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INTRODUCTION

Let X = (X^,... ,Xp) ', p 3, be a random p-vector drawn from a 

multivariate normal population having unknown mean vector 6 = E(X) and 

known covariance matrix E[ (X-6) (X-6)1 ] = 1, the p*p  identity matrix.

The classical point estimator of 0 is 0°(X) = X itself. This 

is the maximum likelihood estimator of 0 (Rao, p. 448). Since X is

a complete sufficient statistic for 0 and E(X) = 0, 0° is the

minimum variance unbiased estimator of 0 (Rao, p. 261) . For squared
Euclidean error loss L(0,0) = 10—6 |= ^(0.-0.)2, 0° is the best

1 1 x 
invariant estimator of 0, with respect to the group of translations 
in ]RP, as in the univariate case (see Ferguson, p. 168). It is 

minimax with respect to this loss (applying for example Theorem 2 of 

Ferguson, p. 90, using conjugate normal priors).

It is the formal Bayes estimator with respect to the improper prior 

consisting of Lebesgue measure on ]RP (The posterior density is the 

likelihood function.). Each component of 0° is an admissible estima­

tor of the corresponding component of 0, and each pair of components 
of 0° is an admissible estimator of the corresponding pair of compo­

nents of 0, with respect to squared Euclidean error loss for these 

components (Hodges and Lehmann (1951), Stein (1956)). However, in spite 

of all of these good properties, 0° is not an admissible estimator 

of 0.

The risk function of 0° is

R°(0) = Eg[L(0,0°)] = Eg[|x-0|2] = p

for all 0. Stein (1956) introduced the family of estimators

1
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- (1-^=

which have risk R1(6) < p for all 0, if the constants a and b 

satisfy a O and 0 < b < 2(p-2).

In James and Stein (1961) the authors explored a particular case of 

the above,

02 = .
|X|2

This estimator is better than 0°, but may itself be improved by 

making the estimate zero whenever the multiplicative scalar is negative. 

The estimator

$3 = (1 - P~2 )+X (z+ = max(0,z))
. |xr

a9 has risk strictly less than that of 0 (Stein (1966)). For Stein's 

most recent contributions in this area see Stein (1974).
Ai a 2 a 3Although 0,0,0 are not Bayes estimators for any prior 

distribution on 0 (Strawderman and Cohen (1971)), they behave some­

what like Bayes estimators in that they compromise between the data 

point X and an arbitrary but fixed point (the origin) which could be 

regarded as the "prior mean". They all have risk less than that of 0° 

but are not themselves admissible estimators, because all admissible 

rules for this problem are Bayes with respect to a (possibly improper) 

prior distribution (Brown (1971)).

Strawderman (1971) demonstrated a family of priors for which the 

Bayes rule

aA I0 = E(0|X)
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has risk less than p, using improper priors for 0 when p = 3, 4 

and proper priors when p > 5. For p > 5 these estimators are clearly 

both minimax and admissible. In chapter one of this paper his results 

are extended by showing general conditions on the prior distribution 
under which the Bayes estimator 64 has risk less than p. In parti­

cular it is shown that a family of multivariate Student’s t priors for 

0 meet these conditions.

The principal concern of this paper is not with point estimation, 

but rather with the formation of confidence sets for 0. The usual 

confidence procedure C specifies for each X the spherical ball

C° = {0: ]X-0|2 < r2} 
A 1 — o

. 2where ro is chosen so that the coverage probability 1-a = P0[0EC°]

is of a predetermined size.

The usual confidence procedure C° enjoys many properties similar

to those of the usual point estimator 0°. For each X, C° is the 

set of values of 0 
-r2/2 Kq = (2n)~P/2e °

for which the likelihood function exceeds

and so is a set of ’high likelihood’. As a conse­

quence of this it is also a Bayes credible region with respect to the

formal Bayes prior of Lebesgue measure on IRP. It is unbiased in the 

sense that for 0 / 0, Pfl [9 £ C„] < P_[0eC°]. For any different 

procedure C with coverage probability greater than or equal to 1-a,
and for any 0, there are vectors 01 0 for which P [0 e C ] >

gl X
P 2^ E C%] where 10^-0 | > 0 may be chosen at will (Stein (1962)) . 
0
In this sense, at least, any procedure competitive with C° will 

increase the chance of including incorrect values. The usual procedure 

is best translation invariant in that among all procedures with coverage 

probability 1-a or greater which are invariant under the group of 
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translations in ]RP (C^ = Cx + Y), C° has minimum volume (Stein 

(1962)). The usual confidence procedure is minimax in the sense that 

among all procedures having coverage probability at least 1 - a, C° 

minimizes sup E_[vol(C )) (Stein (1962)).
0 ° A

Stein (1962) attempted to accommodate his results concerning the 

usual point estimator of 0 to the problem of improving on C° when 

P 2. 3. Brown (1966) showed that the coverage probability could be 

increased by using spherical sets of radius r , and Joshi (1967) made 

this point explicit by showing that the spherical sets of radius 

% centered at the Stein estimator 0 have higher coverage probability 

than C% for all values of 0, whereas their volume is, of course, 

equal to that of C°.

In chapter 2 a theory of confidence procedures is developed, using 

definitions of preference and loss criteria introduced by Joshi (1969). 

The multivariate Student’s t priors employed in chapter 1 are used 

to form Bayes confidence sets (sets where the posterior density is 

high). Conditions are specified under which the Bayes confidence sets 

are convex. Expressions are given for the volume and pointwise 

coverage probability of these procedures. For the case of p = 3 

dimensions strong evidence (in the form of theorems) is given that the 

Bayes sets have lower volume and higher coverage probability than the 

usual confidence sets. Finally, tabulated values of the volume and 

coverage probability of the Bayes sets is given for various priors in 

p = 3 and p = 5 dimensions.

The Bayes set estimators are interesting in their own right, as 

minimax admissible decision rules. With regard to the more general 

problem wherein the covariance structure of the data is unknown, if 

results similar to the present ones can be obtained, then the Bayes sets 
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may serve as intermediate steps in the determination of simultaneous 

confidence intervals for all linear combinations of the parameters in 

the same way that the usual confidence sets are used in Scheffe’s 

S-method (Scheffe (1953), Scheffe (1959)). As Olshen (1973) has pointed 

out» if these intervals are only made conditionally on having rejected 

the null hypothesis that 0=0 then the coverage probability of the 

intervals is strictly less than 1 — ct. For intervals based on Bayes 

confidence sets, this phenomenon might be avoided.



CHAPTER 1

POINT ESTIMATION

1- General Framework. Throughout this paper it is assumed that 

the observable data consists of X = (X^.... X )', which is a multi­

variate normal random p-vector having probability density function

f(x|0) = (2n)~P/2exp(-^|x-6|2) , x e ]RP ,

where 6 E ]RP is unknown and ]x-012 denotes ^(x_-0.)2. In more
. 1 1 1

concise notation the distribution of X is N (0,1). The components 

of X are independent normal random variables for which E(X.) = 0 

and VarCxp = 1, i = l,...,p.

Estimation. Consider the problem of estimating 0

with respect to squared Euclidean error loss L(0,0) = ]0—Q|2. The risk
function of an estimator 0 is R(0) = Eq[|0-g|2].

The usual estimator of 0 is @°(X) = X. This estimator, which
has constant risk R°(0) = p, is minimax. The standard argument to this 

effect is that for every E > 0 there is a conjugate Bayes prior for 

which the total Bayes risk is greater than p - e. Although 0° is 

minimax for all p, when p £ 3 there are many estimators that have 

risk strictly lower than that of 0°.

1-1- Let è - [i-r(|x|)-2^]x where p > 3, and r(') 
|x|

is any non-decreasing function such that 0 £ r(*)  £ 2, r(«) £ 0, and 

r(*)  2 2. Then the estimator 0 has risk R(0) = EQ[|0-0|2] < p for 

all 0.

Proof. See Baranchik (1970) and Strawderman (1971).

6
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It may be noted that the original Stein estimator

ê1® = (i— 
%+ixr

satisfies the conditions of this lemma if a :> 0 and b £ 2(p-2), and 

that the James-Stein estimator

§2(X) = 
|X|2 

and its positive part version

§3(X) = (l-$r2)+x 
|x|

both satisfy the conditions of the lemma.

Strawderman (1971) demonstrated the existence when p £ 5 of 

proper Bayes (and therefore admissible) estimators of 9 which satisfy 

the conditions of this lemma and which are therefore both admissible 

and minimax. The following is a generalization of his argument which 

broadens the class of priors. We assume in what follows that p £ 3. 

In the following we treat 6 as a random vector, denoted by 6.

Let 6 have a multivariate normal conditional prior density

7T(0lt) = (2n)~P/2tP/2exp(-^|6|2) , 6 e ]Rp, t > 0 .

Each component of 0 has mean zero and variance -p given that the 

prior precision t takes on the value t. Let the precision t itself 

have marginal prior density g(t), t > 0, which is permitted to have 

an infinite integral. If g(t) is not proper then the marginal prior 

density of 0, it(0) = n(0|t)g(t)dt, will not be proper either, by

Fubini’s theorem. On the other hand, if g(t) is such that the mar­

ginal density f(x) of X is finite for all x, then the posterior 

density of 0, ir(8|x) = — , is a proper density, since the 
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denominator of this is equal to the integral of the numerator with 

respect to 6. In examples 1 and 2 priors will be used for which this 

is the case. It is assumed in what follows that either g(t) is 

proper or, if it is improper, that g(t) is sufficiently well behaved 

that ir(0 |x) is proper.

Lemma 1.2. Under the above specification of the prior density of 

6

n(8) n(8|t)g(t)dt 
0

the (possibly formal) Bayes estimator of 8 is of the form 6 in

Lemma 1.1 with

r<|x|) .

■ Proof. 6(X) = E[6|X] = E[E[0|t,X]|X]

= E[-^X|X] = Et^lxl-X

This proof is found in Strawderman (1971).

