefore:

71"2

r(n) = n S(n) + O(n'¥/18+€),

" LyLyL3L4\/C,C,CsCy

The proof of Theorem 6.2 is now complete.
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CHAPTER VII

Evaluation of the Singular Series

For: =1,2,3,4, let a;, L; and C; be fixed integers with L, and C; positive. For
each non-negative integer n, let r(n) equal the number distinct representations of n
in the form

n=Cyi + Coy? + Cays + Cyy?

such that y; = a,; (mod L;) for each 1.
Chapter VT established an asymptotic formula for r(n).

Theorem 6.2 (p. 93). For each i = 1,2,3,4, let C;, L; and a; be fized integers
with C; and L; positive. For each non-negative integer n, let r(n) equal the number
of integral solutions in the set

{ Gvmvs.0) | 0= Cua + Cagd + Cayf + Cul and g, = a; (mod L) for each i }.

Then:

7r2

n
Ly\LaL3Ly/CCC3C,

for every positive €, where

r(n) =

S(Tl) + O (n17/18+€)

S(n) =Y A(k.n),

k=1

A(k,n) = kS ex _ Zmihn f‘[(; (h. k)

P, y = Xp k ! Cy,L,,a;\7¢ ’

h<k =1
! 2rih
Gewalh )= L exp | TR ClLj +7.

=0

!
and Z h<k indicates the sum over integers h with 1 < h < k and ged(h, k) = 1.

114
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This theorem is only useful when the asymptotic term is known to be larger than
the error term. If the singular series S(n) can be bounded below by a constant or
by a function that decays slower than the function n~'/1®, then r(n) is guaranteed
to grow arbitrarily large, for arbitrarily many n.

The goal of this chapter is to establish enough information about the singular
series S(n) to prove the following theorem.

Theorem 7.9 (p. 128). Let p and L be positive integers with p prime and L not
divisible by p. Let ay, a, a3 and a4 be integers with a? + a3 + a2 + a2 = 1 (mod L).
Let S be the set of representable integers

S={n|n=yl+y3+y;+y: for somey; € Z with y; = a; (mod L) } .
and let C be the set of positive integral candidates

{n|n=1(modL)} if L odd,
C=q{n|n=1(mod2L)} if L even and a? + a2 + a2 + a2 = 1 (mod 2L),
{n|n=1+L(mod2L)} ifL even anda?+ a?+a3+a?# 1 (mod2L).

Also, for each positive integer m, put
Mn={neZ|2™ dividesn}.

Then S C C. If L s even, then C \ S is finite. If L is odd, then (C\ My,)\ S is
finite for every positive integer m.
The approach taken here to compute S(n) relies upon the fact that

A(kika,n) = A(ky, n)A(ks, n) when ged(ky, k2) =1

to rewrite S(n) as

o0

sm)= [] [Z A(pe,n)jl .
primes p Le=0

Section 7.1 derives formulas for G¢,pqo(h, k) in the case when k& = p® is a prime

power. Section 7.2 obtains formulas for A(p®,n) under the restriction that C; = 1

and L; = L for each ¢, and ged(L, a;, as, a3, a;) = 1. Finally, Section 7.3 obtains a

lower bound for S(n) and proves Theorem 7.9.
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7.1 Evaluation of G¢  4(h, k)

The first goal is to evaluate Gcr q(h, k). Recall the formulas obtained in Chapter
V for the sum G¢ 1 o(h, k., v), and substitute v = 0.

Theorem 7.9 (p. 128) (with v =0). For h,k € Z with ged(h.k) =1 and k > 0,
put d = ged(CL?, k). Write CL? = C'd, k = k'd and k' = 2°k" with k" odd. Then

C’h 1/ !
Ge,Lalh.k) = Ecpq(h.m, k) (F) e(k"yacr (h. k') 3¢ La(h. k) VEd.

where

Ecralh,m, k) =exp [% h(Ca?)(1 — C"m)] :

(K")

m
Il

1 ifk”" =1 (mod4),
it if k" =3 (mod4);

(1 if £ =0,
ac(h, k') = ¢ 1+ exp[mihC'k" /2] for even k > 0,

L (2/k")V/2 exp[mihC'k" /4]  for odd k > 1

(0 if 2hCLa % 0 (mod d),

0 ¢ 2hCLa =0 (mod 2d) and k' = 2 (mod 1),
0 i 2hCLa =d(mod 2d) and k' =0 (mod 1),

|1 otherwise;

3c.Lalh. k) =

and where m is any integer satisfying
C'm=1(modk') and 4|m ifk'is odd, and
C'm =1 (mod 4k') if k' is even.