Theorem 1.3. Let the marginal prior density g(t) of t satisfy 
2lim t g(t) < If g(t) is differentiable in t and if 

t -X»
h(t) = ^^t(t+l) - 2t

is well defined for t > 0, then the (possibly formal) Bayes estimator 

8 = E(8|X) has pointwise risk R(0) less than p if h(t) satisfies 

i) h(t) in t (h(t) is non-increasing in t)

and ii) h(0+) < p/2 - 3 (lim h(t) < p/2- 3).
t>0
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Proof.

tion of

t
Let ~ = l+t’ This is a strictly monotone increasing func-

The random parameter X has marginal density

d(X) - gCpy)*   —=- , 0 < X < 1 (d(l) d(l-) < oo) .
(l-X)2

Differentiate this to obtain the function

X
1—X

Observe that conditions

i') e(X) in X

and ii’) e(0+) < p/2 - 3.

From Lemma 1.2

= h(t(A))

1) and 11) are equivalent to

-

I 12 I 12
r(|x|) = =-^Le[X|x=x]

p-2

rl
Xd(X)f(x|X)dX 

0
rl 
d(X)f(x|X)dX

'O

Since X-6 |X ~ N^CO,!) and 6 | X ~ (0,—I) are independent given

X = X, it follows that x|X = (X-9) + 0|X ~ N (0,^1) . Therefore 
~ ~ ~ p À

(1.2.1) f(x|X) = (2n)~P/2xP/2exp(-^X|x|2) 

and

xP^ + ^d(X)exp(-^X|x|^)dX

'(I"" --------- -—-— •
Xp/ d (X) exp (--yX I x I )dX 

J0 2
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Integrate the numerator by parts to obtain

(1.2.2) r(|x|) -^[(H+l)+l^---------------
X^^d(X)exp(—yA |x| ^)dX 

0 2

d(l)exp(-y|x|2) 
- â”---------- ----------- 1

Ap^2d(A)exp(—yA |x|2)dA 
0 2

= <2"+ 1) +E[e(A) |x=x]

_ —_________ d(l)____________ ]
Ap/2d(A)exp(y(l-A)|x|2)dA 

0 z

The claim is that r(|x|) meets the conditions of Lemma 1.1. To 

begin with, it is non-decreasing. The first term of Cl.2.3 is constant 

and the third term is either zero (if d(l) = 0) or is an increasing

function of |x !. The second term is non—decreasing in |x| because

-e(A) is non-decreasing in A by i’) and f(A|x) 

lihood ratio with respect to the parameter -|x|2
has

(see

monotone like-

Lehmann (1959),
p. 74). Therefore r(|x|)

Secondly r( |x| ) 0

is non-decreasing in 

and r(|x|) ? 0 since I I2

and P[A > 0] = 1.

Thirdly, since e(A) is non-increasing in A by assumption i* ),

it follows from (1.2.2) that

r(|x|) £ ~2[ (^+ 1) + Um e(A)]
A^O 
A>0

which is less than or equal to 2 if ii’) holds.

Finally, to show that the conditions of Lemma 1.1 are met, it
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remains to show that r(|x|) % 2. If r(|x|) = 2 then by (1.2.2) it 

must be true that both d(l) = 0 and that E[e(X)|x] = p/2-3. This 

implies that

lim d(X) = 0
X-^1 

and

These conditions are mutually exclusive since the second one implies 

that

d(A) = 0X^/2 ^here C > 0 .

The proof of the above theorem includes the following corollary.

Corollary 1.4. If the marginal prior density d(X) of X = — 
~ 1+t

is differentiable in t, if d(l) < », and if ~

e(X) - X , 0 < X < 1 d (A) — —

satisfies i’) e(X) ÿ in X 

and ii') e(0+)£ p/2-3 

then 6 = E(0|x) has risk less than p.

Note: M. Woodroofe provided me with the crucial step in the 

development of the above results, namely the use of the monotone likeli­

hood ratio argument.

Example 1. Strawderman (1971) used the class of priors for X

a-1 [1 lf p > 6
d(X) = aX , 0 £ X £ 1 , 0 < a <<­

F if P " 5 .
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This class of priors is substantially broadened by Corollary 1.4. If 

X Beta(a,b), that is, if X has marginal density

d(X) = c-X^d-X?"1 . 

then

d'(X) = o.d(X>.^-~ 
A 1—A 

so that

e(X) = (a—1) — (b—1) *y\~  .
1-A

By Corollary 1.4, the Bayes estimator has risk less than p if

i’) b > 1 

and ii’) a £ p/2 - 2.

Discussion. For the Strawderman priors these conditions are met. 

Strawderman (1972) showed that when p < 5 there exist no proper Bayes 

minimax estimators of 9. However, as this example shows, there are 

improper priors for which the Bayes rule is minimax. If a > -p/2 and 

b > 0 then the marginal density of X, which by (1.2.1) equals

f<*>  = 
Jo

is finite for all x, so that the generalized Bayes rule E(0|x) is 

well defined and is minimax for parameter values -p/2 < a < p/2-2, 

b £ 1, even when p = 3 or 4.

The main topic of this paper is confidence procedures rather than 

point estimators. A Bayes confidence set is a set of values of 0 for 

which the posterior density n(0|x) is larger than some value k(x). 

Intuitively, Bayes priors which yield minimax point estimators of 0 
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are likely to be priors for which the confidence sets do well, in the 

sense of being small and of frequently including the true value of 0. 

These ideas will be made more precise in Chapter 2.

In this regard, note that if X is given a Beta(a,b) prior den— 

sity, then the marginal prior density of 6, tt(9), is bounded if and 

only if b > p/2-1. Otherwise, for example, if b = 1 as in the 

Strawderman priors, tf(0) has an infinite discontinuity at 0=0. If 

such is the case then the posterior density tt(0|x) also has an infinite 

discontinuity at the origin, so that every Bayes confidence set will 

include a set of values close to the origin. If |x| is large, the 

set will be disconnected, with a small part at the origin and another 

part near x, so that it will not be very widely acceptable as a confi­

dence set.

In this sense the more general class of priors specified above, 

for which b can take on any non-negative value, âre an improvement in 

that they permit the removal of the infinite discontinuity in it(0|x) 

at 0 = 0, by choosing b > p/2-1. This kind of improvement will be 

exploited in chapter 2, using the priors in the following example.

Example 2. Suppose that the prior precision t has marginally a 

Gamma(a,b) density, or, in terms of Theorem 1.3 let

g(t) = c-ta-V*  , 

g' (t) = c*g(t)-b)  , 

and

h(t) = (a — 1 — bt)(t+1) — 2t

= (a-1) + (a-3-b)t - bt .

By Theorem 1.3 the Bayes point estimator will have risk less than p if 
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the prior parameters satisfy

1) a < b + 3

and 11) a £ p/2 - 2 .

As in the preceding example, the marginal density of X, f(x) is finite 

for all x if b > 0 and a > -p/2, so that the posterior density is 

well defined in this case.

Discussion. This class of priors is more useful than those of 

Example 1 for the formation of confidence sets because the marginal 

prior density of 0 can be expressed in closed form. Specifically

wO) = c.(2b+|8|2)~(a + P/2) , 0 e IRP ,

so that 0 has a multivariate Student’s t prior distribution. If 

b > 0 and a > -p/2 this prior clearly has no infinite discontinuity.

In Chapter 2 it is shown that if b > (a + ^)/8, then, in fact, the 

posterior density is unimodal and the Bayes sets are convex.

For neither example, is there a closed form expression for the Bayes 

estimator 0 = E(0|x). Of course it could be computed numerically, but 

this problem is not pursued further here.

As an aside it may be of interest to show that Theorem 1.3 is con­

sistent with Strawderman’s (1972) result that there is no proper prior 

if p = 3 or 4 for which the Bayes rule is minimax.

Lemma 1.5. Conditions i) and ii) of Theorem 1.3 cannot be met 

simultaneously by a proper prior if p - 3 or 4.

Proof. Conditions 1) and ii) are equivalent to conditions i’) and 

ii* ) of Corollary 1.4. Assume these are both true. If p = 3 or 4 then 

by ii’) it must be true that e(0+) £ -1, and so by i’) that e(X) £ -1
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for all X. That is to say

Wo" - " I for all X > 0 .

Integrate this to obtain

log d(X2) - log d(Xp £ - (log X^ - log Xp

for all X2 > X^ > 0. Therefore

d(X2) Xx

and

,

which is not integrable between 0 and X^.



CHAPTER 2

CONFIDENCE SETS 

1- Background. Let 0 = ]RP denote the parameter space of pos-

sible values of 0 and X = ]RP denote the data space of possible

values of X. As in Chapter 1, for given 0, X is assumed to be dis­

tributed as a Np(0,I) random vector. A confidence procedure C is

a Borel subset of the Cartesian product space X x 0 = ]R2p with the

usual topology. For each x E X let C^, called the confidence set

for 0 at x, be the Borel subset of 0 defined by

In a similar fashion the

of X

= {6: (x,0) cC}

0 section of C is the Borel subset

C x

C0 = (x: (x,0) EC}

For a confidence procedure C, the coverage probability is the

Borel measurable function

P0^C0^ P0^ & C%] .

By Pg[Cg] is meant the measure of set C$ C X induced by the distri­

bution of X when 0 is the true state of nature. This is equal to 

the usual expression for the coverage probability on the right because 

of the tautology X E C@ if and only if 0 £ C^. The measurability 

of Pg[Cg] follows from Tonelli’s theorem.

The confidence procedure C is said to have level I - a if the 

coverage probability satisfies

16
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for all 0 £ 0. It is said to have size 1 — ct if equality holds in 

the above for all 0.

The usual size 1 — ot confidence procedure is

(2.1.1) C° = {(x,6): |x-612 < r2(a)}
— o

where rQ(a) is the 100e(l-a)th percentile of the Xp (chi-square 

with p degrees of freedom) distribution. Some criteria with respect 
to which C° is a good procedure are mentioned in the introduction.

f® this paper we use criteria of preference among confidence pro­

cedures for which one procedure is better than another if its confi­

dence sets are more likely to include the true value of 0 while at 

the same time they have smaller volume. The volume of C% (denoted 

vol(Cx)) is its Lebesgue measure in 0 = ]RP. This is a Borel measurable 

function of x by Tonelli's theorem.

A partial ordering of confidence procedures is given, following 

Joshi (1969), by

Definition 2.1. For any two confidence procedures and C2, 
1 2C is strongly preferable to C if

1 2i) P@[%] > Pg[Cg] for all 0 e 0 

and
1 2ii) vol[Cx] < vol[Cx] for almost all x c X,

with strict inequality either in i) for some 0 e 0 or in ii) on a 

subset of positive measure in X.

A weaker partial ordering is obtained from this by replacing 

volume by expected volume.
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Definition 2.2. For any two confidence procedures and , 
1 2C is weakly preferable to C if

1 9i) PQ[Cel > PQ[Cg] for all 0 e 0 

and
1 9ii) EQ[vol(Cx)] £ EQ[vol(Cx)J for all 9 e 0,

with strict inequality in either 1) or 11) for at least one value of 

8 E 0. Q

Joshi (1969) pointed out that for every confidence procedure C 

for which the coverage probability is less than 1. for some value of 

8 (which is an extremely weak condition) there is a procedure which is 

strongly preferable to it. A strongly preferable procedure is obtained 

by simply adding a point 9q to each confidence set C%, where 

P0 [% ] < 11 The new procedure so defined is trivially strongly 
o o 

preferable to C.

If a procedure C were to be defined as admissible only if there 

were no procedure C preferable to it, then the foregoing remarks 

show that there would exist no nontrivial admissible procedures.

On the other hand, adding sets of measure zero to confidence pro­

cedures is of little practical interest, because attention is usually 

restricted to procedures C for which the confidence sets are 

homeomorphic to the unit ball in IR^ or are convex sets. We circum­

vent these issues by adopting the following definitions.

Definition 2.3. Two procedures C and C*  are equivalent if 

their symmetric difference

GAG*  = (C-C*)  U (C*-C)
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Is a (Borel) set of Lebesgue measure zero.

Definition 2.4. A procedure C is strongly admissible if there 

is no procedure C*,  C*  not equivalent to C, such that C*  is 

weakly preferable to C.

Definition 2.5. A procedure C is weakly admissible if there is 

no procedure G*,  C*  not equivalent to C, such that C*  is strongly 

preferable to C.

Note. A procedure which is strongly admissible is also weakly 

admissible.

With these definitions it is possible to show the existence of 

admissible procedures. The only ones considered below will have confi­

dence sets which are homeomorphic to balls.

The major results that have been obtained up to the present concern­

ing the admissibility of the usual confidence procedures C° are the 

following.

1. If p = 1 or 2 then C° is strongly admissible among 1 - a 

level confidence procedures (Joshi (1969)).

2. If p 3 then C° is not even weakly admissible among 1 - a 

level confidence procedures. In particular, the procedure

C = {(x,6): |0-e|2 < r2(a)} 
— o

is strongly preferable to C°, where

6 = 6(x) = (1---- -—y)x
a+M2

(with b sufficiently small and a sufficiently large) is 
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the original Stein point-estimator of 6 (Joshi (1967)).

It should be noted that the second result was also obtained by Brown 

(1966) using a different approach.

The parallelism between these results and those for point estima­

tion is apparent. My effort in the ensuing sections is to construct 

confidence sets based on Bayes priors which are strongly preferable to 

C , thus paralleling the Strawderman work and the results in Chapter 1 

of this thesis regarding minimax Bayes point estimates. Of course 

attention is restricted to the case p 3 in what follows, given 

Joshi’s result for p = 1 and 2.

Bayes Confidence Sets. Let the parameter 0 have conditional

prior density

(2.2.1) n(e 11) = , t > 0 , e e Bp 

where the prior precision t is either a fixed constant (if t = 0 

set ir(0|t) = 1) or else t has a prior density (not necessarily 

proper) g(t), t >_ 0. The conditional distribution of 6 given t is 

multivariate normal with mean zero.

As in Chapter 1, the prior mean can be any other fixed value as 

If another value is used, translate the coordinate system so 

that the prior mean is the origin and proceed as follows.

Suppose that the datum X has, conditional on t = t and 0 = 0, 

the multivariate normal distribution x|0,t ~ N,(0,I). Note that given 

0, X and t are conditionally independent. As in Chapter 1, 0 has 

marginal prior density

ir(0)
•co
n(6|t)g(t)dt 

^0



21

unless t is a constant, t = t , in which case n(6) = n(6|t ). In ~ ~ o 1 o
terms of the prior ir(0), conditional on X = x the posterior density

tt(O |x) is of the form

it (6) (27r)~P/2exp(-^|x-6|2)
(2.2.2) it(6 |x) = ----------------------- ?----------

1T(6) • (2n)~P/2-exp (-j|x-0 12)d0
y

n(6)'(2n) P^2»exp(-^-|x-0|2)

where Ç ~ N (x,I). p
For each Borel set A Ç 0, given X = x the probability that 0

is in A is the posterior coverage probability

(2.2.3) P[0 e a|x] = ir(0 |x)d0 .
~ J A

It follows from the Neyman-Pearson lemma that for a fixed posterior 

coverage probability 1 - a, the set A of minimum volume is the sub­

jectivist region

(2.2.4) - {0: ir(0|x) > kg(x)}

where k^(x) is chosen to r . - 'sfy P[0eC^|x] = 1 - a. If ir(0) is 
g

regarded as subjective probab ’ density for 0, then C so

defined is the set of smalles • me that, given the datum X = x, has 

subjective probability 1 - a of -deluding 0. The subjectivist confi­
g

dence sets are traditionally called credible regions. We will not 

follow tradition in this paper because later on we will be looking at 

other Bayes confidence procedures which do not have fixed posterior 

coverage probability 1 - a. The confidence procedure
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s sC = {(x,6) : e E C^} will not generally be a 1 - a level procedure 

since the expected coverage probability is

S IPg[Cg]7r(6)d0 = 1 (x,6)'f(x|6)*n(6)dxd6
V wc

- ' f(x). «dx
V JCS

f(x)P[0 E |x]dx

= f(x)(l-a)dx 
V 

= 1 - a .

In the above expression I g(x,0) denotes the characteristic func- 
c C

tion of C .
g _

Unless Pg[Cg] = 1-a (as, for example, if n(0) = 1, in which 
case CS = C°) the coverage probability PQ[Cg] will be less than or 

greater than 1-a depending on the value of 0. Since our interest 

is to find Bayes procedures which are preferable to C°, the subjecti­

vist procedures are not pursued further here.

A second way to obtain Bayes confidence procedures is with respect to a 

loss function, the decision theoretic approach. Let the loss when 0 

is the state of nature and C% the decision made be

(2-2-5) L(0,Cx) = ko-vol(Cx) - I (0) .
x

For this loss the risk function is

RC(0) = ko-E0[vol(Cx)J - P0[C0] .



23

Lemma 2.6. The usual confidence procedure C° is minimax with 

respect to loss function (2.2.5) when

(2.2.6) kQ = (2^)~^.exp(-r^/2) .

We take (2.2.6) as the definition of k for the remainder of this o
paper.

Preliminary to the proof of this lemma we determine the general 

form of the Bayes rule for loss function (2.2.5). If 6 has marginal 

prior density n(@) and posterior density ir(0 |x) then

E[L(8,C ) | X=x] = k -vol(C ) - P[9eC | X=x]

is minimized for fixed voHC^) by a set of the form

Cx = {6 : tt(0 |x) >_ k(x) }

by the Neyman-Pearson Lemma.

The appropriate choice of k(x) is k(x) = k^ by the fact that

Therefore the Bayes decision theoretic rule is the procedure that 

specifies for each x the confidence set

(2.2.7) CD - {0: n(6|x) > k } .
x — o

Proof of Lemma 2.6. If the prior precision t is a fixed con­

stant, then

n(0|x) = (^^")^^exp[-^(l+t) |0 •

By (2.2.6) and (2.2.7)
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Cx is the spherical set

CD = {6: |e - 
x 1

X 
1+t

2
2rQ + p log (1+t)

The conditional Bayes risk, given X = x is

E[L(6,C°) | X=x] = k vol(CD) - P[0eCD| X=x] 
O X -w X 

vol sphere with radius= ko

2rQ + p log (1+t) 1/2
. 1+t ’

2. 1 l2 + P log(1+t)
1+t—

= k vol(C°) 
o x

(r^ + p log(l+t))P^

2 2- PtXp 1 [rQ + p log(l+t)]]

As t approaches zero this tends pointwise to the constant 
o r°kQ vol(Cx) - (1-a) which is the risk of the usual procedure Ru . The 

total Bayes risk of CD is

E[RC (0)] = E[E[L(0,Cx)| X=x]]

C C» oBy bounded convergence 11m E[R (0)] = R . Therefore C is 
t^O ~

minimax, since any procedure which has risk strictly less than 
c°
R (0) - e for some E > 0 has total Bayes risk less than that of a 

proper Bayes procedure by the usual argument. □

The thread of the above argument was provided to me by Joshi 

during personal conversations.

The conjugate priors considered in the above proof do not yield 

procedures which are preferable to C° in the sense of Section 1.

This is obvious from the following heuristic argument. Since on the
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average X is near 6, for large |0|, |x| will tend to be large.
For large |x|, C^, a sphere of fixed radius centered at

6 = will be far from X, and therefore on the average far from
0. So for |6| sufficiently large CD can have arbitrarily low 

coverage probability when the prior precision t is constant. However 

if t is allowed to be random, this phenomenon can be avoided, as was 

suggested by the minimaxity of the Bayes point estimates of Examples 1 

and 2 of Chapter 1, and will be shown in Sections 5, 6 and 7 below.