The goal of this chapter, the evaluation of S(n), only requires formulas for
GcLa(h,k) when kK = p°® is a power of a prime. In this case, the formulas from
Theorem 7.9 can be simplified.

Corollary 7.1. Let k = p® where p and e are positive integers, with p prime. Write
C'=CL?/gcd(CL% k), C = Cop®, L = Lgp? and a = agp®, where Cy, Lg and ay are
not divisible by p. Then if p is odd:

(1) Ife <c+20 ande > c+ €+ o, then Gopa(h,p?) = 0.

(2) Ife<c+2lande < c+ ¢+ a, then Gerq(h, p?) = exp[2mihCa?/p®| p°.
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(3) Ife > c+2€ and £ > a, then G¢q(h,p%) = 0.
(4) Ife > c+2¢ and £ < & and e + c is even, then Gc  4(h, p®) = ple+9/2+¢,
(5) Ife>c+2¢, ¢ <a,e+cisodd, and p =1 (mod4), then

Ge.ralh, pf) = (RC'/p) ple+ei/2+E,

(6) Ife>c+2¢, < a, e+cisodd, and p = 3 (mod 4), then

Ge.pa(h.p®) = i(hC" [p) pleto/2+E,

If p =2, then:
(7) Ife<c+2¢ ande>c+{l+a+1, then Gopq(h.2¢) = 0.
(8) Ife<c+20 ande < c+{+a+1, then Ger.(h.2°) = exp[2mihCa?/2¢] 2¢.
(9) If e > c+ 28 and £ > o + 1, then Gcp .(h,2¢) = 0.

(10) Ife>c+2¢+1 and £ < a+ 1 and e + ¢ is even, then

GC,L‘a(hy 28) = (]_ + eXp[ﬂ'ihC’/?l) gle+c)/2+¢€

(11) Ife>c+20+1 and ¢ < a+1 and e + ¢ is odd, then

Ge.ra(h.2%) = V2 exp[mihC' /4] 2(e+e)/2+¢

(12) Ife>c+2(+1 and ¢ = a + 1, then G¢p.(h.2¢) = 0.

(13) Ife=c+2+1 and ¢ < a + 1, then Gc,po(h.2%) = 0.

(14) Ife=c+2¢+1 and € = a + 1, then G 1 q(h,2%) = exp[mrithC’ /4] 2¢.
Also:

(15) Gera(h,1) = 1.

In cases (5), (6), (10), (11) and (14), C' = CoL3.

Proof. Use the same notation as in Theorem 5.4. For each of the 15 cases, the first
and second conditions are listed in columns A and B of Table 7.1, along with the
values for d, ' and B¢, q.(h, k). The value of d = ged(CL?, k) is either p® or pc*+%,
depending upon condition A. Likewise, ¥’ = k/d = p®/d is either 1 or p*~<~%. The
value for B¢, q(h, k) is then computed from &’ and from condition B, which indicates
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[ Case ” A4 L d I K J B [.BC,L,a(hy k)J
(1) e<c+2¢ Pt 1 e>c+l+a 0
(2) e<c+2 p° 1 e<c+l+a 1
(3) e>c+20 pt | ptTe¥ (>« 0
(4) e>c+ 20 peret | ptTe¥ (< a 1
(5) e>c+2¢ petet | pee¥ t<a 1
(6) e>c+20 petet | pee¥ (<a 1
(7) e<c+2 2¢ 1 e>c+l+a+l 0
(8) e<c+2¢ 2¢ 1 e<c+fl+a+1 1
(9) e>c+2 Qe+t T ge—c=2t {>a+1 0
(10) [[e>c+20+ 1|27 > 2 | 2e—<=2¢ l<a+1 1
(11) [ e>c+20+1 | 26726 > 2 | 2e~c-% (<a+1 1
(12) [e>c+20+1 ] 2¢%% > 2 | 2672 l=a+1 0
(13) | e=c+20+1 | 2¢F% =2 | 26—¢-2¢ t<a+1 0
(14) | e=c+20+1 ] 2c72E =2 [ 2e-c-2¢ {=a+1 1
(15) 1 1 1

Table 7.1: Computation of 3¢ 1 (h, k).

whether the value of 2hCLa = 2hCyLgagp ¢ (or 2hCLa = hCyLgag2°té+o+! if
p = 2) is not divisible by d, divisible by d but not by 2d, or divisible by 2d. If
Fc,r.alh, k) =0 then Gerq(h, k) =0.

For those cases in which 8¢ q(h, k) = 1, the parity of e + ¢ and the values for
(hC'/k"), (K", ac(h, k'), Vkd and Ec a(h, m k) are evaluated and listed in Table
7.9

v

| Case [ e+c | (hC'/E") [ (k") | ac(h. k) T Vkd | Ecpa(h,m.k) |

(2) 1 1 1 Pt exp[27ihCa’/pf]
(4) || even 1 1 1 pletel/z+t 1
(3) || odd | (hC'/p) 1 1 ple+el/2+t 1
6) || odd | (hC'/p) i 1 plerarz+t 1
(8) 1 1 1 2¢ exp[27ihCa®/2¢)
(10) || even 1 1 |1+ e[hC'/4] | 2Merel/2+¢ 1
(11) | odd 1 1 | V2e[hC'/8] | 2e+el/2+t 1
(14) | odd 1 1 | V2e[hC'/8] | 2Ce-1F2 L
(15) 1 1 1 1 1

Table 7.2: Computation of G¢ 1 4(h, k).

Ifp=2or k' =1, then ¥ = 1so (hC'/k") = 1 and e(k") = 1. If k' = pe~<~%
with p odd but e + ¢ even, then k" = (p(¢=<)/2-4)2 i5 a square. so (hC'/k") = 1 and
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e(k") = 1 since k" = 1 (mod 4). In the remaining cases (5) and (6), £” is a square
times p, so (hC'/k") = (hC'/p) and k" = p*~<"2¢ = p (mod 4). Only in case (6),
when p = 3 (mod 4), is (k") = 1.

If pis odd or ¥/ = 1, then r = 0 so ac/(h.k’) = 1. In the remaining cases (9)
through (14), r = e — ¢ — 2¢ is even or odd according to whether e + c is even or odd.
The parity of r then determines ac(h, k').

Regarding Vkd, note that in cases (13) and (14), e—c—2¢ = 1 s0 e+c+2 = 2e—1.

[t remains to determine the value of Ec,(h, m,k). In cases (3) through (6),
k = p® and p t 4C’ so m can be chosen such that 4 [ m and 1 — C'm = 0 (mod k).
Then Ecpq(h,m,k)=0.

Similarly, in cases (9) through (14), £ = 2¢ and 2 { C’, so choose m such that
1 — C'm = 0 (mod 4k). Then Ecyo(h.m, k) =0.

Finally, &' = 1 in cases (2) and (8), so choose m = 0. Then Ec .(h.m. k) =
exp[2mihCa® /k]. a

7.2 Evaluation of A(p® n)

For the remainder of Chapter VII, computations are restricted to the case with
Ci=1land L; = L for i = 1,2,3,4, and ged(L, a1, as,a3.a;) = 1. This section
evaluates

b

4
A(k.n) = k7Y exp [—‘“Zm} [1GiLalh k)
=1

h<k

for k a prime power.

Lemma 7.2. For any prime p and positive integers e and n, write n = ngp™. Then

0 ife>m+1;

! 27ihn .
E exp [——— = —p&! ife=m+1;
h<p* P e—1 e N
-t +p® ife<m.

Let y(p®, n) denote this sum, and put ¥(1,n) = A(1,n) = 1. Then for any non-
negative integer ¢,

- pt ife<m;
0 iff>m.

and

Y pe(tn) = (1+p )1 —p ™).

e=0
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Proof. Write

€ _ e—l_l
' 2wthn P! [ 2m'h,n} d [Zwih’ ]
exp |— = exp |— nl — exp | — pn| .
3o [ 2] S g [t )T [

h=0 h’'=0

The first sum is zero unless p* divides n, in which case the sum is p*. The second
sum is zero unless p¢~! divides n, in which case the sum is p*~'.
Now, if £ > m, then

14
D w(pn) =1+ (=1+4p)+(—=p+p*)+-+(=p™ ' +p™) + (-p™) = 0.

e=0Q

If 0 < £ <m, then

-1

£
Y ovtn) =1+ (=1+p)+(—p+p) + -+ (=p' +p) = p"
e=0

If £ =0, then the sum totals to ¥(1,n) = 1.
Finally, if m > 0 then

> pu(ptn) =1+ [Z (" - p"“)] +p 2 (=p™)

e=0 e=1

) —m—l) __ ,—m-2

=1+ ' -p )+ i-p3+---+(p™-p p
=1l+p ' =p™ —p P =(1+p )1 -pT").