Consider, in particular, Example 2 of Chapter 1. Let t be dis­

tributed as a Gamma(a,b) random variable. Then 0 has marginal prior 

density

it (0) = c-(2b+ |e|2 * * * * *)-(a + P/2)

2where x is a noncentral chi-square random variable with p degrees 
of freedom and mean p + |x|2.

This decision rule is interesting, but difficult to work with since

it is defined in terms of a non-trivial expectation. Instead we will 

work with the explicitly defined procedure

2 1(2.2.8) CB = {(x,0) : [ ]2a+P > 2b+j0j^}

' exp(|x-01 ) 2b + |x|

By (2.2.2) for this prior the Bayes decision theoretic procedure

(2.2.7) is

D (2b+|0|2)"(a + p/2)exp(-||x-0|^^
°X {°’ E|^2b^^ “ kJ

2
. {0: !

exp(|x-0| ) (2b + x J
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where in (2.2.8) has in effect been replaced by

k (X) - k . '2b 
° - B[(2b + x:)-(*  + ^] '

For large values of |x| at least, k (x) is close to k . so 
O o

that is similar to C^. The procedure C is the Bayes rule for 

the loss function

(2.2.9) L(6,Cx) = ko(x) vol(Cx) - I (6)
x

for the same reason that is the Bayes rule for the loss function 

(2.2.5).

One good property that all three Bayes rules, c\ CD, and CB 

have in common is that they all are weakly admissible, when the prior 

f(0) is proper. This is shown by the following theorem, which is true 

in greater generality than the present context.

Theorem 2.7. If f(x), the marginal density of X, is positive 

for all x, if tt(6) is proper, and if k(x) is any Borel measurable 

function of x, then the Bayes confidence procedure

C = {(x,8) : it(0 |x) > k(x) }

is weakly admissible.

Proof. Let G’ be a procedure which is strongly preferable to C. 

By Definition 2.1

(2.2.10) vol(Cx) vol(C%) for almost all x 

and

(2.2.11) for all 0
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Take the expectation of both sides of the second inequality with 

respect to it(0) to obtain

VW1 i WV1
By Fubini’s theorem this may be expressed in terms of f (x) as

(2.2.12) n(e|x)d6f(x)dx >. n(e|x)d0f(x)dx 
]RP C*  ]RP c

x X

On the other hand by the definition of C , and the Neyman—Pearson

lemma it follows from (2.2.10) that for almost all x

(2.2.13) n(8|x)d0 < 
x

n(6|x)d6
C x

By (2.2.12) and the assumed positiveness of f(x), equality must 

hold in (2.2.13) for almost all x. Since (2.2.10) also holds for 

almost all x, both (2.2.10) and (2.2.13) hold for almost all x. For

such x, it follows from the definition of C that C*  A C is a 
X XX

Borel set of Lebesgue measure zero, since C% maximizes the conditional 

probability of coverage among sets with volume less than or equal to 

that of C . Consequently, for almost all x, C' differs from C by 
x x x

a Borel set of measure zero, and hence C*  differs from C by a Borel 

set of Lebesgue measure zero in X x Q. That is to say, C' and C 

belong to the same equivalence class of procedures. Since admissibility 

is defined only up to equivalence classes, C is weakly admissible.

Discussion. For the present normal framework the marginal density 

f(x) of X is strictly positive for any prior distribution on 9.

The Borel measurability of k(x) in the above argument is not 

part of the proof but rather is included to ensure that the Bayes set C 
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is a Borel set. In the case of CD, the function k(x) is a constant, 

which of course is measurable in x. In the case of C%, k(x) is a 

continuous function of x. For the subjective rule CS, k(x) is 

defined implicitly, but it is in fact continuous for smooth priors ir(0), 

such as the multivariate Student’s t priors of the present context.

For these priors the posterior density ir(0 |x) is continuous in 6. 

This implies that is the closure of an open set ({(x,9) : it(O|x) 

> k(x)}) and so, at the worst, is homeomorphic to a countable union of 

balls, or is empty. In the next section we shall see that for a wide 

range of the prior parameters a and b the Bayes confidence sets 
S D BCx, Cx, and C% will each be convex sets for all x.

3. Convexity of the Bayes Sets. As mentioned in Example 1 of 

Chapter 1, there are priors for 0 which yield minimax Bayes point 

estimates of 0 but which may lead to disconnected Bayes credible 

regions. The following theorem gives conditions under which this 

cannot happen.

Theorem 2.8. If 0 given t has conditional normal prior 

density

0|t ~ N(0,4l) 
— L

and the possibly improper prior density of t, g(t), 0 £ t < «, is 

such that, for all 0 e 1RP, E(t|O) and Var(t|0) are finite and 

satisfy

(2.3.1) E(t|0) + 1 - |0|2Var(t|0) > 0 ,

then 1) u(0|x) is unimodal for all x

and 2) C% = {0: tt(0|x) £ k} is convex for all x and all k.
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Proof. Assume that (2.3.1) is true. Let x be arbitrary but

fixed and 6^ and 8g be any two distinct points in 0 = ]RP. For each

sen let 8*(s) be the point on the line joining 8^ and 6 g

defined by

6*(s)  = s8^ + (l-s)8g .

We will show that the posterior density evaluated at 8*(s) , 

h(s) = ir(8*(s)|x)  has no local minimum in s. This in turn implies 

the conclusions of the theorem since if either conclusion is false, then 

Oj and 8g can be chosen so that there is a local minimum on the line

connecting them. If conclusion 1) is false let 8^ and 8g be any

distinct local maxima. If conclusion 2) is false let 8^ and 8g be

any two points in C for which some point between them is not in C .
x x

If h(s) has a local minimum at s , then at s both h’(s )= 0 
o o o

and h”(s^) 2 0• The existence and finiteness of these two derivatives 

is implied by the finiteness of E(t|8) and Var(t|8) in the follow­

ing expressions.

Denote 8 (s) by 8*  and express

f°° 2 "ft 18*  12
t e g(t)dt .

Jo
h(s) = ir(8*[x)  = c(x)'exp(-^-|x-8^%) «

Differentiate this once to obtain

h’(s) = h(s)-[^(-||x-6*| 2)+E(t|e*)-^(^

Differentiate again to obtain
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(2.3.2) h" (s) = h  (s) • [A( 1 |x_6  12} + E(t | e)  .A( 116  |2) ] 
Qo 4 QS 4
* * * *

2 2+ h (s) • [-—p(-y|x-0*|2)  + E(t|6*)  —^-y(— 
dsZ 2 ~ dsZ 2

For any fixed vector v E JR^

^(-||v-6*| 2) = (e^ep ' (v-e*)  

and
2 = - l^-ôy |2 •

ds Z 1 2

Also

d(—2|0 I )

= Var(t|e*)-^(-|lQ*|2) .

Using these relations, if h*(s)  = 0 then (2.3.2) simplifies to

h"(s) = h(s)«[-|01-0j2(l + E(t|0*))  + [0* ’(01-09)]2Var(t|0*)]

< h(s)-[-|91-e2|2(l + E(t|0*))  + |0*| 2|01-02|2Var(t|0*)]

= -h(s)« 10^02 |2 [E(t 10*)  +1- |0*| 2Var(t|0*)]  

< 0

under the assumptions of the theorem.

Example 2. Returning to the case where t has the prior density

g(t) = ta 1exp(-bt)

we have that t given 0 has density 
2g(t|0) = Cta^P^2 1exp[-(b+-^—)t] ,
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that is to say

110 - Gamma (a+^ b + )
** z z

This is a proper density if a > -p/2 and b > 0. Therefore

E(t|0) =
~ b + 10 12/2 

and
Var(t|0) = ----tP/2

- (b + 10|2/2)

so that the left hand side of relation (2.3.1) equals

-^^-+ i - I e 12 -
b + 10 I /2 (b + 10 12/2) 2

1
(b+ 10 12/2)

2C((a+^)b + b2) + (b-^±^) 1012+MI

This remains positive for all 0 if and only if the term in brackets 
is always positive. This obtains its minimum value in |0|2 when it 

equals

[((a+|)b + b2) - (b-^/%2] 

= [ (a + ^-)b+ (a+^)b --^-(a+^-)2]

which is positive if a > and b > ^(a + ^) .
Z 8 2

c n nIf the prior density is of this form then C , C , and C will x x’ x
all be convex sets, since the theorem does not depend on the choice of

k. In the remaining sections we will examine more closely the procedure 
cB.

In Chapter 1, Example 2, it was shown that this prior yields a 

minimax point estimator of 0 if a £ b + 3 and a £ -P-- 2, The condi­

tions for convexity, a > and a < 8b - do not conflict with
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these. For example, in three dimensions if a = -1

both conditions are satisfied and in five dimensions 
a 5

b > -q+yz then both conditions are met.

and b > —- then

if a £ y and

Theorem 2.8 is of interest not only because it is desirable that confi­

dence sets be convex, but also because such regions are of interest as 

a way to construct simultaneous confidence intervals for various linear 

combinations of the parameters 0^ in the same way that Scheffe 

intervals are based on the usual confidence sets for 0. If the Bayes 

sets were not convex then some of these intervals would be disconnected.

We will not attempt to pursue this topic further at this time, 

however.

B/8

B R4. The Geometry of C . The Bayes procedure (T is defined as

2 1(2.4.1) CB - ((x.S), [ ^^2^^
exp ( | x-0| ) 2b + | x |2

2where rQ is the radius of the usual 1 - a size confidence sets and 

a and b are arbitrary parameters, subject to the condition that C® 

always be convex, which is the case when a > -^ and b > (a + 

(see Section 3). Later, in Section 5, we will impose a somewhat stronger 
condition to guarantee that C? is convex for all 0.

u

It is clear from the above definition that there is a duality 
B Bbetween the geometries of and C".

We begin by describing the confidence sets C^.