If m =0, then

x
> pEu(ptn)=1-p=(1+p )1 -p7").
e=0
0

Theorem 7.3. Let p, e, n, L, a), ay, a3 and ay be integers with p, e, n and L
positive and p prime such that ged(L,a;,a92,a3,a3) = 1. Put k = p® and A =
n — (a} +a} + a3 + a?). Write L = Lop®. Then if p is odd:

(1) If e > € > 0 then A(p®,n) = 0.
(2) If e < € then A(p®,n) = ¥(p%, A).
(3) If € =0 then A(p®,n) = p~2¢ v (p%, n).

If p =2, then:
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(4) If ¢ > 1 ande > ¢+ 1 then A(2%,n) = 0.

(5) If ¢ =1 and e > 3 then A(2%,n) = 0.

(6) If ¢ >0 and e < ¢+ 1 then A(2¢ n) = ¥(2¢ A).

(7) If £ =0 and e > 1 then A(2%,n) = —272¢%2 (2%, n).

(8) If ¢ =0 and e =1 then A(2,n) = 0.

(9) If £ =1 and e = 3 and any of the a; are even, then A(8,n) =0.
(10) If £ =1 and e = 3 and all of the a; are odd, then 4(8,n) = —w(8,n).
Also, for any prime p and e = 0:

(11) A(1,n) = ¥(l,n) = ¥(1,A) =p~2¥(l.,n) = 1.

Proof. 1t is safe to assume that at least one of the a; is not divisible by p, because
if p divides all of the a;, then p { L because gcd(L.a;,as,a3,a;) = 1. In this case,
replace a; by a, + L. Then a, is no longer divisible by p, and the value of A(p%, n)
is unchanged, because a = @’ (mod L) implies G o(h,k) = Ge,L o (h, k).

Since each C; =1 and each L; = L,

e 2wihn] .
‘_l(pern) =p ! Z exp [_— e ] HGI,L,a‘(hsp )‘

h<pe i=1

If, for any i, Gy 14 (h,p*) = 0 for all h, then A(p?,n) = 0. Cases (1), (3), (7), (9).
(12) and (13) of Corollary 7.1 list conditions which imply G| 1 4, (h,p?) = 0 for all h.
Since one of the q; is not divisible by p, A(p®,n) = 0 for all h if any of these “zero”

conditions are fulfilled when o = 0.

Proof of (1). By part (1) of Corollary 7.1, A(p®,n) = 0 whenever 2¢ > e > ¢. Part
(3) implies that A(p®,n) =0 when e > 2¢ and ¢ > 0.

Proof of (2). Case (2) follows from part (2) of Corollary 7.1:

f/e —te 2rihn] 1~ 2mih 5| .
A(p®,n)=p Zexp - = Hexp p a;|lp

h<p® i=1
/ 2mih 2mih , , 2 2, 2
= Zexp ———n|exp | —(aj + a3 + a3 + ay)
h<pe p p
! 2mih
= Z exp [— - AJ = ¢(p%, A).
h<pe p
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Proof of (3). If £ =0, then by parts (4), (3) and (6),

_ 1 2mihn —2e 2mihn
A(pe’n)::p‘{ezexp[ — ]He.pe/2+0_p 2 Ze‘{p [__ - :|€4

h<pe h<pe

where

1 if e is even,
e=¢(hC'/p) ifeisodd and p =1 (mod),
i(hC'/p) ifeisodd and p =3 (mod 4).

In each case, ¢ = 1, so A(p%, n) = p~2¥(p%, n).

Proof of (4). Part (7) implies that 4(2¢,n) = O whenever 2¢ > e > ¢ + 1. Part (9)
implies that A(2%,n) =0 when e > 2¢ and ¢ > 1.

Proof of (5). This follows from part (12), with £ = 1.

Proof of (6). This follows from part (8):

2mih 2
A(2¢.n) = 2"482 exp [ e n] Hexp [ mih af} 2¢

h<2e
! 27ih ’)m
= Z exp [— > n] exp [ (@} +a+a2+ a4)}
h<2e
=Y exp [— 27;2%] = (2%, A)
h<2e

Proof of (7). If € =0 and e > 1, then by parts (10) and (11),

. 4 .
:“.(Qe, TL) = 2_48 ZI exp [_ 27r2z:m] H528/2+0 — 2—2e Z/ exp [_27;2:“’1] n
=1

m

h<2e h<2e
where
1 + exp[mihC’/2] if e is even,
£ =
V2 exp[mihC'/4] if e is odd.
[n each case, e* = —4, so A(2%,n) = —272+2y(2¢, n).

Proof of (8). This case follows from part (13).
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Proof of (9) and (10). Let £ = 1 and e = 3. If 2 | a;, then part (13) implies
A(2%,n) = 0. If all the a; are odd, then part (14) implies

d 2mihn] 1 mihC’ 1 2wthn
3\ _ o-12 _ 3 _ _ o |
A(2°.n) =2 Zexp[ 53 ]Hexp[ 1 ] 2° = Ze.\p{ 5 ]
h<23 i=1 h<23
= —w(2% n).

Proof of (11). If k = 1, then part (15) implies that

W03 oy i mihn] + G ho1) =1

‘4(2 ,Tl) =1 Z exp | — 1 H I,L,a‘( * 1) -+

h<1 =1

Also, ¥(1,n) = ¥(1,A) =1 by the definition of v. Q

7.3 Computation of S(n)

[t remains to combine the formulas for A(p®, n) to obtain a lower bound on S(n).
This is accomplished by rewriting S(n) as a product

Stn) =[] Se(m) = Sa(n)- |[] So(n) -[Hs,,(n)}
piL

p prime piL
where
0
Sp(n) =Y _ A(p©.n).
e=0

After each S,(n) is evaluated, each of the three factors in this expression for S(n) is
evaluated separately, and then the results are combined.
Gaussian sums G(h, k) satisfy the multiplicative property

G(h, k1k2) = G(hky, ki) G(hky, ko) when ged (k. k2) = 1.
The sums G¢ 1 q(h, k) satisfy a similar property:
Ge.Lalh, kiks) = Gea(hky, ki) Ge,La(hk], k) when ged(ky, ks) = 1
where
kiky =1 (mod k,) and kaoky = 1 (mod k).

This is enough to establish:
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Lemma 7.4. For positive integers n, ki, ko with ged(ky, k) =1
Geralhiky + hoki, kiks) = Ge,ra(hi. ki) Gep.alhe, k2)
and hence
A(kika, n) = A(ky, n) A(ka, n).

Proof. Write h = h1ky + hok; and k = kjk;. Break the summation over j =
0,...k1ko — 1 into sums over j; = 0,....,k; — 1 and j, = 0,....ky — 1 with j =
]1k2 +]2/€1. Then,

GeLalhiks + hoky, kiks)

ki1—1ko—1 - 271’1
= Z Z exp W (hlkg + hgkl)C(L_]lkz + Lk + a)z}
J1=0 j2=0 L2
k1 —1ka—1 - I 27(’1
=) exp|— (h k2)C(Ljiks + a)? + (haky)C(Ljaky + a)?
et | k1ko kika
J1=0 j2=0
kij—1 . ka—1
2l h — h')
= Z exp [ Tt C(Ljika +a)2} . Z exp [27” C(Ljsk, + a) ]
n= ky J2=0

= Gc,ralh1:. k1) GeLa(ha, k).

Next, within the formula for A(k,k,, n), break the summationover h =0, .. .. k—1
into sums over h; =0, ..., ky—land h, =0..... ko — 1 with h = hyky + hok;. Then,

4
Allaka, ) = £ 3 exp | 2500 T Gt (1)
=1

h<kik;

= (kika)~ Z Ze\p[ 2m(h‘ :2> n]

h1<kp ha<ka

4
: H Ge, L0 (h1ka + hoky, kiko)

=1

= (ls;l‘4 Z’ exp[ 2mih, } HGC Loa, (P K ))

h1<k1
-4 / 271'2122
| k2 Z exp HGC Lia, (P2, k)
ha<ka
= A(ki, n) A(ka, n).
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Corollary 7.5.

S(n)=>_Algn)= [[ Se(n),  where  S,(n)=>_ A@*.n).
q=1 e=0

p prime
The next step is to evaluate each S,(n).