1. For each x e 1RP, x is in 0®. Replace 0 by x in

(2.4.1) and observe that the value 0 = x satisfies the inequality, 
g

2. For x = 0, C is a ball about the origin of radius less 
* .

than rQ. Substitute x = 0 in (2.4.1). The inequality holds if and
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only if 191 is less than some value between 0 

strates that at x = 0, C® C c°. See Figure 1. 
and r . This demon­o

Figure 1. The Bayes confidence set CB and the usual confidence 
set C° for the case x = O.X

3. For fixed x / 0 let the x-axis be the line through x and

the origin. By (2.4.1) the inclusion of 0 in C3 * * * * B depends only on 

the values of |6| and ]x-0|. The set of points in JR? for which 

these are held fixed is either an empty set (if |0| < (|x| - |x-01) or

10 I > (lxl + 1x-01)) or else as the intersection of two p-1 spheres and

so is a p-2 sphere centered at some point x* on the x-axis. For

example if p - 3 it is a one sphere (a circle) about the x-axis. 
g

Since C% is defined only in terms 101 and |x-0|, it is the 

solid of rotation formed by rotating a set of points in ]R2 about the 

x-axis, in the same way that a ball is formed by rotating a disc about
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an axis through its center. If Ô e ? then so is its image under

such rotations.

V

Figure 2. Two dimensional representation of the Bayes confi­
dence set C® when x / 0. The x-axis is the line 
connecting x and the origin. The y-axis denotes 
that component of 9 perpendicular to x.

X-axis

The set C% can be represented as in Figure 2 by making the 

x-axis the horizontal one, and the vertical axis y represent that com­

ponent of 0 which is perpendicular to the x-axis. Alternatively y 

could be regarded as an arbitrary but fixed direction perpendicular to 

the x-axis and C% formed by rotating the set described in Figure 2 

about the x-axis.

4. Unfortunately it is not easy to describe analytically in 

terms of the relation between the height of the outline in Figure 2 and 

the distance along the x-axis. On the other hand does lend itself 
x

to description in terms of the distances |0| and |x-0|. We look at
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the intersection of with various spheres centered at x. 
g

It follows from (2.4.1) that the intersection of C% with the 

sphere

S = {6: lx-0l = r} x,r ' 1
is the set

(2.4.2) S n{0; |0|2<q(r)}
x,r 

where

, r^-r2
(2.4.3) q(r) = (2b+|xr)exp(-^-> - 2b .

This set is either
a) All of S if q(r) (|x|+r)2 (Figure 3a) ; 

x,r
b) A spherical segment on the side of S nearest the origin if x,r

(|x|-r)2 £ q(r) £ ( |x| +r)2 (Figure 3b) ;

or c) The empty set if

q(r) < (|x|—r)2 . (Figure 3c)

Since q(r) is decreasing in r case a holds for all r less 

than r^, the positive root to the equation

q(r) = ( | x | +r)2 .

The value r„ is the minimum distance between x and the surface of 
r2

The minimum distance is attained at the point 0^ = (1+t^t)x on 

. the x-axis.

As r increases beyond r^ case b holds. Ultimately, r
2 no longer intersects {0: |0| £q(r)}. For r large enough in fact,
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Figure 3. The intersection of the Bayes confidence set c” with 
spheres SXfr centered at x of radius r for values of 
r ranging from r^ to greater than r^.

X - axis

y

\ 
\
\

I I

Figure 3b. Case b: < r £ r^
X- axis

X- axis
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q(r) is negative and the latter set empty. The intersection can vanish 

only once, since if it vanished and subsequently reappeared the set C% 

would not be convex,contrary to assumption. Denote by r^ the value of 

r for which the intersection consists of a single point (which neces­

sarily lies on the x-axis). This is the positive root to the equation

2 q(rp = (|x| -rp .

It is the maximum distance between x and the surface of C®, and is 

attained at the point = (l-^- For r larger than r^ case e 

holds, and the intersection is empty.
5. The above discussion gives bounds on C^. Let be the

ball

B = {6: |x—0| < r} . 
x,r 1 -

Then for all x
=x,r2 £ < £ '

6. For |xl < ro/2, C® C C°. Evaluate

q(rQ) = (|x|^ + 2b)-2b = | x | 

£ (|x| -rQ)2 •

This implies that r^ £ tq so that

^SVr^Vr/^ •

On the other hand, for |x| > tQ/2, r^ > and Cx does not 

contain C°.

7. For all x
q(rQ) = |x|2 < (|x| +rQ)2
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so that r_ < r for all x. 2 O
8. In the limit as |x| tends to 00 both and r% tend to

r . To prove this, observe that by (2.4.3) for any e > 0, e < r and ° o
|x| sufficiently large,

q(ro+E) < (|x| - (rQ+£))2 

g
Therefore sx r +£ does not intersect C% for large x. On the other 

hand for large |x|

q(rQ-E) > (|x| + (rQ-E))2

g
so that S _ is contained in C . x,ro~£ x

Therefore r^-E < r^ < r^ < r^ < rQ+E for sufficiently large ]x|

Both and C° are bounded between B and B so the fore­
x x x,r2 x.r^

going shows that the difference between and C°

CBA C° 
x x

tends to zero in Lebesgue measure as |x| tends to infinity.

We list the salient points of the preceding discussion.

i)

Ü) 

and (1+

The exact shape of C

The endpoints of
C2
^t)x where r^

cB 
x

and

g
! is difficult to specify analytically.
X ri
along the x axis are at (1--t^-t)x

2 are respectively the absolute values

of the negative and positive roots to the equation

/o'17 . 
^2^

2b + (|x|+r)2 
2b + | x |2

iii) For all |x|

B C cB C B 
x,r2 — x - x,r1
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iv) For |x| < r /2, CB C c°. 
— o x — x 

v) For rQ/2 < |x| < co

B C c° C b . 
x,r2 - x — x,^

vi) As lx I - CB tends to C°.*
1 x x

Now we consider the 6 cross sections, CB, 9 e 0. These are of 
o

the form

9 2|x-6|2 r0
(2.4.4) (x: (2^+|x|2) > 2^(^+|8|2))

Note that for the usual procedure the 6 section is simply the 
ball C° = B . 

o B
If b > a + p/2 > 0 then CQ is convex for all 8 and r . This □ o

fact may be obtained as follows: Fix 6 in (2.4.4). Let x^ and x^ 
be any pair of points in CB. For 0 £ s £ 1 let x*(s)  = sx^+ (l-s)x2. 

Define the function

|x*-6| 
h(s) = e 2a+p (2b + |x*|2) .

g
Then x*(s)  is in Cg for 0 £ s £ 1 if h(s) has no local minimum. 

Take derivatives as in Section 3 to prove that this is the case regard­

less of 6 when b £ a + p/2 > 0. When b < a + p/2 on the other hand 

and |6| is small it is possible for a local minimum to occur in this 

function so that for some values of r the set may have a hole
O u

in it. The coverage probability computations of Section 5 are based on 

the convexity assumption. We will use the above rather strong condition 

to ensure that the computations are valid in general. By choosing par­

ticular values for r , the condition can be weakened, however.
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Without going into details the following results about CB are
V 

obtained in the same way their counterparts were obtained for CB.

B BBy the convexity of CQ, the intersection of C" with the

0-axis will be an interval. This interval contains 0 itself. Its 
ri r2

endpoints are 0(1-t^t) and 0 (1 +-rQ r) where r. and r_ are the

absolute values of the negative and positive roots to the equation

(2.4.5) e 2a+p(2b+ (|0|+r)2) = e 2a"^(2b+ |0|2)

Although the same symbols r and r^ are being used to denote 

the endpoints of the 0 sections as are used to denote the endpoints of 

the x sections, it should be observed that they are not the same thing 

and are related to each other only indirectly. Since we will not deal 
B Bsimultaneously with both and Cg there should be no confusion.

In contrast to the case of C%, for fixed 0 and r = |x-0| 
the intersection of CB with the sphere SQ r is that portion of the 

sphere which is most distant from the origin. Therefore C® contains 
u

the sphere SA (as well as its interior, by convexity) and is con­

tained in the sphere SA . It follows from the definition of r 
° »r2 1

and r2 that 0 < r^ < r% with equality when 101 = 0. The set CB

is pushed away from the origin in much the same way that CB is pulled

towards it. It may be verified that for 0 < |6| < r^/2 both r^

and r_ are greater than r whereas for 101 > r /2, r < r andz o — o 1 — o
r2 > rQ. Also as 101 tends to infinity both r^ and r2 tend to 

r .o g 
If Cg is convex, in particular if b a + p/2 > 0 then 
1) The exact shape of CB is difficult to specify analytically, 

B r i
ii) The endpoints of Cg along the 0-axis are 0 (1 - । g । ) and
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6(1+TëT> rT and are defined by (2.4.5).

iii) For all |0|, B- C CB C bo . 
O,?! — - 9̂2*

iv) For |6| < r /2, C° C CJ, 
— o o — o

v) For r /2 < 191 < œ o 1

Be,ri £ c° £ =e.r2 •

vi) As 181 +0° Cg tends to Cg.

5. The Volume and Coverage Probabilities.

In this section we derive expressions for the volume vol(CB) and 

the coverage probability PQ[CB] in the cases of p = 3 and p = 5 

dimensions.

1 3Theorem 2.9. If p = 3 and b > ^(a + 77) > 0 then 
o 2

(2.5.1) vol(C ) = ^^r^+r^) + 2(a+-y)7r[r1+r_] 
a □ x 4 Z ±2

|x|2 
2

if x / 0 and

vol(CB) = ^rrr^

if x = 0, where r^ and r2 are respectively the absolute values of 

the negative and positive roots to

VL 2
(2.5.2) e 2a+p = 2k+ (|x|+r)

2b + I x 12 '

Proof. When x = 0 the result is immediate since, as was shown 
in Section 4. CB is the ball B (and r. = r„).

x x * r o l 2
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Now suppose x is fixed and x 0. As was indicated in the pre— 
g

ceding section, B £ C Ç B and for r, < r < r the inter- 
a,x_ x x,r_ Z — — 1

. B x -lsection of C with S is a segment of S on which the distance A x,r
to the origin is less than a specified value. : 

g
of C is the sum of the volume of B and

x x,r2
surface area of this spherical segment between

ing with respect to r.

the integral

r2 and rl

The volume

of the

integrat-

X-axis
Figure 4. The point 6 at which the sphere about x of radius 

r intersects the surface of the Bayes confidence 
set CB, when r„ c r c r .

x Z — — 1

Each 6 e 1rP may be expressed uniquely as

9 = (1+M)x + y
where y’x = 0 and z e R.