Proposition 7.6. Forp prime, write A = n—(a?+a3+a3+a?), L = Lopt. n = nop™
and A = Aop®. Then:

(1) If p is odd and € > 4, then Sp(n) = 0.
(2) If p is odd and § > € > 0, then S,(n) = pt.
(3) If p is odd and € = 0, then Sp(n) = (1 +p~1)(1 —p~™!).
(4) Ifp=2,¢>1 and { > 4§, then S>(n) = 0.
(5) If p=2and d > € > 1, then Sy(n) = 2+1.
(6) Ifp=2,¢=1, 6 > 2 and any of the a; are even, then Sy(n) = 4.
(7) Ifp=2,¢=1, § =2 and all of the a; are odd, then Sy(n) = 0.
(8) Ifp=2,¢=1,¢ > 2 and all of the a; are odd, then Sa(n) = 8.
(9) Ifp=2,¢=0 and m > 1, then S3(n) =3-27™.

(10) If p=2, € =0 and m = 0, then Sy(n) = 1.

To facilitate the proof, split case (4) into:
(da) Ifp=2,¢>1and >4, then So(n) =0.
(4b) Ifp=2,¢=1and 1>/, then Sp(n) =0.

Proof of (1) and (2). If p is odd and ¢ > 0, then apply parts (1), (2) and (11) of
Theorem 7.3 followed by Lemma 7.2:

oo ¢ . o

0 ife>4;

Sp(n) =D A(p.n) =Y v, A) = |
»(n) 2 (p°. n) e=01/1(11, ) {pt fo<s

Proof of (3). If p is odd and ¢ = 0, apply parts (3) and (11) of 7.3, then Lemma 7.2:

Sp(n) = ZA(pe’n) = Zp—Zew(pe’ n) — (1 +p-1)(1 —p—m—l),
=0

e=0
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Proof of (4a) and (5). If p = 2 and ¢ > 1, then apply parts (4), (3) and (11) of
Theorem 7.3 followed by Lemma 7.2:

o0 £+1 1 )
0 ife+1>o0:

— {/0e — 2¢ A) = ‘
Sy(n) E A(2 N0 Zl’)(— :3) {2!+1 ifé+1<4.

e=0 e=0
Proof of (4b), (6), (7) and (8) If p = 2 and ¢ =1, then by parts (3) and (6) of 7.3.
Sa(n) =D A(2%.n) = L+ w(2". A) + (2% A) + A(2. n).

By part (9), if any of the a; are even, then S»o(n) =1 + (2!, A) + v(22, A), and

=0 = S(n)=1+(-2°+0=0,
d=1= S(n)=1+(2"'-29 + (21 =0,
§>2 = S(n)=1+2"'-29+(22-2") =1

By part (10), if all of the a; are odd, then Sy(n) = 1+ (2%, A) +w(22. A) —w(23, n).

Also, n — A = a? + a2 + a2 + a? = 4 (mod 8). Consequently,
§=0 < m=0 = S(n)=0-v((2%n)=0-0=0,
6=1<=¢m—1=»52(n)—0—u(23 n)=0-0=0,
§=2<¢<= m>2 = S(n)=4-¢2%,n)=4-(22-29)=0
6>2 <= m=2 = S(n)=4-v¢(2.n)=4-(-2%) =38

Proof of (9) and (10). If p =2 and ¢ = 0, then parts (7), (8) and (11) of Theorem
7.3, followed by Lemma 7.2 imply

o e o}
= AQ%n)=1+0-) 272 2y(2¢ )
e=0 e=2

=1+0+2%(2° n) + 2%%( ,—429--%(2‘*

e=0
=1+0+4(1)+9(2,n) —41+27)(1 ~2"""")
=~1+3-27" 4+ ¥(2,n).
Then,
Sy(n) =-1+3-279-20=1, if m=0;
Sa(n) ==14+3-27" 4 (=2°+2)=3.27™ if m > 1.
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Lemma 7.7.

[Ta-sY>

logl
o glogn
for some positive constant K.

Theorem 7.8. Let n, L, a, ap, a3 and a4 be integers with gcd(L, a), as,a3,a4) =1
and n and L positive. Write A =n — (a? +a2 +a? +a2), n = 2™ng and L = Ly2¢
with ng and Lo odd. Then,

(1) If Lo f A then S(n) = 0.

(2) If L is even and 2¢*' { A, then S(n) = 0.

(3) If L =2 (mod 4), A =4 (mod 8), and all of the a; are odd, then S(n) = Q.
Otherwise,

(4) If L is odd and n is even, then

KL

S(n) > 2™ loglogn’

where K is a positive constant independent of n, L, and the a; 's.

(5) If L is even or n is odd, then

KL
loglogn’

S(n) >
where K 1is a positive constant independent of n, L, and the a;’s.

Proof. Let P be the set of all odd primes that divide L, and Py, be the set of all
odd primes that do not divide L. Then:

:
S(n)= [] Sp(n)=Sa(n)- LH s,,(n)J : [H sp(n)J .

primes p €Pxt pEPL

Write Ly = H p%. If there is an odd prime p € P, with p% { A, then Sp(n) =0
pEPL
by part (1) of Proposition 7.6. Otherwise, part (2) implies:

I Se(m) = [ p* = L.

pEPL pPEPL
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Also,
[[ s =[] A+ -5 >[1-p") > ——
d loglogn
PEPNL PGTNL pln
pin

By part (4) of Proposition 7.6, if L is even and 2¢*! { A, then S3(n) = 0. By part
(7). if L = 2 (mod 4) and A = 4 (mod 8) and all of the a; are odd, then S>(n) =
In either case, S(n) = 0.

Now, suppose that none of conditions (1), (2) and (3) in the statement are satis-
fied. If L is odd and n is even, then part (9) of Proposition 7.6 implies

m K
S(n) = Sz(n) - LH S J LEPLS } 2 )(LO)(loglogn)'

€Pnt

If L is even or n is odd, then parts (3), (6), (8) and (10) imply

. K
S(n) = Sy(n) - LH S,( n):, LPLS,,(n)] > (24) (Lo) (mglogn)'

€Py

[

Theorem 7.9. Let p and L be positive integers with p prime and L not divisible by
p. Let a1, ay, a3 and a4 be integers with a? + a2 + a2 +a? = 1 (mod L). Let S be the

set of representable integers
S = {n [ n=yi+ys+ys+y: for somevy; € Z with y; = a; (modL)},
and let C be the set of positive integral candidates

{n|n=1(modL)} if L odd,
C=¢{n|n=1(mod2L) if L even and a? + a? + a2 + a? = 1 (mod 2L),
1 +a; +a3z+ay
{n|n=1+L(mod2L)} ifL even and a? + a3 + a2 + a3 # 1 (mod 2L).

Also, for each positive integer m, put
Myu={n | 2™ divides n} .

Then S C C. If L is even, then C'\ S 1s finite. If L is odd, then (C\ M)\ S is
finite for every positive integer m.
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Proof. First, ged(L, a4, az,a3,a4) = 1, because L divides (a? + a2 + a2 + a2 — 1).
Ifn€S, then

n=y+y+i+y2=al+a5+al+a?=1(modL).

Also, if L is even, then y; — a; is divisible by L and hence is even. Then y; +a; is also
even, so 2L divides (y; +a;)(y: —a:) = y? —a? and so y? = a? (mod2L). Consequently,

n=yl +y;+y5+y: =al+a3+a}+a}(mod2L).

Therefore, n € S implies n € C.

Next, consider the first three cases of Theorem 7.8. The definition of C guarantees
that neither condition (1) nor (2) is satisfied for any n € C. Also, if all the a; are odd
and L =2 (mod4), then a2 +a2+a2+a2=1+1+1+1=0(mod?2), contradicting
the fact that a? + a2 + a2 + a2 = 1 (mod L). Therefore, condition (3) is also not

satisfied.
Consequently, if L is odd, then Theorems 6.2 and 7.8 imply that for alln € C\ M,
and € > 0,
r(n) = 7r_2 nS(n)+0 (n15/16+e) S K LA +0 (n15/16+c) _
L 2™ loglogn ‘

where m and K are positive constants independent of n. The asymptotic term grows
larger than the error term, so r(n) > 0 and n € S for all but finitely many n € C \/,,.
If L is even, then foralln e C and € > 0,

n

-2
r(n) = 73 nS(n) + 0 (n'*%+) > K +0 (n'3/16%¢) |

loglogn

where K is a positive constant independent of n. Therefore, r(n) > 0 and n € S for
all but finitely many n € C. ad

Corollary 7.10. Let p and L be positive integers with p prime and L not divisible
by p. Let ay, as, a3 and a4 be integers with a?+ a3 +a3+a? = 1(mod L). Then there
ezist integers yi, Y, Y3, Ya and n such that y? +y2 +yi+y? = p®® and y; = a;(mod L)
for i =1,2,3,4 if and only if either

(1) L is odd,
(2) L is even and p®® = 1 + L (mod 2L) for some positive integer e, or