On the sphere S x,r

(2.5.3) z% + |y|
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By the definition of CB (2.4.1) S intersects the surface of CB 
x,r x

at the set of points for which

(2.5.4) 2b+ |9|2 = (2b+ |x|2)e2a+p .

2 o 2 2 9Since |6| = (|x|+z) + |y| = |x| + 2]x|z + r , z is determined 

uniquely as a function of r by

(2.5.5) z(r) =
^) [e 2a^p -1] -r2 

2^------

In three dimensions the surface area of the segment of S which

is bounded on the right by the perpendicular plane z units to the

right of x is

2Kr(r+z)

The volume of S x,r2 is 3"r2- so that

- 3"r2
1
2irr(r+z)dr

2
% 
rzdr

r2

which gives the result after integration and substitution using (2.5.2) 

and p = 3.

Corollary 2.10. Under the conditions of Theorem 2,9, if p = 5 

then

(2.5.6) vol(CB) = ^[r^ + r^] + 2ti2 3 13[r z-^z ]dr 
r2
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if x / 0 and

vol(C®) 15*  r2
8 2 2

if x = 0, where z is given by (2.5.5) and and r^ by (2.5.2).

Proof. The computation is identical to that of the preceding 

theorem, except that in five dimensions the surface area of the segment 

of Sx r which is bounded on the right by the perpendicular hyperplane 

z units to the right of x is 

and the volume of S x,r2
from these two formulas.

is y^JT r^. Equation (2,5.6) follows directly

Discussion. The equation for four dimensions has been left out 

because the area formula in four dimensions includes an arcsine(y) 

term and therefore would be difficult to integrate. On the other hand 

in the five dimensions the integral is computable in closed form. By 

(2.5.5)

1 r 2 wr . z = 2TCt[u- r + ve ]

where
r-z3

2 ro
u = (2b + |xp), v = u '

3
and r z in (2.5.6) are both

-1 It follows that

explicitly integrable. Each term

of these is either a constant times
2 n ct times r *e where n is an odd

a power of r or is a constant 

integer and c / 0.

For n odd, repeated integration by parts gives
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rnecr2dr - ^4. ...
2c (2c)2 (2c)3 

n+1
+ (-1) 2 <n-l) (n-3)"-(l)j 

(2c) 2

so the integral is computable. For details see the Appendix.
Numerically computed values of vol(C^) in three and five dimen­

sions are given in Section 7.
The coverage probability for the Bayes procedure CB may be 

evaluated also.

Q 1
Theorem 2.11. If p = 3, b > a + — > 0 and a — then

<2.5.7) P0tc|l ‘ I^X^r2] + P[X2lr2]]

2 » r
+ 1 i/o ‘ [e 2 [2 + r2+ (|6|2+2b)

ri
if 0/0 and

P9[c|] - Plx^r2]

if 6=0, where r^ and r^ are respectively the absolute values of 

the negative and positive roots to the equation

VL 2

(2,5,8) ,
2b+(|0|+r)

If a = —2 and 0/0 then the second term of the coverage probability
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is

A 2r
(2.5.9) 1 I/? • [e 2[2 + r2+(|e|2+2b)] + (|6|2+2b)e 2 • V1 2 •

leKsir)1^ 2 r

Proof. When 6=0 the result is immediate since, as was shown

in Section 4. is the ball B (at 0 = 0, r = r ). 
° i 2

Now suppose 0 is fixed and 0^0. By the discussion in Section 4

5 c“ £ Be,r2

Conditional on 0 and the value r of r = |X—01 the distribution 

of X is uniform on the sphere SQ . Therefore the conditional coverage 
probability P[Xec|| 0,r] is the ratio of the surface area of 

SA to the total surface area of SQ . This ratio is 1 forv, i u v, r
r 1 rx and 0 for r > r^. For r < r < r2 proceed as in Theorem 

2.9.

Each x E X may be expressed uniquely as 

x = (1+t|t)9 + y

where y*0  = 0. On the set SQ0 ,r

(2.5.10) z2 + |y|2 = r2 .

g
This intersects the surface of C$ at the set of points for which

____ o
(2.5.11) 2b + |x|2 = e2+P(2b+|0| 2) .*

For all x,

|x|2 = ( |0 |+z)2+ | y |2 = |0|2 + 2|0|z + r2 
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so for the points of intersection z is determined by the relation

(2.5.12)
z(r) , UM-lelSle2^1 -11-r=

The surface area of Sg ^^Cg is 2^r(r-z) since by the discussion 

in Section 4 this intersection consists of the spherical segment of 

sg>r to the right of the perpendicular plane z units to the right of

6. Therefore 

One component of total coverage probability

given 6 that
। 121 2Ml l@ ~ Xy

other component 
2and r^ of the

density of s.

IX—6 I < r^, which is just 

By change of variable s =

P8[c®] is

2 2

the probability

since
2 2, with s|0 ~ Xn the — J

of the coverage probability is the integral between

conditional coverage

That is to say

(2.5.13) P0[cJ] = PlX^r*]

probability with respect to the

2 
rl 
%:

s F(|) 2
1,3/2 1/2 -s/2—' s e । ds

4tP<X^4)+P(X^^)J --^172
2
2
2 
1

se^^ds

2
^2 2/ 1

where, in terms of s, by (2.5.12)

2 s-r ___o
(2.5.14) z(s) = (2b+|e|2)[e2^-l]-s

2 16 I

Using the fact that p — 3 this integrates to one of the two expressions 
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in the statement of the theorem, depending on whether a equals

The above proof may be modified to give the coverage probability 

when p = 5.

Corollary 2.12. Under the conditions of Theorem 2.11, if p = 5 

then

(2.5.15) P6(C=1 

if 6/0 and

^e1 "

if 6 = 0, where z is given by (2.5.14) and r^ and r^ are defined 

by (2.5.8).

Proof. This computation is done in the same way as that of

Theorem 2.11. The surface area of the segment of Sg to the right 

of the perpendicular plane z units to the right of x is

The total surface area of Sg is obtained by substituting z = -r in 
8 2 4this expression. It equals r. For r^ < r < r^ the conditional 

coverage probability is the ratio of the two, that is

nP[XECg| 6,
3

" i -4-172 + 4-372 
s s
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This quantity is integrated with respect to the X5 density 

1 ,1x5/2 3/2 -s/2 .
r(5/2)k2; s e . As in Theorem 2.11, the first term combines with

the probability given 9 that |X—0| < r^ to give
1 2 2 2 2ÿptX5£r1] + P[x5£r2] and what is left is the integral in (2.5.15) .

□

Discussion. The integral specified in this corollary is a somewhat 

complicated function but each term of it is of the form

( n es. 
s e ds ,

n an integer which is computable by simple integration by parts.

Numerically computed values of Pq[Cg] in three and five dimen­

sions are given in Section 7. For details see the Appendix.

6. Comparison of CB and C°.

For |x| £ r /2, by the discussion in Section 4 CB C C°, which 
° x — x

implies that volCC^) £ volCC^) for small |x|. On the other hand it 

was shown in Section 4 that for all x B C cB C b and that r 
x,r2 — x — x,r^ 1

and r2 converge to r^ as |x| tends to infinity, so that for large 

lxI » v°l(Cx) tends to volCC^). The following theorem shows a class 

of priors for which vol(CB) is actually less than vol(C°) for suffi­

ciently large x.

Theorem 2.13. If p = 3, a = —1, b > ^(a + = — and r% > 3
o Z o o

(which is the case if 1-a > .609) then for Ixl < r /2 and for Ixl
• ’ — o 11

sufficiently large vol(CB) < vol(C°).

Proof. If lxl £ ro/2 the result is already established. We 

prove the asymptotic part by showing that for large |x|, a
3 I x I

vol(CB)
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is positive. This will be sufficient for the result because in the 
limit vol(C®) tends to vol(C°). To obtain ^poKC^) recall from 

the proof of Theorem 2.9 that

voKC^) = ^r^ + 1

r2

22irr + 2nrz dr

(The convexity assumption b > ^(a+p) was needed to get this result.) 

The derivative of this with respect to |x| is

aM ""K# = '2 + +

9 2-^-11 (2nr + 2irrz)dr

since z(r^) = -r^ and z(r%) = r^. From (2.5.5)

2 ,z = (2b+!x| )(e ■ -1) -r2
2^

so that

r2-r2
= (|x|2-2b)(e °~ - 1) + r2 

g
Integrate 2^r z dr to obtain

r2- 2
(2-6-1) vol(C») - _2U.[lc4_(|x|2_2b)(T.2 + /.~r )]"1

11 2|*|Z  2 r2

° ^+2b+l)
2|x| z 1 z I x I +2b 1 2

“ 2|xI (r^rp)]
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The last expression is obtained using (2.5.2) whereby

(2.6.2) 

and

ro~ri 2b+(|x|-r )2 r -2|x|r
------------------  1 + —------- =■ 2b+ |xp---------- 2b + | x |2

2b+ (|x|+r_)2 r2 + 2|x|r
(2.6.3) e ° 2 = --------- 3— = 1 + —---—-

2b + | x | 2b + | x |

To show that the derivative is ultimately positive it is sufficient 

to show that for sufficiently large |x|

B - ^ri“r2^ > (2b+|x|2+l) -2|x|(r^+r^) = A

For large |x| r^ and r^ converge to rQ so one can expand the

difference of the logs of (2.6.2) and (2.6.3) to obtain

(2.6.4) <,K. ■ ï .1 2 k-1 k(2b+ |x|2)k
CO

V
k=l

(-l)k(2|x|r2+r2)k 

k(2b+|x|2)k

Multiply this by 2b+ |x]2 to obtain

(2b+|x|2+l)(r2-r2) - 2|x|(r1+r2)

y (2|x|r1 - r2)k 

k=2 k(2b+|x|2)k~l

« (-l)k(2|x|r2+r2)k 

k=2 k(2b+|x|2)k-1

rr2> + f'X 2 +

^^2^^ + +

The last expression follows from (2.6.4). Use (2.6.4) a third time to
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evaluate

1, 4 4 2^1*12

1, 2 2., 2 2." 2^2) ('1^2)

9 3
t(r1+r2)+r1r2(r1+r2) 2b+|x|^ + 0(T^>|x|

To show that B - A > 0 for large enough |x| it is sufficient to show

that the leading term of B is larger than the leading term of A.