(8) L is even and a? + a2 + a? + a2 = 1 (mod 2L).
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Proof. Define S, C and M, as in the previous proof. Since p is odd, p® ¢ M, for
all e. Since ged(p,2L) = 1, there exists a positive integer e with p* = 1 (mod 2L).
If either condition (1) or (3) is met, then p?** € C \ M; for all positive integers k,
and Theorem 7.9 implies that all but finitely many of these p?* are in S. Instead, if
condition (2) is met, then choose e with p?¢ = 1 + L (mod 2L). For all odd positive

integers k, p>** € C'\ M, and Theorem 7.9 implies that all but finitely many of these
p** arein S.
If Liseven,a? +a3+a2+a2=1+ L (mod2L) and p # 1 + L (mod 2L) for all

integers e, then p® ¢ C, and hence p¢ ¢ S for all e € Z. a
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CHAPTER VIII

Future Work

8.1 Part I: Subgroups of GL2(Q,) and their Actions on 7,

There are a lot more questions that could be asked about the graphs A, ; and
X, - For example:

(1) What is the length of the shortest cycle? Restated in number theoretic terms,
the question becomes: What is the smallest positive integer n such that the

equation

af+a§+a§+a§ =p*"
has integral solutions satisfying a; = a3 = a4 = 0 (mod L), and in the case of
X, . ay =p" (mod L)?

(2) Each of the graphs displayed in Chapter IV contain a Hamiltonian cycle. Is
this true of all &, . and &7 ;7

(3) The graphs X}, and &, exhibit a lot of symmetry. Much of this symme-
try is reflected in the structure of the quotient groups Q'(Z[1/p])/T, . and
Q@Y (Z{1/p))/T,, which act on X, and X; ;. Is all of the symmetry reflected
in these quotient groups?

(4) For many values of L,
Q' (Z[1/p])/Tp. = Q(Z/(L)) = SL2(Z/(L)).
How is the structure of SLy(Z/(L)) reflected in the symmetries of the &, ;?

(5) What is the spectrum of the graphs X, and A ;?

Many of the results obtained in Chapter III could be extended to other sub-
groups of SL,(Q,) and Q'(Q,) defined using congruence relations on SLy(Z[1/p]) or
Q'(Z[1/p]). Also, the programs used to obtain the graphs in Chapter IV can easily
be modified to produce quotient graphs of other groups. Some choices are:

131
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(1) The congruence groups I', 1 and [, ; were defined using the standard quater-
nion algebra. Replace this by a non-standard quaternion algebra, with multi-

plicative relations
i2=4, j>=B and ij=-ji=k
and norm
llai 1 + azi+ a3j+ as k|| = a? + Aa3 + Ba2 + ABa3,
for some 4, B € Z.

(2) Congruence groups can be defined as the kernel of the map SL2(Z[1/p]) —
SLy(Z/(L)), or as the kernel of maps involving other matrix groups.

For these other group choices, what are the analogues. if any, of the results in Chap-
ter [II? What are the vertex counts for the quotient graphs induced by these groups?
The key step is the determination of the images of the maps corresponding to

0:Q'(Z[1/p]) — Q'(Z/(L)) and o :Q(Z[l/p]) — T

for the new groups.

Whenever L, divides L,, there is a covering map &, , — A, ., and group
homomorphisms T, 1, — [, 1, and QYZ[1/p])/Tpr. — QUZ[1/p])/TpL,. Are
there intermediate groups between [, ., and ', ., that produce intermediate quo-
tient graphs? For example, the graph &35 covers the two bipartite graphs shown
in Figure 8.1. Is there an intermediate group G with '35 < G < Q'(Z[1/3]) that
produces one of these as a quotient graph G\7,?

8.2 Part II: An Extension of Kloosterman’s Method

The proof of Theorem 6.2 given here closely follows the method used by Klooster-
man in his paper [Klo26]. A more modern proof developed by Estermann is given in
(Est36]. In addition, a result by Weil in [Wei48] improves the error term to O (n”/8+¢).
Both of these improvements should be incorporated into the proof of Theorem 6.2.

One natural extension to Theorem 6.2 would be to establish an asymptotic for-
mula for the number of representations of n in the form

n= ZCiyf with y; = a; (mod L;) fori =1,...,s,
i=1

for values of s other than 4. Another extension would be to allow negative values for
some of the Cj, as in [Est61].
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3-fold 5-fold

Figure 8.1: The graph X35 and two of its quotient graphs
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In order to apply Theorem 6.2, Chapter VII evaluates the singular series S(n) in
the limited case of C; = 1 and L; = L, for all .. Completing the evaluation of S(n)
in the most general case, with arbitrary C;, L; and a;, would be necessary to apply
Theorem 6.2 in a more general setting.
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