Since r^ 

and r1r2

and r2 

are all

tend to r o
greater than

> »^3, for I x I large enough r^, r^, 
r -3 2

3 4-- 2—. Apply all three inequalities

to the difference B- A to obtain

B-A > [-è(r?4-r2) - 4(r 4-r?) 4-r r (r 4-r ) ]—y 4- 0(— 
3 1 2 12 1212 2b4-1x12 |x|2

1 r -3
> [-3(3 4- 2 ) (r^+r^ - 4(r14-r2) 4- (3 +

+ “W
2 ^1^2^ _ Ixl

2b4-1 x I 2

for large |x|. □

Discussion. It is to be anticipated that the above theorem can be 

strengthened. There is substantial numerical evidence to support the 
assertion that if vol(CB) < vol(C°) for large |x| then the inequality 

holds for all |x|. In those numerical cases where the volume of CB 

has dropped below that of C°, it has stayed below this out to |x| = 100. 

The theorem may also be strengthened in that the numerical evidence
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suggests that for 90% level confidence sets if a < —, 538 and for

95% level confidence set if a < -.69 then vol(C®) < vol(C°) at least 

out to |x| = 100. The numerical results indicate on the other hand 

that the inequality is not obtainable uniformly for proper prior distri­

butions (a > 0) when p = 3. On the other hand proper priors seem to 

work when p = 5. Both of these results, neither of which has been 

proven» are in accord with the Strawderman results concerning minimax 

Bayes point estimates (see Chapter 1).

Now consider the behavior of the coverage probability. Assume that
b > a + p/2 so that C$ is always convex. For 161 < r /2,

which implies that PQ[c|] > P0[C°] for small |©|.
ce - ce’

On the other hand,
it was shown in Section 4 that 4 £ Be,r
tends to infinity both r^ and
I61 » pe<c|) tends to PQ(C°). 

that in three dimensions, for a

o tend to r , 2 o

and that as |0 
2
so that for large

The following theorem demonstrates

certain class of improper priors P_(C^ 
U u

exceeds Pg(C°) over most of the range of | e |.

"^1

Theorem 2.14. If p — 3, a — —1, and b > 77 then for 161 < r /2 
— 2 1 o

or 10 I > (2b + r^/2)1/2

Proof. For 10 | <_ r^/2 this result has been demonstrated already, 

For the other case, |0| > (2b+r2/2)1/2, we will show that

ÏÏ^T < 0 fashion similar to the proof of Theorem 2.13. It

is sufficient to show that this derivative is negative since it has 

already been noted that lim P_(Cq) = PQ(C°) = 1-a.
I e |-x» 0 0 00

Recall from the proof of Theorem 2.4 that
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2
B 0 o IP0tcg] “ p[X3£r1] + 2---—)’g(s)ds

Jr1 2Vs

2where g(s) is the x3 density, g(s) = cs^^e-8^ The partial

derivative of this with respect to
, . 2.and z(r2) = r^,

|@| is, by the fact that z(r^) = -r^

3 B 2 I o n

W = skPayef + 0 • - staler ri

-1/2 , . a , s g(s)xToT z ds •

From (2.5.14)

29 s-r (2b+|6|Z)(e ° - 1) - s
2|e|

so

2 9 s-r 
az _ del -2b) (e ° 

^T" 2 |e |2

Substitute this expression for the derivative into the above inte­

gral to obtain that a|e| < 0 if and only if

_/9 9 s-r 10 > [e ' (-(2+s)+(|@| -2b)(l+e °)] 2
r2

To show that this inequality holds we first obtain an upper bound
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on

2
-(2+s)e"^^] 

r2

Let v e and h(v) = -2v log v = se S^. Then

and

Let

h*  (v) = -2 [ log v + 1] = s - 2

* [(|6| -2b-s^) - (|6|2-2b)*e 2 *e 2 ]

h"(v) = - — = -2e s/2 < q for all s

2 2= and s2 = Then

~s^/2 -s2/2
sle - s2e = h(vp - h(v2)

> ^l~^2^' ^vl^

-s /2 -s /2
= (e J" -e Z ) (sp2)

so that

To

that

-(2+s)e"^^] 1 < -S1-e"s/2]S1 .

S2 s2

9 Bshow that yr-Q i Pg[Cg] < 0 it is sufficient therefore to show

-/9 n s—r s0 > [e ^(-s^+ (|0| -2b)(l+e °)] 1

s2
2 2
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Since < Sg this is true if and only if the third factor

is negative, that is if and only if
2 2

Sl~ro s2~ro
(|8|2-2b-sp < ( 1012-2b) *e 2 -e 2 .

By (2.5.8) the right side of this inequality equals

(|6|2-2b)[
(2b+(|6|-r1)2)(2b+(|0|+r2)2) 1/2 

(2b + 10 |2)2 1

> ( |0|2-2b)[
(2b+(|0|-r )2)(2b+(|0|+r )2) 1/2
---------- ------ 9 2----- ---- ](2b + 10 |2)

It is sufficient, therefore, that

(2.6.4) ( 10 12-2b-S1)2( 10 | 2+2b)2 < ( | 0 | 2-2b)2(2b+( |0 J-r^2) 

* (2b+( 10 l+r^ 2) .

Let
A = (|0|2-2b-sp2 

= 10 | + 4b + s^ - 410 12b - 210 12g^ + 4bs^ 

and
B = (2b+(10|-r1)2)(2b+(|0|+r2)2) 

= A + 8 10 12b .

Inequality (2.6.4) is true if and only if (B - 81012b)(|0|2 + 2b)2 

< B(]012 — 2b)2, that is if and only if B < ( 10|2 + 2b)2.

Evaluate

B = A + 8 10 12b

= |0|*  + 4b2 + s2 + 4|0|2b-2|0|2Si + 4bSi

so that this inequality in turn is true if and only if
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9 °i16 | > 2b + -y •

2 However s, < r so it is sufficient that 1 °

|0|2 > 2b + r2/2 . □
* 1 — o

Discussion. Theorem 2.14 is stronger than Theorem 2.13 in that 

the range of values not covered by the theorem is quite short and can 

be examined numerically to show with a high degree of certainty that 

it is true for all |0|. On the other hand, in order for the theorem 
g 

to apply it is necessary that Cg contains no holes. At the present 
time this is assured only if b > -^ which is probably stronger than 

necessary. Again, Theorem 2.14 is stronger than Theorem 2.13 in that 

no restrictions are made on tq, or equivalently, on 1 - a = P$(Cg).

Both theorems are probably too weak in making the assumption that 

a = -1. This assumption was made primarily in order to simplify the 

problem. On the other hand there is numerical evidence that the Bayes 

rules are strongly preferable to the usual 90% level confidence rules 

if a < -.538 and to the 95% level rules when a < - .69. In three 

dimensions, however, proper priors don’t seem to work. In five dimen­

sions the picture seems brighter: the numerical results of the next 

section suggest that proper priors can yield rules which are strongly 

preferable to C°. If this turns out to be the case then such Bayes 

procedures would be weakly admissible in the sense of Definition 2.5 by 

Theorem 2.7 and minimax with respect to the loss function (2.2.5) by 

the minimaxity of C° (Lemma 2.6).
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7. Numerical Results

Theorems 2.9 and 2.11 give
g

vol(C^) for various values 

19| when the dimension p

of

is

the same for the case that P

formulas are explicit up to

endpoints of the respective

In each case r^ and

the negative and

(2.7.1)

explicit expressions for computing
Ix| and Pg[G®] for various values of

equal to three. Corollaries 2.10 and 2.12

is equal to five.

the determination of

integrals.

2 are respectively

positive roots to the equation

In

1

the

all four cases the

and r2, the

absolute values of

mr e
2 2
(2b + (n+r/) mr 

e
2 
o 2(2b + n )

For the computation of 
evaluation of F^(C^ , 

O o

vol(C^), m 

lm 2a+p

1
2a+p 

and n

and n For the

In computing the tables of this section the roots to (2.7.1) have

been approximated numerically in the following way.

1. An initial guess of the root is made. This guess is -r in o
the case of r, and +r in 1 o the case of

2. The guess is made better by repeatedly stepping a constant

distance (.1) in the direction in which the fit to equation (2.7.1) is

improved until such stepping yields no further improvement.

3. Starting from this point Newton's method is applied repeatedly

until the difference between the right and left hand sides of (2.7,1)
is less than 10 12

All computations were performed using double precision arithmetic

on the CDC 6400 at the University of California, Berkeley. Numerical

values are stored in this mode with an accuracy of greater than 10'15

The FORTRAN double precision library programs were used to evaluate the

exponential, logarithm, and square root functions.
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2 In coverage probability it was necessary to evaluate

«here n . 3, 5. This was done using the recursive formula

s f-1-?
f^ls] = P^2<s! - .

r(2)

2To compute P[X1<s] - l-P^to.l) < Æ) - x an approximation to 

*[^(0,1) <r], r 2 0 was used:

2P^CO-DigJ . l-^e-r ^^t.^t^b^.b/.b/) + e<r) 

where

t = ----—_1+ .2316419r

bT = .319381530

b2 = - .356563782 

b3 = 1.781477937 

b4 = -1.821255978 

and b5 = 1.330274429

(Abramowitz and Stegun (1970), p. 932).

According to the reference the error is bounded by 

|e(r)| < 7.5 xio"8 , 0 < r < « .

There are four tables. In all of them the value of 1-a is equal 

to .90. so that the Bayes procedures are competing with the usual confi­

dence Procedure C° which has size .90. The first two tables are for 

P - 3 dimensions, the second two are for p - 5 dimensions. In Tables 

1 and 3 are given the value of
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vol(c5 1/p 
(------- ) . 
vol(C°)

which is the ratio of the radius of a sphere having volume vol(C®) to 

that of the sphere C°. (The latter radius is r .) This is the ratio 
x o

of the effective radii of these sets. This, rather than the volume 

ratio, is used to avoid making the comparison of the procedures depen­

dent upon p. Tables 2 and 4 give the pointwise coverage probability 
of C®, that is PQ[C®].

Ü o
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Table 1
The ratio of the effective radius (voKC®))1^3 of the Bayes confi- 

denceQsets in three dimensions to the radius ro of the usual confidence 
set Gx for selected improper priors. In each case ro = 2.500278 which 
corresponds to a coverage probability of .90 for C°. Table 2 gives the 
coverage probabilities of the Bayes procedures CB. It is shown in 
Theorem 2.13 that for the first four columns the radius ratio tabled 
here is ultimately less than 1. The last two columns are not covered 
by the theorem.

prior 
para­
meters 

|x?X\x

u*
 y h 

il
• 

i
U

n H a = -1
b = 5

a = -1
b = 5

H
 

O
1 

iH
Il 

II cr
 y II
 

ll
• 

i
IO

 • 
O

' Ln a = -. 5
b = 1

0. .8521482 .8942203 .9627491 .9788238 .8066456 .8039662

1. .9003526 .9202251 .9666566 .9802049 .8552567 .8523944
2. .9543239 .9582121 .9753863 .9836408 .9255477 .9234973

3. .9822848 .9813905 .9839790 .9876816 .9697203 .9687793

5. .9957041 .9952220 .9938000 .9938693 .9955397 .9956624

10. .9990878 .9990553 .9988455 .9986670 .9995628 .9996618

50. .9999653 .9999652 .9999648 .9999643 .9999897 .9999943

100. .9999913 .9999913 .9999913 .9999913 .9999975 .9999987
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Table 2

The pointwise coverage probability Pg(Ce) of the Bayes procedures 
CB in three dimensions. In each column of this table the procedure CB 
is the same as that of the corresponding column in Table 1. The 
coverage probabilities are to be compared with PQ(cg) = .90 for the 
usual procedure. It is shown in Theorem 2.14 that for the first four 
columns PQ(c|) > .90 for |9| < 1.25 and for 0| > 5. For the fifth 
column it is not known what happens to PA(C§). In the sixth column it 
falls below .90.

prior 
para­
meters

a = -1

b = . 5

a = -1

b = 1

a = -1

b = 5

a = -1

b = 10

a = - .54

b= .96

a = -.5

b = 1

0 .9633164 .9506789 .9203385 .9116721 .9787986 .9796694

1 .9481071 .9402322 .9181397 .9108756 .9662891 .9673735

2 .9212676 .9206133 .9131908 .9089060 .9316728 .9323282

3 .9078836 .9087292 .9084077 .9066273 .9109043 .9110347

5 .9021800 .9024120 .9032074 .9046741 .9018885 .9017797

10 .9004650 .9004827 .9005980 .9006932 .9001331 .9000719

50 .9000176 .9000176 .9000179 .9000181 .9000003 .8999973

100 .9000044 .9000044 .9000044 .9000044 .9000001 .8999993



63

Table 3
The ratio of the effective radius (vol(C^))^^ of the Bayes confi- 

dénce sets in five dimensions to the radius ro of the usual confidence 
set C° for selected proper priors. In each case ro = 3.039136 which 
corresponds to a coverage probability of .90 for C°. Table 4 gives the 
coverage probabilities of the Bayes procedures CB.

prior 
para­
meters

a = . 25

b = 2.75

a = .25

b = 3.

a= .25

b = 5.

a = .25

b = 10.

in
 

•
• 

co
Il 

II
cd 

,û

0 .7681113 .7791478 .8380255 .9003570 .7639364
1 .7978035 .8061356 .8528679 .9062796 .7930201
2 .8583350 .8623018 .8871231 .9213566 .8535499
3 .9135493 .9147126 .9234485 .9398898 .9101524

5 .9745654 .9517631 .9714539 .9706348 .9745447

10 .9980701 .9979554 .9971267 .9955988 .9991753
50 .9999952 .9999919 .9999902 .9999859 1.0000558

100 .9999987 .9999987 .9999985 .9999982 1.0000147



64

Table 4

The pointwise coverage probability Pq(C0) of the Bayes procedure CB 
in five dimensions. In each column of this table the procedure C® is 
the same as that of the corresponding column in Table 3. The coverage 
probabilities are to be compared with Pfl(C°) = .90 for the usual 
procedure. ° °

prior 
para­
meters

a = . 25

b = 2.75

a = . 25

b = 3.

a = . 25

b = 5.

a= .25

b = 10.

a = .5

b = 3.

0 .9954613 .9944660 .9848086 .9621316 .9962043
1 .9921067 .9908511 .9802696 .9588063 .9931989
2 .9745416 .9734752 .9652679 .9497543 .9761365

3 .9459596 .9460206 .9446958 .9380427 .9469489

5 .9159628 .9162689 .9179707 .9190330 .9157273

10 .9027112 .9027641 .9031502 .9038789 .9022553

50 .9000729 .9000730 .9000739 .9000763 .9000426

100 .9000176 .9000176 .9000177 .9000178 .9000099
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The preceding tables are not complete of course, The original 

computer output shows that for every value of |x| or |0 | which is 

an integer between 0 and 100 the functions vol(CB) and P„[CB] 
x 6 6

are monotonely approaching their limiting values, except in the cases 

where the Bayes procedures are not preferable to C°, such as the right 

hand columns above. In these cases the functions pass through their 

limiting value at most once for every set of computed values I have 

generated so far.

The numerical results are strong evidence in themselves that for 

a good choice of the prior, the Bayes procedures do better than C° in 

three or five dimensions. It may be noted that among the Bayes proce­

dures it is possible, by altering b for example, to increase one's 

chance of doing well when |x| or 16j is near zero, at the expense of 

doing worse when |x| or |ô| is large.

Overall, the results show that if an individual is able to pick a 

prior estimate of 6, and is willing to place a somewhat high degree of 

prior confidence in it, then he can expect to do substantially better 

than he would do if he used the usual procedure if his guess is nearly 

correct, while being assured of doing slightly better than the usual 

procedure even if his guess is quite wrong. As a final comment about 

the tables it should be pointed out that in three or four dimension, if 
the parameter b is allowed to go as low as ^a rather than 

a +y as in these tables then the results are even more dramatic than 

those shown here for small values of |x| and 161. The only problem 

with this is that the present results do not guarantee that for these 
g 

parameter values C$ is convex, so that the computations could conceiva­

bly be incorrect.



APPENDIX

1. The expression (2.5.6) in five dimensions for vol(CB) 

involves the integral

(A.l) 1 r^z--kz^ dr .
r2

As in (2.5.5)

(A.2) z = y^y[A(g(r^,B) - 1) - r2]

2 2
,2 -1 ? B(r -r )

where A = (2b + |x| ), B = 2^5» and g(r ,B) = e ° .

The first term of the integrand is simply

(A.3) r^z = yp^-[Ar3g(r2,B) - Ar3 - r^] .

The second term is

(A.4) - Irz3 = -1 [rA3(g-l)3 - 3r3A2(g-l)2 + 3r5A(g-l) - r7]
24|x|J

—13 2 9 9= ---^AJ[rg(r ,3B) -3rg(r ,2B) +3rg(r ,B) -r] 
24|xr

2 3 3 3- 3Az[r g(r,2B) - 2r g(r,B) +r ]
5 5 7+ 3A[r g(r,B) - r ] -r } .

On the computer the integral

1 rng(r2,c)dr 
Jr

n an odd integer, c / 0

is evaluated using the recursive formulas

66
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rr „ . 2 . r,
rg(r ,c)dr = 1 and for n > 3

S r2

(A. 5)

1 rng(r2,c)dr = I-- r-2g(r 2,c)dr*
r2 r2 r2

2 . The expression in five dimensions for the coverage probability 

(2.5.15) involves the integral

r2 2 
— ^2

(A'6) e 2 2 -szg(s,-^) ds .

rl

In this case from (2.5.14),

(A-?) z = 2^j[A-(g(s,B) - 1) - s] ,

2, . .? i B(s-r )A (2b + 101 ) , B - 2a+$» g(s,B) = e ° . (The principal 

change here is that B is positive.) Proceeding as for the volume case 

the first term of the integrand of (A.6) is

(A.8) |z3g(s,-|) = -- ~~^A3(g(s,B) ~ l)3 - 3A2(g(s,B) - l)2a
24 10 |

+ 3A(g(s,B) -l)s2- s3] *g(s,-|)

—^3<A3[g(s,3B-ÿ - 3g(s,2B-|) +3g(s,B-|) 
24101 z 2 2

- g(s,-^) ]

- 3A2[sg(s,2B-^) - 2sg(s,B-y) + sg(s,-y) ]

+ 3A[s g(s,Br-^-) - s2g(s,—) ] - s3g(s,~} .

The second term of the integrand is, of course
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(A.9) -szg(s,-^) = ~ _ s^g(s,-^)] .

On the computer, the integral

s g(s,c)ds , n a non-negative integer, c / 0

is evaluated using the recursive formulas

g(s,c)ds = c

(A.10)

and for n > 1,

2
r2 n . .
n s g(s,c)ds = -- g S'C) 

c

2
^2

2 s11 1g(s,c)ds
T1
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